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Last year, the Zentralblatt für Mathematik and the Jahresbericht der DMV began a
collaboration to review again classical books and papers and the effect that they have
had or could have had on the development of specific mathematical branches from
today’s point of view. It has turned out that these renewed reviews build a category of
articles of its own and that they cannot in general be considered as book reviews or
historical articles. For this reason we introduce the new category “Classics Revisited”
and shall try to have one article of this kind in each issue. We begin with a new
review by Jean-Pierre Otal of William Thurston’s 1982 paper on “Three-dimensional
manifolds, Kleinian groups and hyperbolic geometry”. This research announcement
did not only contain his Geometrization Conjecture and his Hyperbolization Theorem
for so called Haken manifolds but also a list of 24 of at that time open problems, of
which 22 had been solved by 2012. Only few papers have been of such a strong
influence and inspiration.

Bosons are particles in quantum mechanics which do not obey the Pauli princi-
ple. If a large fraction of particles in a Bose fluid occupies the same quantum state,
the so called Bose-Einstein condensation occurs and leads to physically remarkable
phenomena like superfluidity. This means that the viscosity of a fluid vanishes com-
pletely at low temperatures. Robert Seiringer’s survey article on “The excitation spec-
trum for Bose fluids with weak interaction” reviews recent progress in understanding
underlying mathematical models.

Mass aggregation phenomena like e.g. polymerisation may be modelled by means
of Smoluchowski’s coagulation equation. Barbara Niethammer’s survey article ad-
dresses the key question in understanding the large time behaviour of solutions
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whether this can be described with the help of particular self-similar solutions. Exis-
tence and uniqueness results are reviewed and some recent and more elegant proofs
are indicated.

Last but not least, recently released books concerning “Clifford algebras and Lie
theory”, “Mathematics in image processing”, and “Oblique derivative problems for
elliptic equations” are reviewed.
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This paper is the written version of a talk that Thurston gave at the AMS Symposium
on the Mathematical Heritage of Henri Poincaré held at Bloomington in April 1980.
It is a Research announcement.1

In his “Analysis Situs” paper, Poincaré introduces simplicial homology and the
fundamental group, with the aim of finding invariants which could distinguish 3-
manifolds. He concludes the 5th complement [84] discussing the question: Is any sim-
ply connected closed 3-manifold homeomorphic to the 3-sphere? This question, of-
ten understood as a conjecture, motivated much of the development of 3-dimensional
topology. At the beginning of his paper Thurston proposes, “fairly confidently”, his
Geometrization Conjecture: The interior of any compact 3-manifold has a canonical
decomposition into pieces that carry a geometric structure. By Kneser and Milnor
any orientable compact 3-manifold is homeomorphic to the connected sum of man-
ifolds which are either irreducible or homeomorphic to a sphere bundle over S1. By
Jaco-Shalen and Johannson any orientable irreducible 3-manifold can be decomposed
along a disjoint union of embedded tori into pieces that are atoroidal or Seifert-fibered
(see in [14] the corresponding statement for non-orientable manifolds). Saying that a

1Before 1978 the Bulletin of the AMS did not accept Research announcements longer than 100 lines. For
this reason, Thurston could not submit there his preprint about surface diffeomorphisms [96] which dates
back to 1976 and which is written in the same informal style as this one. After a couple of refusals, he
stopped trying to publish it and waited until 1988 to do so (see the introduction to [96]).

This is a slightly revised version of a review which appeared first in Zentralblatt für Mathematik
(Zbl. 0496.57005).
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manifold carries a geometric structure means that it has a complete Riemannian met-
ric which is locally modelled on one of the eight geometries (which are introduced
in Sect. 4 of the paper): the constant curvature ones H

3, S3, R3, the Seifert-fibered

ones ˜PSL(2,R), H2 ×R, S2 ×R, Nil and Sol. The pieces which are referred to in the
Geometrization Conjecture are essentially the pieces of the Jaco-Shalen-Johannson
decomposition; more precisely, all the pieces except that one needs to keep undecom-
posed any component of the Kneser-Milnor decomposition which is a torus bundle
over S1 with Anosov monodromy, since those bundles carry a Sol-geometry. This
conjecture contains the Poincaré Conjecture as a very special case. But the main dif-
ference with the Poincaré Conjecture is that the Geometrization Conjecture proposes
a global vision of all compact 3-manifolds. Furthermore, the geometric structure on a
given 3-manifold when it exists is often unique, up to isometry; consequently, all the
Riemannian invariants of the geometric structure on a 3-manifold like the volume,
the diameter, the length of the shortest closed geodesic, the Chern-Simons invariant,
etc. are then topological invariants.

The Geometrization Conjecture was proven in 2003 by Grigori Perelman, who
followed an analytical approach that had been initiated by Richard Hamilton in [40].
This approach was entirely different from that of Thurston, but there is no doubt
that the results announced in the present paper contributed to give a very strong ev-
idence for the truth of the Geometrization Conjecture, and therefore for the truth of
the Poincaré Conjecture (in the introduction of [69], John Morgan points out this ap-
parent paradox that a conjecture might look less plausible than another one which is
much stronger).

Among the results announced in this paper which gave strong evidence for the
validity of the Geometrization Conjecture, the most important is certainly the Hy-
perbolization Theorem for Haken manifolds (Theorem 2.5): Any Haken 3-manifold
which is homotopically atoroidal is hyperbolic, except the particular case of the
twisted I -bundle over the Klein bottle. One corollary is that the Geometrization
Conjecture is true for all Haken manifolds, and in particular for any irreducible 3-
manifold with non-empty boundary (once accepted the Hyperbolization Theorem,
the proof of this corollary reduces to checking that Seifert fibered spaces and T 2-
bundles over the circle are geometric too).

Haken manifolds form a large class of 3-manifolds for which the Geometrization
Conjecture is true. However, as Thurston writes after the statement of the Hyper-
bolization Theorem, even if the incompressible surface is an essential tool in the
proof of the Hyperbolization Theorem for Haken manifolds, this surface seems to
have little to do with the existence of the hyperbolic metric. And then he discusses
the manifolds obtained by Dehn surgery on a 3-manifold with boundary M when
the interior of M carries a finite volume hyperbolic metric. Theorem 2.6, the Hyper-
bolic Dehn Surgery Theorem, states that for all surgery data, except those involving
a finite set of slopes on each boundary component, the resulting 3-manifold is hyper-
bolic. Furthermore, few of the resulting manifolds are Haken: Thurston had shown
this when M is the figure-eight knot complement [92], and Hatcher-Thurston had
shown this when M is a 2-bridge knot complement [41] (a paper which circulated
as a preprint as early as 1979). So these manifolds form a new family of hyperbolic
manifolds which are not covered by the Hyperbolization Theorem.
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Thurston explains that he found using a computer program that most Dehn surg-
eries on certain punctured tori bundles over the circle were hyperbolic and that he
constructed then by hand geometric structures for all the other Dehn surgeries. He
insists on the beauty of the geometric structures “when you learn to see them” that is
often revealed by computer pictures.

The following section “Applications” describes some properties of Haken mani-
folds and of hyperbolic manifolds.

– When M is Haken and atoroidal, the group of isotopy classes of homeomorphisms
of M is finite and it lifts to a group of homeomorphisms of M .

– The fundamental group of a Haken manifold is residually finite.
– Theorem 3.4: the Gromov-Thurston theorem on the behavior of volume under a

non-zero degree map between hyperbolic manifolds M → N : volM ≥ degree ·
volN with equality only when the covering map is homotopic to a regular cover.

– Theorem 3.5: the Jørgensen-Thurston theorem that says that the set of volumes of
hyperbolic manifolds is well-ordered. In particular, there is a finite volume mani-
fold with smallest volume.

– Thurston suggests that the volume and the eta invariant of a hyperbolic 3-manifold
should be considered as the real and imaginary parts of a complex number.

Then Thurston describes concrete approaches “to make the calculation of hyper-
bolic structures routine” and he explains how Robert Riley used computers for con-
structing hyperbolic structures [86]. Riley was maybe the first person who tried to
“hyperbolize” a given topological 3-manifold, namely the complement in S

3 of cer-
tain knots (see [87]).

The last section addresses two theorems which are directly related to the proof of
the hyperbolization of Haken manifolds. Theorem 5.7, the Double Limit Theorem,
is the main step of the hyperbolization for manifolds which fiber over the circle; it
gives a condition for a sequence (ρi) of quasi-Fuchsian groups to contain a subse-
quence which converges up to conjugacy in the space of representations of π1(S)

in PSL(2,C). The condition, formulated in terms of the Ahlfors-Bers coordinates of
ρi is that the two coordinates diverge to laminations whose reunion fills up the sur-
face. This theorem led to beautiful objects, in particular to the Cannon-Thurston map
which is a sphere-filling curve S1 → ∂H3 which conjugates the action of the surface
group on S1 as a Fuchsian group to its action on ∂H3 as the limiting Kleinian group;
furthermore this map can be described in geometric terms. Theorem 5.8 is the Com-
pactness Theorem of the space of discrete and faithful representations into PSL(2,C)

of the fundamental group of acylindrical 3-manifolds, one of the key ingredients of
the proof in the non-fibered case.

The paper contains neither proofs nor hints of proofs. But the Princeton lecture
notes [92] were circulating widely since the end of the 70’s. These notes were not
aimed to give a proof of the Hyperbolization Theorem, but they did contain impor-
tant material which is relevant to the proof (in particular in the notoriously difficult
Chaps. 8 and 9 which discuss algebraic versus geometric convergence of hyperbolic
3-manifolds). Also Thurston had already lectured about the Hyperbolization Theo-
rem at several conferences (see [93] and [94]). The first versions of [95] (proving
the Compactness Theorem 5.8 above) and [97] (the Double Limit Theorem 5.7) were
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circulating since 1980. The preprint [98] which contains a refinement of the main
result of [95] was distributed later, in 1986. In 1982, the most detailed presentation
of the proof of the Hyperbolization Theorem in the non-fibered case, written by John
Morgan, was published in the Proceedings of the Smith Conjecture conference [68], a
conference held in 1979; this presentation follows the proof described in [94]. Dennis
Sullivan had reported about the proof in the fibered case at the Bourbaki seminar in
1980 [91].

The Hyperbolization Theorem for Haken manifolds was sometimes named the
Monster Theorem, because of the length of the proof and the unusual amount of dif-
ferent techniques that were required. It became a challenge to find other approaches.
John Hubbard observed a deep relation between the main step of the proof for the
non-fibered case the fixed point theorem for the skinning map—and a conjecture of
Irwin Kra in Teichmüller theory saying that the classical Theta operator acting on
holomorphic quadratic differentials is a contraction for the L1-norm. This conjecture
was solved by Curt McMullen who showed how to apply it to the fixed point problem
[58, 59] (see also [80]). A proof of the fibered case is contained in [79]; it is based on
a proof of the Double Limit Theorem, different from Thurston’s and uses R-trees in-
stead of the delicate “Uniform injectivity of doubly incompressible pleated surfaces”
Theorem (see also [48]).

Thurston concludes his paper with a list of problems about 3-manifolds and about
Kleinian groups which contains many of the most difficult problems of these fields
that had already been posed. Any mathematician can appreciate the importance and
the impact of this paper through the fact that among these 24 problems, 22 were
solved by 2012 (and indeed the two remaining ones, Problem 19—on properties of
arithmetic hyperbolic manifolds—is more a research theme than a problem and Prob-
lem 23—on the rational independence of volumes of hyperbolic manifolds—leads to
difficult conjectures in number theory). Any topologist knows how much the new
perspective presented in this paper influenced and inspired research in 3-dimensional
topology, in hyperbolic geometry and even much beyond: it contributed in a lot of
ways to the developments of geometric group theory, of complex dynamics, to the
study of spaces of representations, to the study of the Weil-Petersson geometry of
Teichmüller space etc. Reporting about these influences is not the purpose of this re-
view and I will end by trying to describe each problem and, for all but two, by giving
references to the papers which brought the solution. As the copious references to be
found in Zentralblatt or in MathSciNet testify, this work has inspired a vast literature.
For reasons of space, I have been unable to cite many important papers which solved
significant intermediate steps.

1 The List of Problems

I have classified the problems according to the following themes: Geometrization
of 3-manifolds and of 3-orbifolds, Topology of 3-manifolds, Kleinian groups, Sub-
groups of the fundamental groups of 3-manifolds, Computer programs and tabula-
tions, Arithmetic properties of Kleinian groups.
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It appeared that there were connections between certain of the problems. For the
exposition, I followed the chronological order of the solutions within a given theme,
rather than the order in which Thurston presented the problems.

2 Geometrization of 3-Manifolds and of 3-Orbifolds: Problems 1, 3

1. The Geometrization Conjecture for 3-manifolds.
This conjecture is proven by Perelman in [81–83]. The content of these preprints

is explained with details by Bruce Kleiner and John Lott in [52]. John Morgan and
Gang Tian give complete proofs of the Poincaré Conjecture and of the geometrization
of 3-manifolds with finite fundamental groups in [70]. A complete proof of the Ge-
ometrization Conjecture for arbitrary 3-manifolds, including a simplification of the
original argument (but assuming the Hyperbolization Theorem for Haken manifolds)
is contained in [9].

3. The Geometrization Conjecture for 3-orbifolds.
Thurston makes the comment that this problem contains Problem 2 on the classifi-

cation of finite group actions on 3-manifolds. Indeed the language of orbifold gives a
way to “encode” non-free actions of finite groups (but it does cover much more exam-
ples). If G is a finite group of diffeomorphisms acting on a 3-manifold M , the quotient
space M/G is naturally the underlying space of an orbifold whose singular locus is
the image of the set of points in M which are fixed by some non-trivial element in
G and labeled by the isotropy groups. Showing that the action of G on M is geo-
metric is equivalent to showing that this orbifold is geometric. The Geometrization
Conjecture for 3-orbifolds can be formulated in a way close to the Geometrization
Conjecture for 3-manifolds [14]. In a footnote added in proof, Thurston announces
that he has proven this conjecture when the singular locus of the orbifold has dimen-
sion at least 1: this is the Orbifold Theorem. Thurston did not write anything about
the Orbifold Theorem comparable to what he wrote about the Hyperbolization The-
orem, although he planned to do so in 1986 (cf. the Introduction to [95]). In lectures
at Durham in 1984, he outlined his proof. A complete proof of the Orbifold Theorem
(for orientable orbifolds) is given by Michel Boileau, Bernhard Leeb and Joan Porti
in [11]; previously Boileau and Porti had solved the case when the singular locus is
a 1-dimensional submanifold [12]. The proofs in both papers differ from Thurston’s
at the delicate point of recognizing Seifert fibered pieces: those pieces are identified
after a simplicial volume computation, using Gromov’s vanishing theorem. Another
reference, closer to Thurston’s original proof, is [30].

3 Topology of 3-Manifolds: Problems 2, 4, 24

2. Is any finite group action on a (geometric) 3-manifold equivalent to an isometric
action?

This problem is a broad extension of the Smith conjecture: Any orientation pre-
serving periodic diffeomorphism of S3 is conjugated to an orthogonal rotation solved



8 J.-P. Otal

in [67] (see in particular the history at the end of [89]). When the geometry on M is
˜PSL(2,R), H2 × R, Nil, R3 and Sol, Problem 2 is solved by Williams Meeks and

Peter Scott in [62] using minimal surfaces and topological techniques. The case of
the S

2 × R geometry is solved by Meeks and Yau in [63], except for actions of the
alternating group A5. The case when the geometry is S3 or H3 is solved by Jonathan
Dinkelbach and Bernhard Leeb in [33] by making equivariant Perelman’s proof; it is
important to observe that this more recent result applies to an arbitrary finite group
action on S

3 or H3 whereas those (non-orientable) actions which have only isolated
fixed points cannot be covered by the Orbifold theorem.

4. Develop a global theory of hyperbolic Dehn surgery.
Let M be a finite volume hyperbolic 3-manifold with k cusps; choose disjoint

horoball neighborhoods of these cusps which are bounded by tori denoted Ti . If for
i = 1, . . . , k, si is a slope, i.e., a non trivial isotopy class of simple closed curves on Ti ,
M(s1, . . . , sk) denotes the manifold obtained from M by Dehn filling along s = (si).
The exceptional set is the set of the s’s such that M(s) is not hyperbolic. Ian Agol and
Mark Lackenby find independently conditions on the slopes si that imply that M(s)

is irreducible with a Gromov hyperbolic fundamental group ([1, 53]). When ∂M is
connected, Lackenby and Meyerhoff prove that the exceptional set contains at most
10 slopes [55], as it was conjectured by Cameron Gordon; the figure-eight knot has
10 exceptional slopes ([92], §4) and is still conjectured to be the only knot with this
property. A different approach to a quantitative version of the Dehn Surgery Theorem
is due to Craig Hodgson and Steve Kerckhoff using deformations of hyperbolic cone-
manifolds ([43, 44]). When ∂M is connected, other important universal properties
of the exceptional set are also the Cyclic Dehn Surgery Theorem of Mark Culler,
Cameron Gordon, John Luecke, and Peter Shalen [32] which says that there are at
most three slopes such that M(s) has cyclic fundamental group, and the Finite Dehn
Surgery Theorem of Steve Boyer and Xingru Zhang which says that there are at most
six slopes such that M(s) has a finite fundamental group [20].

24. Show that most 3-manifolds with Heegaard diagrams of a given genus have
hyperbolic structures.

By the Geometrization Theorem, this problem amounts to show that most 3-
manifolds with Heegaard diagrams of a given genus are irreducible and atoroidal.
These properties can be checked on the curve complex of the Heegaard surface in
terms of the distance between the two subcomplexes which are respectively gener-
ated by the meridian systems of each splitting [42]. But Thurston had maybe in mind
a more concrete description of the hyperbolic metric, closer to the description that
comes with the Hyperbolic Dehn Surgery Theorem. In [71] Hossein Namazi and Juan
Souto consider 3-manifolds obtained by glueing 2 copies of a handlebody by a power
φn of a pseudo-Anosov diffeomorphism which satisfies some genericity assumption.
For all sufficiently high powers n, they construct a negatively curved Riemannian
metric on the resulting manifold with curvature arbitrarily close to −1. Also in this
case the Geometrization Theorem implies that those manifolds are hyperbolic. How-
ever, the advantage of the approach in [71] is to show the quasi-isometry type of the
hyperbolic metric in terms of φ and n.
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4 Kleinian Groups: Problems 5–14

In the 60’s, Lipman Bers constructed an embedding of Teichmüller space as a
bounded domain in C

n. He deduced using a topological argument that most points in
the frontier of this embedding did correspond to Kleinian groups which are degener-
ate, in the sense that they are not geometrically finite (see also [38]). Explicit exam-
ples of degenerate groups had been given by Troels Jørgensen in [45] (see also [46],
a preprint from around 1975 which describes the fundamental domains for doubly
degenerate once punctured torus groups). But before Thurston, no general geometric
properties of degenerate Kleinian groups had been established. For proving the Hy-
perbolization Theorem, Thurston needed to consider those Kleinian groups and he
began their study. Problems 5 to 14 address mostly those groups.

5. Are all Kleinian groups geometrically tame?
Let G be a finitely generated Kleinian group with infinite covolume that we will

also suppose without parabolic elements for this exposition. By a Theorem of Peter
Scott, the quotient manifold N = H

3/G has a compact core, i.e., a codimension 0
submanifold M such that the inclusion M ↪→ N is a homotopy equivalence. Each
component of ∂M separates the interior of M from an end of N . The groups stud-
ied by Thurston in §8 and §9 of [92] have the following two properties: (1) M is
boundary-incompressible (i.e., G does not split as a free product or as an HNN ex-
tension over the trivial group) and (2) G is a limit of geometrically finite groups
(i.e., the inclusion homomorphism G → PSL(2,C) is a limit of group embeddings
ρi : G → PSL(2,C) such that for all i, the manifold H

3/ρi(G) has a compact core
with convex boundary). A consequence of (1) is that for any boundary component
S of ∂M bounding an end E, the inclusion S ↪→ E is a homotopy equivalence.
Thurston introduced the notion of pleated surface (also called uncrumpled surface
in [92], §8). He showed that when G satisfies (2), then each end of N is geometri-
cally tame, i.e., either E is geometrically finite, or there exists a sequence of pleated
surfaces fi : S → E homotopic to the inclusion map S ↪→ E and such that the maps
fi tend to ∞. The existence of this sequence has two important consequences. First
N is topologically tame: it is diffeomorphic to the interior of a compact 3-manifold.
Second, N is analytically tame, a property that implies in particular that G satisfies
the Ahlfors conjecture which says that the Lebesgue measure of the limit set of any
finitely generated Kleinian group is 0 or 1; even more, analytical tameness implies
that the action of G on its limit set is ergodic when this limit set has full measure. The
notion of “geometric tameness” which appears in Problem 5 is this one. As indicated
before, Thurston had solved this problem for the Kleinian groups which satisfy (1)
and (2) in [92].

The first breakthrough on Problem 5 is due to Francis Bonahon. He shows in
[13] that any finitely generated Kleinian group is geometrically tame when it satisfies
property (1). In fact, his theorem applies to groups G which satisfy a property weaker
than (1), which requires that no parabolic element of G is conjugated to an element
which is contained in a factor of a decomposition of G as a free product or as an
HNN extension over the trivial group. One of the tools that Bonahon introduced in
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his proof are the geodesic currents; these are the transverse measures to the geodesic
foliation on the unit tangent bundle of S. Those objects had been much studied before,
in particular in the context of Anosov flows, but they were considered by Bonahon as
a natural generalization of the notion of measured geodesic laminations.

The next important progress on Problem 5 after Bonahon is due to Richard Canary:
he shows in his thesis, using a beautiful branched covering trick, that, when N =
H

3/G is the interior of a compact 3-manifold, then it is geometrically tame [25]. In
the 70’s, Al Marden had conjectured that for any finitely generated Kleinian group
G, H3/G is topologically tame, meaning that it is the interior of a compact manifold
[61]; this Marden tameness conjecture is Problem 9 from Thurston’s list. Therefore, if
the Marden conjecture is true, it will follow from Canary’s theorem that any Kleinian
group is geometrically tame.

9. Are all Kleinian groups topologically tame?
The Marden conjecture was proven in 2004 independently by Ian Agol [2] and

by Danny Calegari and David Gabai [23] following distinct approaches. Teruhiko
Soma gave a simplification of the argument of Calegari-Gabai [90] making use of
the notion of “disk-busting” that Agol used. Brian Bowditch exposes a self-contained
proof in [21] which simplifies the original approach and avoids in particular the use
of the “end-reductions” as in the previous references. Canary surveys the history and
applications of the tameness theorem in [28].

10. The Ahlfors measure 0 problem.
Lars Ahlfors showed in [5] that if G is a geometrically finite Kleinian group, then

its limit set either has measure 0, or is equal to the whole sphere and he conjectured
that the same holds for any finitely generated Kleinian group. Thurston had shown in
[92] that when a Kleinian group is geometrically tame and indecomposable, then it
satisfies the Ahlfors conjecture (and furthermore the action of G on the boundary of
H

3 is ergodic when its limit set has full measure). In [25] Canary shows how to adapt
Thurston’s argument to the decomposable case. Therefore the Ahlfors conjecture fol-
lows from the positive answer to the geometric tameness question (Problem 5) which
follows from the truth of the Marden conjecture (Problem 9).

11. Classify geometrically tame representations of a given group.
This problem is the Ending Lamination Conjecture. It comes with

12. Describe the quasi-isometry type of a given group.
Let N = H

3/G be an hyperbolic 3-manifold with indecomposable fundamental
group and let M ↪→ N be a compact core. When N is geometrically tame, Thurston
defined end invariants which retain geometric information about the ends of N . By
Bonahon’s theorem, his definition applies to any hyperbolic manifold with indecom-
posable fundamental group. For simplicity, suppose again that G has no parabolic el-
ements: then each component of ∂M faces exactly one end of N . If the end E facing
the component S is geometrically finite, one classical invariant of E is the conformal
structure at infinity, which is an element of the Teichmüller space of S. When the
(geometrically tame) end facing S is not geometrically finite, Thurston defined an
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ending lamination: it is a measured geodesic lamination on S, well-defined up to the
transversal measure. Problem 11 asks wether this set of invariants, the elements in
Teichmüller space and the ending laminations are sufficient to reconstruct N . When
N has indecomposable fundamental group, the problem can be reduced to the case
when N has the homotopy type of a closed surface. Minsky solves the case when N

has bounded geometry (the length of the closed geodesics is bounded from below by
a positive constant) in [64]. His proof provides also a geometric model for N , i.e., a
metric space constructed directly from the end invariants which is quasi-isometric to
N (this is the “formula” sought for in Problem 12): in the doubly degenerate case,
this model is the metric on S × R such the metric on the slice S × {t} describes a
Teichmüller geodesic between the two ending laminations. Understanding the case
in the presence of short geodesics required a lot of efforts and the development of
new techniques; one can say that much of the study from the geometric view point
of the curve complex of a surface that was initiated by Howard Masur and Yair Min-
sky was motivated by this problem. In [65], Minsky shows that the property that N

has bounded geometry in one end can be read on the ending lamination. In [66], he
introduces a new model, which depends on the end invariants. This model is a metric
on S × R which predicts (in terms of the geodesic in the curve complex joining the
end invariants) which should be the short geodesics of N and where they should be
located; Minsky constructs also a map from this model to N which is Lipschitz on the
thick part. In [18] Jeff Brock, Canary and Minsky showthat this model is biLipschitz
equivalent to N ; they announce also the same result (the existence of a model) for
any finitely generated Kleinian group. Another approach to the same result is also
explained in [22]. Therefore, if two hyperbolic manifolds have the same end invari-
ants, they are biLipschitz equivalent and then by Sullivan’s No Invariant Line Fields
Theorem, they are isometric.

6. Is every Kleinian group a limit of geometrically finite groups?
Let G be a finitely generated Kleinian group. The space of representations of G

into PSL(2,C) that send each parabolic element to a parabolic element is an affine
algebraic set; the faithful representations with discrete image form a closed subset
DF(G) of this space. The geometrically finite representations without accidental
parabolics form an open subset GF(G) ⊂ DF(G). The question asks if this subset
is dense in DF(G). When G is a surface group and for representations contained in
a Bers slice, this had been conjectured by Bers in [7] and it was solved by Kenneth
Bromberg in [17] using cone manifolds technics. A positive answer to Thurston’s
question in full generality is given independently by Hossein Namazi and Juan Souto
in [72] and by Ken’ichi Ohshika in [76]; previously Brock and Bromberg solve the
case of indecomposable groups without parabolic elements in [19] (see also [18]).
The proofs in [72] and [76] depend on the Ending Lamination Theorem (Problem
11). By this theorem, any hyperbolic 3-manifold is determined up to isometry by
its topology and by its end invariants. Therefore it suffices to show that for any ρ ∈
DF(G), there is a representation ρ∞ in the closure of GF(G) which has the same
end invariants. The existence of such a ρ∞ comes from a generalization of the Double
Limit Theorem. A different solution to Problem 6, which does not use the full strength
of the Ending Lamination Theorem, has been announced by Bromberg and Souto.
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8. Analyse limits of quasi-Fuchsian groups with accidental parabolics.
One important and difficult step of Thurston’s original proof of the Hyperboliza-

tion of Haken manifolds is the theorem which says that when a sequence of ge-
ometrically tame representations into PSL(2,C) of the fundamental group of a 3-
manifold with incompressible boundary which preserves the type of the elements
and converges algebraically, then it converges also geometrically (up to possibly ex-
tracting a subsequence) if the limit representation has no accidental parabolics. This
last hypothesis is really necessary since Kerckhoff and Thurston give an example of
a sequence of quasi-Fuchsian representations of a punctured torus group which con-
verges algebraically but such the geometric limit contains a Z+Z parabolic subgroup
[49]. The geometric limit of an algebraically converging sequence of quasi-Fuchsian
groups can even be non finitely generated and for many reasons ([15, 16]). Ohshika
and Soma have announced a complete description of the topological type of the limit
hyperbolic manifolds, and also a classification up to isometry of those limits in the
spirit of the Ending Lamination Theorem [77].

7. Develop a theory of Schottky groups and their limits.
In [92], Thurston studies Kleinian groups which satisfy properties (1) and (2) (cf.

the discussion of Problem 5), in particular surface groups which are limits of quasi-
Fuchsian groups. For those groups he defines the end invariants in §8 and he shows
in §9 the theorem mentioned in the last paragraph: “algebraic convergence without
accidental parabolics implies geometric convergence”. Problem 7 is to develop a sim-
ilar study for the Kleinian groups which are limits of Schottky groups, i.e., limits of
geometrically finite free groups.

Brock, Canary and Minsky announce in [18] that using Canary’s work on Prob-
lem 5, the solution of Marden’s conjecture (Problem 9) and extending their work
on the Ending lamination Theorem in the boundary incompressible case, they have
constructed biLipschitz models for the geometry of H

3/G when G is an arbitrary
finitely generated Kleinian group; they show indeed that each end of H3/G is quasi-
isometric to an end of a degenerate surface group (with quasi-isometric constants
depending on G).

Jørgensen conjectured that for any finitely generated Kleinian group G, a sequence
of representations ρi : G → PSL(2,C) which converges algebraically to a represen-
tation ρ without accidental parabolics converges also geometrically to ρ up to ex-
tracting a subsequence. This is proven by Jim Anderson and Canary in [6] when
the domain of discontinuity of ρ is non empty. When the domain of discontinuity
is empty, then any end of H3/ρ(G) is degenerate; it follows from the tameness of
the algebraic limit and from the Thurston-Canary covering theorem [27] that ρ has
finite index in the limit ρ∞ of any subsequence which converges geometrically, and
therefore ρ = ρ∞.

One could also interpet this problem as Thurston asking for a generalization of
the Double Limit Theorem to the context of Schottky groups. He had conjectured a
boundedness criterion for a sequence of geometrically finite representations of a free
group that he formulated in terms close to those of the Double Limit Theorem but
involving laminations in the Masur domain. First attempts to prove this conjecture
are [78] and [49] (see also [26]). In its most general form, when the free group is



William P. Thurston: Three-dimensional manifolds, Kleinian groups 13

replaced by an arbitrary finitely generated Kleinian group, the conjecture is solved by
Namazi-Souto in [72] and by Ohshika in [76] (cf. also the announcement by Ingkang
Kim, Cyril Lecuire and Ohshika of a slightly more general result in [50]).

13. If the Hausdorff dimension of the limit set of a Kleinian group is < 2, is it
geometrically finite?

Bishop and Jones give a positive answer to this question using analytical tools
in [10]. Another solution can be deduced from the geometric tameness of finitely
generated Kleinian groups (which was proven after [10]). Canary observes in [24]
that if N is a geometrically tame hyperbolic 3-manifold which is not geometrically
finite, its Cheeger constant is 0 and therefore λ0(N), the lowest eigenvalue of the
Laplacian on N is 0. By a result of Sullivan, for any hyperbolic 3-manifold N =
H

3/G, λ0(N) = δG(2−δG), when the critical exponent δG of G is ≥ 1 or λ0(N) = 1.
Therefore δG = 2 when G is tame and not geometrically finite. By another result
from [10] (true for any non-elementary discrete group of isometries of Hn, for any
dimension) δG equals the Hausdorff dimension of the radial limit set of G. Therefore
the limit set of G has Hausdorff dimension 2.

14. Existence of Cannon-Thurston maps.
Let H be a finitely generated Kleinian group and let M be a compact core of

N = H
3/H . It follows from the Hyperbolisation Theorem that there exists a convex

cocompact Kleinian group G such that M is homeomorphic to the quotient by G of
the reunion H

3 ∪ 	(G) of H3 and of the domain of discontinuity of G. The group G

is not unique but its limit set L(G) and the action of G on it are. They can be defined
indeed in purely combinatorial terms, due to the fact that G is convex cocompact:
L(G) is equivariantly homeomorphic to the Floyd boundary of G. Denote by ρ the
isomorphism between G and H induced by the homotopy equivalence M ↪→ N . The
problem asks if there is a continuous G-equivariant map from L(G) to L(ρ(G));
such a map is called a Cannon-Thurston map since it had been shown to exist when
N is the cyclic cover of an hyperbolic manifold which fibers over the circle by Can-
non and Thurston in [29] (previously Bill Floyd had constructed the map when N is
geometrically finite in [35]). Progress on this problem followed progress on the End-
ing lamination conjecture. Minsky solves the case when N has the homotopy type of
a surface and has bounded geometry [64]. Mahan Mj solves the case of pared man-
ifolds with incompressible boundary and bounded geometry in [56] (see also [51]).
More recently, using the Minsky model for surface groups, Mahan Mj solves the gen-
eral case when N has the homotopy type of a closed surface [57]. He also announces
the solution for an arbitrary hyperbolic 3-manifold.

5 Subgroups of the Fundamental Group of 3-Manifolds: Problems 15–18

15. Are finitely generated subgroups of a Kleinian group separable?
A group G is LERF (locally extended residually finite) if each finitely generated

subgroup H ⊂ G is separable, i.e., H equals the intersection of the finite index sub-
groups of G which contain H . This algebraic property for a group has important



14 J.-P. Otal

geometric consequences: Peter Scott had shown in [88] that closed surface groups
are LERF and deduced that any finitely generated subgroup of a surface group π1(S)

is the fundamental group of a subsurface in a finite cover of S. Thurston asks the ques-
tion because of its potential implications to the Geometrization Conjecture. Even if
the Geometrization was obtained by quite different routes, the research on the LERF
property has led to a vast literature which shows strong and profound connections be-
tween geometric group theory and hyperbolic manifolds. In particular, Daniel Wise
developed a vast research program to attack this problem which is centered around
the notion of cube complexes [100]. This program is an elaboration of Scott’s ap-
proach (for proving that surface groups are LERF, Scott exploited the property that
the fundamental group of the non-orientable closed surface of Euler characteristic
−1—which is a quotient of any closed surface—acts on H with a right-angled pen-
tagon as fundamental domain).

A cube complex is a cell complex whose cells are isomorphic to cubes [−1,1]n
and such that the attaching maps between cells are isometries. One says that a group
G is cubulated when it acts freely and cocompactly on a simply connected CAT(0)

cube complex. In 2007, Frédéric Haglund and Daniel Wise introduced the notion of
special cube complex which imposes some restrictions on the behavior of the hyper-
planes [39]; they prove that if a compact cube complex X is special and has a Gro-
mov hyperbolic fundamental group, then all the quasi-convex subgroups of π1(X)

are separable. Wise conjectures in [100] that any compact cube complex which has
a Gromov hyperbolic fundamental group has a finite cover that is special. This is
precisely the conjecture that Agol solves in [4]. The solution of Problems 15 to 18
follows from this.

The separability of quasi-convex subgroups (i.e., convex cocompact subgroups) of
a cocompact Kleinian group is a direct application of this result since Nicolas Berg-
eron and Daniel Wise proved in 2009 that any cocompact Kleinian group is cubulated
[8] (subgroups which are not convex cocompact are virtual fibers as a consequence of
the tameness and the Thurston-Canary covering theorem). Bergeron and Wise used a
method introduced by Michah Sageev who constructed, from any finite collection of
quasi-convex subgroups of a group G (which satisfy certain conditions) an action of
G on a CAT(0) cube complex. This theorem of Bergeron and Wise could be proven
in such a generality thanks to the recent result of Jeremy Kahn and Vlad Markovic
which says that any cocompact Kleinian group contains (many) quasi-Fuchsian sub-
groups [47].

16. Is every irreducible 3-manifold with infinite fundamental group virtually
Haken?

This problem contains the question whether the fundamental group of an irre-
ducible 3-manifold contains a surface group when it is infinite. For a cocompact
Kleinian group, this is solved by Kahn and Markovic in [47]; they use in partic-
ular fine properties of the geodesic flow on the unit tangent bundle of hyperbolic
manifolds such as the exponential mixing with respect to the Liouville measure. By
the LERF property of Kleinian groups, any surface subgroup of a cocompact Kleinian
group G provided by this theorem is the fundamental group of a closed surface which
is embedded in an appropriate finite cover of H3/G. This solves Problem 16 for the
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case of hyperbolic manifolds which was the remaining case (by the Geometrization
Theorem and since all the other geometries can be handled directly).

17. Does every aspherical 3-manifold have a finite cover with positive first Betti
number?

18. Does every finite volume hyperbolic 3-manifold have a finite cover which fibers
over the circle?

In [3], Agol introduces a new class of groups, the residually finite rational solvable
(RFRS) groups and shows that this class contains all right-angled Artin groups. He
observes that if the fundamental group of a 3-manifold M is not abelian but RFRS,
then M has a first Betti number virtually infinite; he shows also that when M is irre-
ducible with χ(M) = 0 and π1(M) RFRS, then M virtually fibers over the circle. In
[39], among the properties of special cube complexes they study, Haglund and Wise
show that if a group is cubulated by a special cube complex, then some finite index
subgroup of it embeds into a right-angled Artin group. Therefore, any cocompact
Kleinian group has a finite index subgroup which is RFRS and therefore Problems 17
and 18 have positive answers.

6 Computer Programs and Tabulations: Problems 20–22

In his PhD thesis, Jeff Weeks wrote the program SnapPea which computes
the hyperbolic structure of a link complement in S

3 when this structure exists
(http://www.geometrygames.org/SnapPea/). This program provides a lot of useful in-
formation: it shows the Ford domain, it gives the shape of the cusps and shows the
induced tessellation of those, it computes many invariants of the hyperbolic metric
like the volume, the length of its shortest closed geodesic etc. [99]. It allows to tab-
ulate many families of 3-manifolds like the Callahan-Hildebrand-Weeks census of
non compact finite volume hyperbolic 3-manifolds, or the Hodgson-Weeks census
of small volume closed hyperbolic 3-manifolds. It shows evidence for several prob-
lems in the list; in particular in [34], Nathan Dunfield and Thurston check the virtual
Haken conjecture for all 3-manifolds from the Hodgson-Weeks census (all have in-
deed positive virtual Betti number). The Weeks manifold was observed to have the
smallest volume among the known hyperbolic manifolds and was conjectured to be
the closed hyperbolic manifold with smallest volume: this conjecture is now solved
by David Gabai, Robert Meyerhoff and Peter Milley (see [36], [37]). Furthermore,
SnapPea permits to “feel” the well ordering of hyperbolic manifolds by the volume
as Thurston asks in Problem 22: it gives evidence that this ordering is compatible with
the topological complexity given by the Mom number [36]. SnapPea is a powerful
tool, which in addition to helping the intuition with many problems, suggests also new
ones. For instance, its computation of the hyperbolic structure on a link complement
exhibits in all cases a triangulation of this complement by geodesic ideal tetrahedra;
however there are no theoretical proofs yet of the existence of such a triangulation.

Other software doing computations with 3-manifolds or with surface diffeomor-
phisms can be found at the CompuTop.org Software Archive website http://www.
math.illinois.edu/~nmd/computop/index.html.

http://www.geometrygames.org/SnapPea/
http://www.math.illinois.edu/~nmd/computop/index.html
http://www.math.illinois.edu/~nmd/computop/index.html
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7 Arithmetic Properties of Kleinian Groups: Problems 19, 23

19. Find topological and geometric properties of quotient spaces of arithmetic sub-
groups of PSL(2,C).

This problem is more a theme of research than a problem like the ones above.
Certain topological problems from the list were first established for arithmetic hyper-
bolic 3-manifolds: Lackenby proves the Surface subgroup conjecture for arithmetic
manifolds in [54] and Agol applies his criterion for virtual fibering to Bianchi groups
in [3]. A geometric property of arithmetic hyperbolic manifolds that is often used is
that each commensurability class of arithmetic 3-manifolds contains many represen-
tatives with a non-trivial isometry group. An example of this is the following property
which characterizes the arithmetic manifolds among all hyperbolic finite volume 3-
manifolds [31]: any closed geodesic γ in an arithmetic hyperbolic 3-manifold N lifts
to a geodesic γ̃ in some finite cover Nγ of N which admits an isometric involution
whose fixed point set contains γ̃ . One central question, closely related to questions in
number theory like the Lehmer conjecture, is the Short Geodesic Conjecture: it asks
wether the injectivity radius of arithmetic hyperbolic 3-orbifolds is bounded from be-
low by a global positive number (cf. [60], §12). For more information regarding this
problem, see the survey by Alan Reid [85].

23. Show that the volumes of hyperbolic 3-manifolds are not all rationally related.
Today, one knows very little about arithmetic properties of volumes of hyperbolic

3-manifolds and this problem is far from being solved; one does not even know of
one single hyperbolic 3-manifold for which one could decide whether its volume
is rational or irrational. However, the algebraic framework for studying arithmetic
properties of volumes is now well established (see [75]). Given a field k ⊂ C, its
Bloch group B(k) is defined as a certain subspace of a certain quotient of the free
Z-module generated by the elements of k \ {0,1}; there is also a Bloch regulator map
ρ : B(k) →C/Q. In [75], Walter Neumann and Jun Yang assign to any finite volume
hyperbolic 3-manifold N = H

3/G an element β(N) ∈ B(k(N)) ⊂ B(C), where k(N)

is the invariant trace field of N (i.e., the subfield of C generated by the squares of the
traces of the elements of G). They show that, up to a constant multiple, the volume
of N and its Chern-Simons invariant are respectively, the imaginary part and the real
part of ρ(β(N)) (this is one realization of Thurston’s hint that volume and Chern-
Simons invariant should be considered simultaneously as the real and imaginary parts
of the same complex number (see also [101])). It is conjectured that when k = Q, the
algebraic closure of Q, the imaginary part of the Bloch regulator map is injective.
If this was true, this would imply that two hyperbolic 3-manifolds with the same
volume, have Dirichlet domains which are scissors congruent. See [73] and [74] for
a detailed discussion and for applications to the study of Chern-Simons invariant.

See also [74] for a discussion of the conjecture that any number field k ⊂ C can ap-
pear as the invariant trace field k(N) of some hyperbolic 3-manifold N , a conjecture
which is directly relevant to Problems 19 and 23.

Acknowledgements I thank Brian Bowditch, Jeff Brock, Dick Canary, Alan Reid and Jeff Weeks for
their comments on a first version of this text.
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Abstract We review recent progress towards a rigorous understanding of the excita-
tion spectrum of bosonic quantum many-body systems. In particular, we explain how
one can rigorously establish the predictions resulting from the Bogoliubov approx-
imation in the mean field limit. The latter predicts that the spectrum is made up of
elementary excitations, whose energy behaves linearly in the momentum for small
momentum. This property is crucial for the superfluid behavior of the system. We
also discuss a list of open problems in this field.
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1 Introduction

Many interesting effects in quantum mechanics result from the interactions among the
fundamental particles that constitute the system. A famous example of such an effect
is superconductivity, the vanishing of electrical resistance in certain materials at low
enough temperature. The relevant fundamental particles in this case are the electrons,
which are fermions and obey the Pauli exclusion principle, which demands that each
quantum state can be occupied by at most one particle. Bosons, on the other hand,
are particles in quantum mechanics that do not obey the Pauli principle. Examples of
bosons include photons (the quanta of the electromagnetic field) or also composite
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particles like atoms, which themselves consists of fermions (electrons and nucleons)
but behave as bosons if the number of fermionic constituents is even. There is no
bound on the number of bosons occupying the same quantum state. This leads to the
phenomenon of Bose–Einstein condensation (BEC), which occurs if a macroscopic
fraction of all the particles occupy the same quantum state. The resulting state of
matter displays various interesting phenomena, like superfluidity, for instance, where
the viscosity of a fluid vanishes completely at low temperature.

BEC in cold atomic gases was first achieved experimentally in 1995 [1, 9]. Af-
ter initial failed attempts with spin-polarized atomic hydrogen, the first successful
demonstrations of this phenomenon used gases of rubidium and sodium atoms, re-
spectively. In these experiments, a large number of (bosonic) atoms is confined to a
trap and cooled to very low temperatures; below a critical temperature condensation
of a large fraction of particles into the same one-particle state occurs. Since then there
has been a surge of activity in this field, with ingenious experiments putting forth
more and more astonishing results about the behavior of matter at very cold temper-
atures. BEC has now been achieved by more than a dozen different research groups
working with gases of different types of atoms. Literally thousands of scientific ar-
ticles, concerning both theory and experiment, have been published in recent years.
Various interesting quantum phenomena have been explored, like the appearance of
quantized vortices in rotating systems and the property of superfluidity. The latter is
related to the low-energy excitation spectrum of the system. We refer to [3, 6, 8, 13]
for reviews of the recent developments in this field of physics.

The theoretical investigation of BEC goes back much further, and even pre-dates
the modern formulation of quantum mechanics. It was investigated in two papers by
Einstein [12] in 1924 and 1925, respectively, following up on a work by Bose [5] on
the derivation of Planck’s law for black-body radiation. Einstein’s result, in its mod-
ern formulation, can be found in any textbook on quantum statistical mechanics, and
was concerned with ideal, i.e., non-interacting gases. The understanding of BEC in
the presence of interparticle interactions poses a formidable challenge to mathemat-
ical physics. One of the key contributions to the theory of weakly interacting Bose
gases is Bogoliubov’s 1947 paper [4], where he introduces an approximate model
(now referred to as the Bogoliubov approximation) to explain its superfluid behavior.
In this paper, we will summarize recent progress made towards a rigorous justification
of this approximation.

2 The Bose Gas: A Quantum Many-Body Problem

The quantum-mechanical description of a system of N bosons is given in terms of
the Hamiltonian HN , acting as a linear operator on a suitable Hilbert space HN .
Typically, HN is an unbounded operator, defined only on a dense subspace of HN ,
but it should be bounded from below in order to describe a stable physical system. For
bosons interacting via a pair-interaction potential denoted by v(x), the Hamiltonian
is given, in appropriate units, by

HN = −
N∑

i=1

�i +
∑

1≤i<j≤N

v(xi − xj ). (1)
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The kinetic energy is described by �, the Laplacian on a suitable domain in R
3, which

we will typically take to be a cube of side length L, i.e., [0,L]3. Suitable boundary
conditions have to be imposed in order for � to define a self-adjoint operator, with
periodic boundary conditions being a typical example. The subscript i indicates, as
usual, that the second derivative is with respect to xi ∈R

3.
As appropriate for bosons, the Hamiltonian HN acts on the Hilbert space of

permutation-symmetric wave functions Ψ (x1, . . . , xN) in
⊗N

L2([0,L]3), which we
shall denote by HN :

HN =
N⊗

sym

L2([0,L]3). (2)

The interaction v is a real-valued function v : R3 → R, which we assume to be
bounded and symmetric, i.e., v(x) = v(−x). It acts as a multiplication operator
on HN .

Of fundamental importance is the spectrum of HN , i.e., the complement of the
subset of C where z − HN has a bounded inverse. For the Hamiltonian HN acting
on the Hilbert space HN , it is not difficult to see that the spectrum is discrete, i.e., it
consists of eigenvalues of HN of finite multiplicity, which are bounded from below
and accumulate at +∞. The corresponding eigenfunctions describe the stationary
states of the system.

The following quantities, derived from the Hamiltonian HN , will interest us here.

• Ground state energy, defined as the lowest value of the spectrum of the Hamilto-
nian,

E0(N,L) = inf specHN. (3)

• The ground state wave function Ψ0 is the eigenfunction of HN corresponding to
eigenvalue E0(N,L), i.e.,

HNΨ0 = E0(N,L)Ψ0. (4)

For large particle number N , it is typically much too complicated to compute. In-
stead one considers the corresponding reduced density matrices of Ψ0, the simplest
of which is the one-particle density matrix, given by the integral kernel

γ0
(
x, x′) = N

∫

R3(N−1)

Ψ0(x, x2, . . . , xN)Ψ0
(
x′, x2, . . . , xN

)
dx2 · · ·dxN . (5)

It satisfies 0 ≤ γ0 ≤ N as an operator, and its trace equals Trγ0 = N . With the aid
of creation and annihilation operators (to be reviewed in Sect. 4) one can also write

γ0
(
x, x′) = 〈

a†(x′)a(x)
〉
, (6)

and this definition generalizes to arbitrary mixed states as well.
• The diagonal of the one-particle density matrix is the particle density

�0(x) = γ0(x, x) = N

∫

R3(N−1)

|Ψ0(x, x2, . . . , xN)|2dx2 · · ·dxN, (7)
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with
∫

�0(x)dx = N . For translation invariant systems, �0 is a constant and does
not depend on x, but for inhomogeneous systems the spatial variation of �0 repre-
sents a non-trivial question.

• By definition, Bose–Einstein condensation in a state Ψ0 means that the one-particle
density matrix γ0 has an eigenvalue of order N , i.e., that ‖γ0‖ ≥ cN for some
c > 0 and all (large) N , with ‖ · ‖ denoting the operator norm. The corresponding
eigenfunction is called the condensate wave function.

• Of particular interest to us will be the structure of the excitation spectrum, i.e., the
spectrum of HN above the ground state energy E0(N,L), and the relation of the
corresponding eigenstates to the ground state. For translation invariant systems,
HN commutes with the total momentum operator

P = −i

N∑

j=1

∇j , (8)

and hence one can look at their joint spectrum. Of particular relevance is the infi-
mum

Eq(N,L) = inf specHN �P=q . (9)

In contrast to the non-interacting case, for interacting particles one expects a linear
behavior of Eq(N,L) in q for not too large values of |q|. For a review of various
questions related to the excitation spectrum of Bose gases we refer to [7].

The particle number N is typically very large. This large number of variables
involved in the problem is the main reason why the quantities above are very hard to
compute. We will be interested in their behavior as N → ∞.

3 The Ideal Bose Gas

For non-interacting bosons, i.e., in the case v ≡ 0, the ground state energy is simply
N times the lowest eigenvalue of the Laplacian. In the case of periodic boundary
conditions, i.e., the Laplacian on the flat torus [0,L]3, this is simply zero:

E0(N,L) = 0 for all N and L. (10)

The corresponding ground state wave function Ψ0 is the constant function in HN .
Also the excitation spectrum can easily be computed explicitly for the ideal gas.

The spectrum of −� on the flat torus [0,L]3 equals

{
|p|2 : p ∈

(
2π

L
Z

)3}
, (11)

with corresponding eigenfunctions L−3/2eip·x . The spectrum of N bosons is then
simply

∑

p

|p|2np, (12)
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where the sum is over p ∈ ( 2π
L
Z)3 and np ∈ {0,1,2, . . . } for each p, with∑

p np = N . The latter are called the occupation numbers of the corresponding mo-
mentum states. The eigenstate of HN corresponding to an eigenvalue of the form (12)
is given by

S
∏

j

ϕj (xj ) (13)

where S denotes symmetrization with respect to permutations, and all the ϕj are
eigenfunctions of the Laplacian, the one corresponding to momentum p appearing
np times in the product. Note that for each set of occupations numbers {np} there is
exactly one such eigenstate in HN .

4 Second Quantization on Fock Space

In the following, it will be convenient to regard HN = ⊗N
sym L2([0,L]3) as a sub-

space of the bosonic Fock space

F =
∞⊕

n=0

Hn, H0 ≡ C. (14)

On this space, the particle number N is now an operator, which acts simply as multi-
plication by n on the subspace Hn of F .

A basis of L2([0,L]3) is given by the plane waves L−3/2eip·x for p ∈ ( 2π
L
Z)3, and

we introduce the corresponding creation and annihilation operators, which satisfy
the canonical commutation relations (CCR)

[ap, aq ] = [
a†
p, a†

q

] = 0,
[
ap, a†

q

] = δp,q . (15)

Here, the creation operator a
†
p is the adjoint of the annihilation operator ap . The latter

maps Hn to Hn−1 for n ≥ 1 and acts as

(apψ)(x1, . . . , xn−1) =
√

n

L3

∫

[0,L]3
e−ip·xnψ(x1, . . . , xn)dxn. (16)

We consider again the Hamiltonian HN , with the particles moving on the flat torus
[0,L]3. It is then natural to assume that the interaction v in (1) is a periodic function
on R

3, with period L in all three coordinate directions. In other words,

v(x) = L−3
∑

p∈( 2π
L
Z)3

v̂(p)eip·x (17)

where the

v̂(p) =
∫

[0,L]3
v(x)e−ip·xdx (18)

are the Fourier coefficients of v.
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A simple calculation shows that the Hamiltonian HN in (1) is equal to the restric-
tion of

H=
∑

p

|p|2a†
pap + 1

2L3

∑

p

v̂(p)
∑

q,k

a
†
q+pa

†
k−pakaq (19)

to the subspace HN ⊂ F . Here, all sums are over ( 2π
L
Z)3. The expression (19) for

the Hamiltonian on Fock space serves as a basis for the approximation introduced by
Bogoliubov in [4], which we shall discuss next.

5 The Bogoliubov Approximation

At low energy, and for sufficiently weak interactions, one expects the occurrence of
Bose–Einstein condensation. That is, the zero momentum mode is expected to be
macroscopically occupied, meaning that a

†
0a0 ∼ N . In particular, the p = 0 mode

plays a special role.
The Bogoliubov approximation consists of

• dropping all terms in H higher than quadratic in a
†
p and ap for p = 0;

• replacing a
†
0 and a0 in H by the number

√
N .

The resulting Hamiltonian is quadratic in the a
†
p and ap , and equals1

H
Bog = N(N − 1)

2L3
v̂(0)

+
∑

p =0

((|p|2 + �v̂(p)
)
a†
pap + 1

2
�v̂(p)

(
a†
pa

†
−p + apa−p

))
, (20)

with � = N/L3 the particle density. It can be explicitly diagonalized via a Bogoliubov
transformation:

Let bp = cosh(αp)ap + sinh(αp)a
†
−p , with

tanh(αp) = |p|2 + �v̂(p) −√|p|4 + 2|p|2�v̂(p)

�v̂(p)
. (21)

Here, the right side is interpreted as 0 if v̂(p) = 0. Moreover, we have to assume
that |p|2 + 2�v̂(p) ≥ 0 for all p in order for the square root to be well-defined. The
bp and b

†
p again satisfy CCR (for any choice of real numbers αp , in fact). A simple

calculation shows that

H
Bog = E

Bog
0 +

∑

p =0

epb†
pbp, (22)

1Note that the contribution of p = 0 to the second sum in (19) is exactly equal to N(N − 1)̂v(0)/(2L3),

hence the substitution of a
†
0 and a0 by

√
N was not applied to this term.
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where

E
Bog
0 = N(N − 1)

2L3
v̂(0) − 1

2

∑

p =0

(|p|2 + �v̂(p) −
√

|p|4 + 2|p|2�v̂(p)
)

(23)

and

ep =
√

|p|4 + 2|p|2�v̂(p). (24)

Note that in contrast to the non-interacting case, where ep = p2, the function ep in
(24) behaves linearly in p for small p (assuming that v̂(p) does not vanish near zero).

The Bogoliubov approximation thus predicts that the ground state energy equals
the value E

Bog
0 displayed in (23). Moreover, it also allows to compute the complete

excitation spectrum. In fact, from (22) we see that the spectrum of HBog − E
Bog
0 is

given by
∑

p

epnp with np ∈ {0,1,2, . . . }, (25)

with ep defined in (24). It has the exact same structure as for non-interacting par-
ticles (12), except for the replacement of |p|2 by ep . Moreover, the corresponding
eigenstates can be constructed out of the ground state Ψ0 ∈ F of HBog by elementary
excitations of the form

b†
pn

· · ·b†
p1

Ψ0, (26)

with b
†
p = cosh(αp)a

†
p + sinh(αp)a−p , as before.

One can also calculate the ground state energy E
Bog
q in a sector of total momen-

tum q , and arrives at

E
Bog
q − E

Bog
0 = subadditive hull of ep

= inf∑
p pnp=q

∑

p

epnp. (27)

In particular, also E
Bog
q − E

Bog
0 behaves linearly in q for not too large |q|.

For a detailed discussion of variants of the Bogoliubov approximation we refer the
interested reader to [39].

6 The Mean-Field (Hartree) Limit

It is a major open problem to understand the regime of validity of the Bogoliubov ap-
proximation for many-body quantum systems of interacting particles. The progress
made in recent years was mainly limited to giving bounds on the ground state energy
of the systems, and we refer to [14, 15, 25, 26, 30, 36–38] for various interesting re-
sults in this direction. Virtually nothing is known concerning the excitation spectrum
of such systems in general, however.
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A simple case where the analysis of the validity of the Bogoliubov approxima-
tion can be extended beyond the ground state energy is the Hartree limit. This is an
extreme form of a mean-field limit, where the interaction potential extends over the
whole size of the system, but the interaction is sufficiently weak (of order 1/N ) in
order for the interaction energy to be of the same order as the kinetic energy.

We consider again a system of N bosons in a cubic box, with periodic bound-
ary conditions. For simplicity, let us choose units such that the length of the box L

equals 1. The Hamiltonian of the systems is thus given by

HN = −
N∑

i=1

�i + 1

N − 1

∑

1≤i<j≤N

v(xi − xj ), (28)

and it acts on the Hilbert space

HN =
N⊗

sym

L2([0,1]3). (29)

Here we wrote the interaction potential as (N − 1)−1v(x), reflecting the weakness of
the potential as mentioned above. The case of fixed, N -independent v corresponds to
the mean-field or Hartree limit.

It is not difficult to see that the ground state energy is determined, to leading order
in N for large N , by minimizing the energy 〈Ψ |HN |Ψ 〉 over product states of the
form

Ψ (x1, . . . , xN) = φ(x1) · · ·φ(xN). (30)

This has been shown, in a much more general setting than what is discussed here, in
[19]. For a constant φ, corresponding to a homogeneous system, the resulting Hartree
energy is then simply equal to 1

2N
∫

v.
It is also known that starting from a product state of the form (30), a solution to

the time-dependent Schrödinger equation i∂tΨ = HNΨ stays roughly a product at
later times, with the factors in the limit N → ∞ determined by the time-dependent
Hartree equation

i∂tφ = −�φ + 2
(|φ|2 ∗ v

)
φ, (31)

where ∗ denotes convolution. For a history of this problem and a review of recent
results, we refer to [31].

Going beyond the leading order, where the Hartree equation applies, we can ask
the following questions.

• Given that the ground state energy E0(N) = inf specHN satisfies E0(N) =
1
2Nv̂(0)+o(N) for fixed (i.e., N -independent) v, what is the next order correction?
It turns out that it is actually O(1), and the O(1)-term can be explicitly computed
and agrees with the prediction from the Bogoliubov approximation.

• What is the spectrum of HN − E0(N), i.e., the excitation spectrum of the sys-
tem? Does it converge as N → ∞? Is the Bogoliubov approximation valid? The
latter predicts a dispersion law for elementary excitations that is linear for small
momentum, as discussed in Sect. 5.
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• What fraction of particles are in a Bose–Einstein condensate? Recall that Bose–
Einstein condensation concerns the largest eigenvalue of the one-particle density
matrix γ of a many-body wave function Ψ , defined via the matrix elements

〈f |γ |g〉 = N

∫
f (x)Ψ (x, x2, . . . , xN)g(y)Ψ (y, x2, . . . , xN)dxdydx2 · · ·dxN .

(32)

For fixed v, the Bogoliubov approximation predicts that ‖γ ‖ ≥ N − O(1) in the
ground state, and this can actually be proved to be correct.

6.1 Main Results

For our analysis of the excitation spectrum, we assume that v(x) is bounded and of
positive type, i.e.,

v(x) =
∑

p∈(2πZ)3

v̂(p)eip·x (33)

with

v̂(p) ≥ 0 ∀p ∈ (2πZ)3,
∑

p∈(2πZ)3

v̂(p) < ∞. (34)

Under these assumptions, the following theorem holds.

Theorem 1 The ground state energy E0(N) of HN equals

E0(N) = N

2
v̂(0) + E

Bog
0 + O

(
N−1/2) as N → ∞, (35)

with

E
Bog
0 = −1

2

∑

p =0

(|p|2 + v̂(p) −
√

|p|4 + 2|p|2v̂(p)
)
. (36)

Moreover, the excitation spectrum of HN −E0(N) below an energy ξ is equal to finite
sums of the form

∑

p∈(2πZ)3\{0}
epnp + O

(
ξ3/2N−1/2), (37)

where

ep =
√

|p|4 + 2|p|2v̂(p) (38)

and np ∈ {0,1,2, . . . } for all p = 0.
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Theorem 1 is proved in [34]. The proof consists of constructing a unitary operator
U that makes UHNU† close to the operator

N

2
v̂(0) + E

Bog
0 +

∑

p∈(2πZ)3\{0}
epa†

pap. (39)

In particular, the proof implies that the excited eigenfunctions can be (approximately)
obtained by acting with products of U†a

†
pa0U on the ground state.

Let us comment on the error terms in (35) and (37). Both the ground state energy
and all excited energy levels a distance O(1) from the ground state agree with the
prediction obtained via Bogoliubov’s approximation up to errors of order N−1/2 for
large N . Moreover, an excitation energy a distance ξ from the ground state energy
is necessarily of the form

∑
p epnp(1 + o(1)) as long as ξ3/2N−1/2 � ξ , i.e., for

ξ � N . That is, the Bogoliubov approximation gives the correct excitation energies
to leading order in a very large window above the ground state energy, whose size
has to be small compared with N . This restriction is presumably optimal. The exis-
tence of Bose–Einstein condensation is only guaranteed for excitation energies small
compared to N , and the existence of BEC is one of the key assumptions entering the
Bogoliubov approximation.

Theorem 1 implies the following corollary concerning the momentum dependence
of the spectrum of HN .

Corollary 1 Let EP (N) denote the ground state energy of HN in the sector of total
momentum P . We have

EP (N) − E0(N) = min
{np},∑p pnp=P

∑

p =0

epnp + O
(|P |3/2N−1/2). (40)

In particular,

EP (N) − E0(N) ≥ |P |min
p

√
2̂v(p) + |p|2 + O

(|P |3/2N−1/2). (41)

The bound (41) implies that EP (N) − E0(N) behaves linearly in P for not too
large P (assuming that v̂(p) does not vanish for small |p|). Note that this fact is
caused by the interactions among the particles, non-interacting systems do not show
this behavior. The linear behavior is very important physically and is responsible for
the superfluid behavior of the system. According to Landau, the coefficient multiply-
ing |P | in (41) is, in fact, the critical velocity for frictionless flow. We refer to [7] for
further details on this correspondence.

Note that under the unitary transformation

Ũ = exp

(
−iq ·

N∑

j=1

xj

)
, q ∈ (2πZ)3, (42)

the Hamiltonian HN transforms as

Ũ†HNŨ = HN + N |q|2 − 2q · P, (43)
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Fig. 1 Sketch of the parts of the
spectrum that are correctly
determined by the Bogoliubov
approximation in the Hartree
limit

where P = −i
∑N

j=1 ∇j denotes again the total momentum operator. Hence our re-
sults apply equally also to the parts of the spectrum of HN with excitation energies
close to N |q|2, corresponding to collective excitations where the particles move uni-
formly with momentum q; cf. Fig. 1.

6.2 Ideas in the Proof

In the language of second quantization, the Hamiltonian HN is the restriction of the
operator

H =
∑

p∈(2πZ)3

|p|2a†
pap + 1

2(N − 1)

∑

p

v̂(p)
∑

q,k

a
†
q+pa

†
k−pakaq (44)

to the N -particle subspace of the Fock space F . Note that N has two different roles
here. It determines the particle number, but also appears as a parameter in the Hamil-
tonian H.

As discussed in Sect. 5, the Bogoliubov approximation consists of

• dropping all terms higher than quadratic in a
†
p and ap , p = 0;

• replacing a
†
0 and a0 by

√
N .

The resulting quadratic Hamiltonian is N
2 v̂(0) +H

Bog, where

H
Bog =

∑

p =0

((|p|2 + v̂(p)
)
a†
pap + 1

2
v̂(p)

(
a†
pa

†
−p + apa−p

))
. (45)

It is diagonalized via a Bogoliubov transformation of the form

bp = cosh(αp)ap + sinh(αp)a
†
−p, (46)

leading to

H
Bog = E

Bog
0 +

∑

p =0

epb†
pbp (47)

for an appropriate choice of αp , with E
Bog
0 and ep defined in (36) and (38), respec-

tively.
The proof of Theorem 1 consists of two main steps:

1. As a first step, one shows that HN is well approximated by an operator similar to
the Bogoliubov Hamiltonian H

Bog in (45), but with ap and a
†
p replaced by

a†
p → c†

p := a
†
pa0√
N

, ap → cp := apa
†
0√

N
. (48)



32 R. Seiringer

Note that the operators cp and c
†
p conserve the particle number. The resulting

Hamiltonian is quadratic in c
†
p and cp and is, in particular, also particle number

conserving. Hence it has a chance of being close to HN on the subspace of particle
number N . The original Bogoliubov Hamiltonian (45) does not leave this subspace
invariant, and hence can not be directly compared with HN .

2. Mimicking the Bogoliubov transformation (46), we introduce the operators dp =
cosh(αp)cp + sinh(αp)c

†
−p . It turns out that the modified Hamiltonian from Step 1

is close to

E
Bog
0 +

∑

p =0

epd†
pdp, (49)

whose spectrum now has to be analyzed. This analysis is complicated by the fact
that the operators dp and d

†
p do not satisfy CCR. It turns out that they do, however,

approximately on the subspace where a
†
0a0 is close to N , which is sufficient for

our purpose.

In the following, we shall explain these two steps in greater detail. For further details,
we refer to [34].

6.2.1 Step 1: Approximation by a Quadratic Hamiltonian

Under our assumptions on the interaction potential v, it is not difficult to see that

N − a
†
0a0 ≤ const.

[
1 + HN − E0(N)

]
. (50)

This proves that the excitation energy dominates the condensate depletion. In partic-
ular, if the excitation energy is small compared with N , most particles occupy the
zero momentum mode, i.e., Bose–Einstein condensation occurs.

To show that cubic and quartic terms in a
†
p and ap , p = 0, in the Hamiltonian are

negligible, one needs to prove a stronger bound of the form

(
N − a

†
0a0

)2 ≤ const.
[
1 + (

HN − E0(N)
)2]

, (51)

however. It implies that also the fluctuations in the number of particles outside the
condensate are suitably small.

The first statement (50) follows easily from positivity of v̂(p). Positivity implies
that

∑

p∈(2πZ)3\{0}
v̂(p)

∣∣∣∣∣

N∑

j=1

eip·xj

∣∣∣∣∣

2

≥ 0, (52)

which can be rewritten as

∑

1≤i<j≤N

v(xi − xj ) ≥ N2

2
v̂(0) − N

2
v(0). (53)
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Thus HN is bounded from below as

HN ≥ N

2
v̂(0) + T − N

2(N − 1)

(
v(0) − v̂(0)

)
, (54)

where T denotes the kinetic energy

T = −
N∑

i=1

�i. (55)

The statement (50) follows from (54) since T ≥ (2π)2(N − a
†
0a0).

For the second statement (51) one has to work a bit more. It turns out to be useful
to actually prove a slightly stronger bound, namely the inequality

(
N − a

†
0a0

)
T ≤ const.

[
1 + (

HN − E0(N)
)2]

. (56)

Since T ≥ (2π)2(N − a
†
0a0) (and the two operators commute), this indeed implies

the bound (51).
For the proof of (56), let us introduce the notation

N> = N − a
†
0a0 =

N∑

i=1

Qi (57)

for the number of particles outside the condensate, where Q denotes the projection
onto the subspace of L2([0,1]3) of co-dimension one orthogonal to the constant func-
tion. For any bosonic (i.e., permutation-symmetric) wave function Ψ , we can write

〈Ψ |N>T |Ψ 〉 = N〈Ψ |Q1T |Ψ 〉
= N〈Ψ |Q1S|Ψ 〉 + 〈Ψ |N>

(
HN − E0(N)

)|Ψ 〉, (58)

where

S = T − HN + E0(N)

= E0(N) − (N − 1)−1
∑

i<j

v(xi − xj ). (59)

With the aid of the Cauchy–Schwarz inequality, the last term in (58) can be bounded
as

〈Ψ |N>
(
HN − E0(N)

)|Ψ 〉 ≤ 〈Ψ |(N>
)2|Ψ 〉1/2〈Ψ |(HN − E0(N)

)2|Ψ 〉1/2. (60)

We split S into two parts, S = Sa + Sb , with

Sa = E0(N) − 1

N − 1

∑

2≤i<j≤N

v(xi − xj ) (61)
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and

Sb = − 1

N − 1

N∑

j=2

v(x1 − xj ). (62)

Note that Sa does not depend on x1. By using positivity of v̂(p) as in (52), but with
the sum over j running from 2 to N only, as well as the simple upper bound E0(N) ≤
N
2 v̂(0) on the ground state energy, we see that

Sa ≤ 1

2

(
v̂(0) + v(0)

)
. (63)

In particular, this implies that

N〈Ψ |Q1Sa|Ψ 〉 ≤ 1

2

(
v̂(0) + v(0)

)〈Ψ |N>|Ψ 〉. (64)

To bound the contribution of Sb , we use

−〈Ψ |Q1Sb|Ψ 〉 = 〈Ψ |Q1v(x1 − x2)|Ψ 〉
= 〈Ψ |Q1Q2v(x1 − x2)|Ψ 〉

+ 〈Ψ |Q1P2v(x1 − x2)P2|Ψ 〉
+ 〈Ψ |Q1P2v(x1 − x2)Q2|Ψ 〉, (65)

where P = 1 − Q denotes the rank-one projection onto the constant function in
L2([0,1]3). The second term on the right side of (65) is positive. For the first and
the third, we use Schwarz’s inequality and ‖v‖∞ = v(0) to conclude that

〈Ψ |Q1Sb|Ψ 〉 ≤ v(0)〈Ψ |Q1Q2|Ψ 〉1/2 + v(0)〈Ψ |Q1|Ψ 〉. (66)

Since

〈Ψ |Q1Q2|Ψ 〉 = 〈Ψ |N>(N> − 1)|Ψ 〉
N(N − 1)

≤ 〈Ψ |(N>)2|Ψ 〉
N2

, (67)

we have thus shown that

〈Ψ |N>T |Ψ 〉 ≤ 1

2

(
v̂(0) + 3v(0)

)〈Ψ |N>|Ψ 〉

+ (
v(0) + 〈Ψ |(HN − E0(N)

)2|Ψ 〉1/2)〈Ψ |(N>
)2|Ψ 〉1/2. (68)

Using that N> ≤ (2π)−2T in the last factor, this further implies that

〈Ψ |N>T |Ψ 〉 ≤
(

v(0) + 〈Ψ |(HN − E0(N))2|Ψ 〉1/2

2π

)2

+ (
3v(0) + v̂(0)

)〈Ψ |N>|Ψ 〉. (69)

The desired result (56) then follows from (50).
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6.2.2 An Algebraic Identity

The inequalities (50) and (56) allow us to conclude that H is, at low energy, well
approximated by

N

2
v̂(0) + 1

2

∑

p =0

[
Ap

(
c†
pcp + c

†
−pc−p

)+ Bp

(
c†
pc

†
−p + cpc−p

)]
, (70)

where Ap = |p|2 + v̂(p) and Bp = v̂(p), and the operators cp are defined in (48).
A simple identity, which does not use the CCR, is

Ap

(
c†
pcp + c

†
−pc−p

)+ Bp

(
c†
pc

†
−p + cpc−p

)

=
√

A2
p − B2

p

(
(c

†
p + βpc−p)(cp + βpc

†
−p)

1 − β2
p

+ (c
†
−p + βpcp)(c−p + βpc

†
p)

1 − β2
p

)

− 1

2

(
Ap −

√
A2

p − B2
p

)([
cp, c†

p

]+ [
c−p, c

†
−p

])
, (71)

where

βp =
{

1
Bp

(Ap −
√

A2
p − B2

p) if Bp > 0

0 if Bp = 0.
(72)

Note that if the operators cp and c
†
p satisfied CCR, the term in the last line of (71)

would be a constant. Its deviation from a constant can be controlled in terms of the
condensate depletion, and the inequality (56) can be used to control the error made
by simple replacing it by the value it would take in the case of CCR.

Introducing the operators

dp = cp + βpc
†
−p√

1 − β2
p

(73)

and their adjoints, we conclude that H is, in fact, close to the operator

N

2
v̂(0) + E

Bog
0 +

∑

p =0

epd†
pdp, (74)

where we used that

E
Bog
0 = −1

2

∑

p =0

(
Ap −

√
A2

p − B2
p

)
(75)

and

ep =
√

A2
p − B2

p. (76)
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6.2.3 Step 2: The Spectrum of d
†
pdp

If the operators dp and d
†
p satisfied CCR, we could immediately read off the spectrum

of the operator in (74), and we would be done. However, without CCR we do not
know the spectrum of d

†
pdp . Moreover, the various summands in (74) do not actually

commute in our case.
The usual Bogoliubov transformation (46) is of the form

bp = cosh(αp)ap + sinh(αp)a
†
−p = e−XapeX, (77)

where X is the anti-hermitian operator

X = 1

2

∑

p =0

αp

(
a†
pa

†
−p − apa−p

)
. (78)

This identity can easily be verified using the CCR [ap, a
†
q ] = δp,q . Our operators

cp = apa
†
0/

√
N , on the other hand, satisfy

[
cp, c†

q

] = δp,q

a0a
†
0

N
− apa

†
q

N
. (79)

We now define, in analogy to (78), the particle-number conserving anti-hermitian
operator

X̃ = 1

2

∑

p =0

αp

(
c†
pc

†
−p − cpc−p

)
. (80)

In order to compute the spectrum of d
†
pdp , we apply the unitary eX̃ , and argue that

the resulting operator is close a
†
pap , at least in the subspace of low energy. More

precisely, we show that

e−X̃apeX̃ =
dp︷ ︸︸ ︷

cosh(αp)cp + sinh(αp)c
†
−p + Errorp (81)

for suitable small error term. Here it is important that actually the sum over all error
terms (depending on p) is still (relatively) small as long as (N − a

†
0a0)

2 � N2. The
proof of (81) is somewhat lengthy and will be skipped here. It proceeds by studying
e−tX̃apetX̃ as a function of t ∈ [0,1], using a Grönwall type estimate. The details are
presented in [34].

6.3 Conclusions and Generalizations

The mean-field or Hartree limit may be somewhat unphysical when it comes to the
description of cold atomic gases. It can be used as a toy model, however, which
is analytically much easier to handle than the Gross-Pitaevskii limit of dilute gases
[24, 27–29, 35], for instance. The results reviewed in this paper are the first rigorous
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results concerning the excitation spectrum of an interacting Bose gas, in a suitable
limit of weak, long-range interactions. With the notable exception of exactly solvable
models in one dimension (like the Lieb–Liniger model [22, 23], for instance), this is
the only model where rigorous results on the excitation spectrum are available. The
results verify Bogoliubov’s prediction that the spectrum consists of sums of elemen-
tary excitations. In the translation invariant case, the excitation energy turns out to
be linear in the momentum for small momentum. In particular, Landau’s criterion for
superfluidity is verified.

The methods presented in this paper can be generalized to inhomogeneous systems
without translation invariance. This was shown in [16], where the excitation spectrum
of the Hamiltonian

HN =
N∑

i=1

(−�i + V (xi)
) + 1

N − 1

∑

1≤i<j≤N

v(xi − xj ) (82)

on the Hilbert space
⊗N

sym L2(R3) was studied, with a trap potential V that is locally
bounded and tends to infinity at infinity, in order to ensure that all the particles are
confined and cannot escape to infinity. Moreover, v is assumed to be non-negative,
bounded, and of positive type. To leading order in N , the ground state energy of (82)
is determined by minimizing the Hartree functional

EH(φ) =
∫

R3

(|∇φ(x)|2 + V (x)|φ(x)|2)dx

+ 1

2

∫

R6
|φ(x)|2v(x − y)|φ(y)|2dxdy, (83)

with minimal energy EH = inf{EH(φ) : ∫ |φ|2 = 1}. Under the stated conditions on v

and V , it is not difficult to see that there exists a unique minimizer φ0 (up to a constant
phase, of course, which we can choose such that φ0 is positive) with EH = EH(φ0).
The corresponding Euler-Lagrange equation for the minimizer φ0 can be written as
KHφ0 = 0, where KH is the Hartree operator

KH = −� + V (x) + v ∗ |φ0|2(x) − ε0, (84)

with ε0 = EH + 1
2

∫
R6 |φ0(x)|2v(x − y)|φ0(y)|2dxdy and ∗ denoting convolution.

The excitation spectrum of (82) turns out to have a similar structure as in (37),
i.e., it consists of sums of elementary excitations. These are described by an effective
one-body operator given by

E = (√
KH

(
KH + 2W

)√
KH

)1/2
, (85)

where W denotes the operator with integral kernel φ0(x)v(x − y)φ0(y). More pre-
cisely, to leading order in N the spectrum of HN − E0(N) is of the form

∑
i eini ,

with ni ∈ {0,1,2, . . . } and ei the (non-zero) eigenvalues of E. We refer to [16] for
details.

By using different techniques, this result was further generalized in [21], where
the validity of the Bogoliubov approximation in the Hartree limit was shown for a
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much larger class of Hamiltonians and interaction potentials. The method of [21]
does not require that v has positive Fourier transform, for instance, one merely needs
to assume that the corresponding Hartree functional has a unique minimizer and that
its Hessian is strictly positive at the minimum. While the result of [21] applies to
a much larger class of models, it does not yield so precise estimates on the error
terms as the ones obtained in Theorem 1, and is restricted to studying the excitation
spectrum in a smaller window above the ground state energy.

It remains to be seen to what extent the methods in [16, 34] or the method in [21]
can be generalized to the study of less restrictive parameter regimes, away from the
Hartree limit. A first step in this direction was recently taken in [10], where bounds
were given on the maximally allowed rate at which the system size is allowed to grow
with N in order for the Bogoliubov approximation to remain valid. Equivalently, one
can let the interaction potential v depend on N and ask at what rate it is allowed to
tend to a δ-function as N → ∞. Since all error terms in Theorem 1 are explicit, an
estimate of this kind is actually contained in Theorem 1, but the dependence of the
error terms on v was greatly improved in [10].

Finally, we mention that the validity of the Bogoliubov approximation in the
Hartree limit can also be investigated concerning the dynamics generated by the
Hamiltonian HN . We refer to [20] and the references there for recent results in this
direction.

7 Open Problems

In this final section, we collect a list of open problems related to the Bogoliubov
approximation for many-boson systems. Some of these problems have already been
mentioned in the preceding sections.

• One of the key assumptions motivating the Bogoliubov approximation is the exis-
tence of Bose–Einstein condensation. While this property is easy to demonstrate
in the Hartree limit discussed in the previous section, it is not known how to prove
it in more general cases. In particular, the existence of BEC in the usual thermo-
dynamic limit (N → ∞, L → ∞ with N/L3 fixed) remains an open problem.
The only model where the occurrence of BEC has been proved in the thermody-
namic limit is the hard-core lattice gas at exactly half-filling, which is equivalent
to the quantum XY spin model [11, 18]. BEC is also known to occur in the Gross-
Pitaevskii limit of dilute trapped gases [24, 28, 29, 35].

• The results in Sect. 6 on the excitation spectrum concern the mean-field or Hartree
limit, where the interaction among the particles is very weak and of long range. In
fact, the range is of the same order as the system size. In view of applications to
cold atomic gases, a physically more relevant limit would be the Gross-Pitaevskii
limit [24, 28, 29, 35], where the interaction potential takes the form

v(x) = N2w(Nx) (86)

for some fixed, N -independent function w. As discussed in more detail in [16],
one expects that in this limit the excitation spectrum is still of the form (37), but
with v̂(p) replaced by 8πa, where a denotes the scattering length of w.
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• An even more challenging problem concerns the low energy excitation spectrum
in the thermodynamic limit, and to study its relation to the property of superflu-
idity. There are no rigorous results available up to now, not even rough bounds
are known. In fact, not even the absence of a spectral gap in the thermodynamic
limit of an interacting Bose gas is rigorously known. We refer to [7] for further
discussion of this topic.

• Also for the Hartree limit discussed in Sect. 6 there are interesting open problems.
One of them concerns the existence of collective excitations which should be de-
scribed by solutions of the Hartree equation

−�φ(x) + V (x)|φ(x)|2 + v ∗ |φ|2(x)φ(x) = μφ(x) (87)

for some μ ∈ R, that are different from φ0 and hence correspond to (non-linear)
excited states of the Hartree functional. In the translation invariant case, collective
excitations are related to the ground state via a Galileo transformation, as explained
in Sect. 6.1. In the absence of translation invariance, there is no such symmetry, and
the existence of such states is therefore an open problem in general.

Moreover, the results in [10, 16, 21, 34] are all limited to the case where the
Hartree functional (83) has a unique minimizer (up to a constant phase). However,
at least in the case of attractive interactions, uniqueness will not hold, in general
(see, e.g. [2, 17]). Even with repulsive interactions, uniqueness can fail in the pres-
ence of magnetic fields or, equivalently, the case of rotating Bose gases [32, 33].
In this case, there can even be uncountably many minimizers. This happens, for
instance, in rotating systems if the system is rotation invariant with respect to the
axis of rotation, and the rotation speed is large enough for quantized vortices to
form. If there is more than one such vortex, the rotation symmetry is necessarily
broken in the minimizer, and hence there are infinitely many minimizers, which are
all related via rotation. It would be nice to extend the results about the excitation
spectrum in the Hartree limit to the case of multiple Hartree minimizers.

References

1. Anderson, M.H., Ensher, J.R., Matthews, M.R., Wieman, C.E., Cornell, E.A.: Observation of Bose–
Einstein condensation in a dilute atomic vapor. Science 269, 198–201 (1995)

2. Aschbacher, W.H., Fröhlich, J., Graf, G.M., Schnee, K., Troyer, M.: Symmetry breaking regime in
the nonlinear Hartree equation. J. Math. Phys. 43, 3879–3891 (2002)

3. Bloch, I., Dalibard, J., Zwerger, W.: Many-body physics with ultracold gases. Rev. Mod. Phys. 80,
885–964 (2008)

4. Bogolubov, N.: On the theory of superfluidity. USSR J. Phys. 11, 23–32 (1947)
5. Bose, S.N.: Plancks Gesetz und Lichtquantenhypothese. Z. Phys. 26, 178–181 (1924)
6. Cooper, N.R.: Rapidly rotating atomic gases. Adv. Phys. 57, 539–616 (2008)
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Abstract Smoluchowski’s coagulation equation is one of the fundamental deter-
ministic models that describe mass aggregation phenomena. A key question in the
analysis of this equation is whether the large-time behaviour of solutions is univer-
sal and described by special self-similar solutions. This issue is however only well-
understood for the small class of solvable kernels while the analysis for non-solvable
kernels still poses many challenging problems.

Our main focus in this article will be to describe recent progress in the analysis
of self-similar solutions of Smoluchowski’s equation for non-solvable kernels. Exis-
tence results for self-similar solutions with finite mass have been available for some
time for a large class of kernels. In contrast, the uniqueness of such solutions has been
an open problem for some time. A first uniqueness result has recently been obtained
for kernels that are in a certain sense close to constant. We present here a shorter
proof under an additional assumption on the kernels that makes the analysis signifi-
cantly simpler. We also give an overview of recent results on the existence of fat tail
solutions for non-solvable kernels.

Keywords Smoluchowski’s coagulation equations · Self-similar solutions ·
Uniqueness

1 Introduction

In 1916 Smoluchowski [33] derived a mean-field model for mass aggregation in order
to develop a mathematical theory for coagulation processes. His interest in this topic
arose from a correspondence with R. Zsigmondys who investigated the coagulation
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of particles in a homogeneous colloidal gold solution and Smoluchowski also used
the results of these experiments to validate his theory.

Since Smoluchowski’s groundbreaking work his model has been used in a surpris-
ingly diverse range of applications. One of the largest application area are aerosols,
where one is interested in describing the statistical behaviour of a large number of
liquid or solid particles suspended in a gas. The goal is to predict the time evolution
of measurable macroscopic characteristics of the aerosol cloud, such as mean sizes or
weights or higher order moments of the distribution function. Similar questions have
been investigate in the kinetics of polymerization processes, or on very large scales,
such as in the description of clustering of planets and stars [32].

In Smoluchowski’s model particles are solely characterized by their size i ∈ N,
the number of so-called atoms or monomers in the cluster. The functions ni = ni(t)

denote the number densities of clusters of size i at time t . The crucial assumptions in
the model are that one only needs to take binary coagulation into account, while co-
agulation of three or more particles can be neglected, and that the rate of coagulation
of clusters of size i and j is given by a rate kernel K(i, j) which is nonnegative and
symmetric. Then the rate of change of ni is given by the system of rate equations

d

dt
ni(t) = 1

2

i−1∑

j=1

K(i−j, j)ni−j (t)nj (t) − ni(t)

∞∑

j=1

K(i, j)nj (t), i ∈ N. (1)

The properties of solutions to this equation depend of course on the properties of the
kernel K in which all microscopic details of the coagulation process are subsumed.
For example, Smoluchowski derived in [33] the kernel

K(i, j) = D
(
i1/3 + j1/3)(i−1/3 + j−1/3) (2)

under the assumption that the clusters move independently by Brownian motion and
coagulate quickly when they become close. Here i1/3 + j1/3 is proportional to the
sum of the diameters of two clusters, which are assumed to be approximately balls,
while i−1/3 + j−1/3 is, according to Einstein’s formula, proportional to the diffusion
constant of the clusters.

While Smoluchowski was not able to say something about solutions to (1) with K

as in (2), he already noticed that if one chooses K to be constant, one can solve (1)
explicitly. Indeed, summing (1) over i, one obtains for N(t) := ∑∞

i=1 ni(t) the dif-
ferential equation Ṅ(t) = − 1

2N2(t) which gives N(t) = 1
t+ 1

N(0)

. This formula can be

plugged into the right hand side of (1) and allows to solve the equations successively
for i = 2,3, . . . . Similar procedures are possible for the kernels K(i, j) = i + j and
K(i, j) = ij and for this reason these three kernels are called the solvable kernels.

However, most kernels that are derived for specific applications, do not have the
form of one of the solvable kernels. The most prominent one is Smoluchowski’s ker-
nel (2), but one can find in addition a huge variety of kernels in different applications,
that are non-solvable. For example, in [24] the kernel

K(i, j) = a
(
i1/3 + j1/3)2

(
1

i
+ 1

j

)1/2
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and generalization of it are used to describe soot agglomeration or [32] use

K(i, j) = (
i1/3 + j1/3)2

to describe coalescence of stellar fragments. We refer to [1, 6, 16] for further exam-
ples of coagulation kernels.

Smoluchowski did not take the possible fragmentation of clusters into smaller ones
into account. There are obvious extensions of (1) that include this effect, however
we will focus in this article solely on the issues that appear in the pure coagulation
process. We also do not discuss other related models that take additional effects, such
as space dependence or higher order coagulation into account.

In a pure coagulation process the average cluster size is always increasing. In order
to describe the process on the relevant scales it is therefore appropriate to consider
the continuous variant of (1). Then ξ ∈ (0,∞) describes the size or mass of cluster
and if n(ξ, t) is the number density of clusters of size ξ at time t then (1) turns into

∂tn(ξ, t) = 1

2

∫ ξ

0
K(ξ,η)n(ξ−η, t)n(η, t)dη − n(ξ, t)

∫ ∞

0
K(ξ,η)n(η, t)dη. (3)

Another way of viewing this is the fact that (3) turns into (1) if n(ξ, t) =∑∞
i=1 ni(t)δ(ξ=i). In the following our main focus will be on the long-time behaviour

of solutions to Smoluchowski’s equation and from now on we will always consider
the continuous version of Eq. (3).

2 Well-Posedeness and Mass Conservation

A fundamental feature of (3) is mass conservation. Since mass is conserved on the
microscopic level one would expect that it is also conserved on the level of the macro-
scopic equation. In fact, multiplying (3) by a test function φ one obtains formally that

d

dt

∫ ∞

0
φ(ξ)n(ξ, t)dξ

=
∫ ∞

0
φ(ξ)

1

2

∫ ξ

0
K(ξ − η,η)n(ξ − η, t)n(η, t)dηdξ

−
∫ ∞

0

∫ ∞

0
φ(ξ)K(ξ, η)n(ξ, t)n(η, t)dηdξ

= 1

2

∫ ∞

0

∫ ∞

η

φ(ξ)K(ξ − η,η)n(ξ − η, t)n(η, t)dξdη

−
∫ ∞

0

∫ ∞

0
φ(ξ)K(ξ, η)n(ξ, t)n(η, t)dηdξ

= 1

2

∫ ∞

0

∫ ∞

0

(
φ(ξ + η) − φ(ξ) − φ(η)

)
K(ξ,η)n(ξ, t)n(η, t)dξdη. (4)



46 B. Niethammer

Thus, choosing φ(ξ) = ξ , we obtain on the formal level that d
dt

∫ ∞
0 ξn(ξ, t)dξ = 0.

However, it is not clear, whether the integrals on the right hand side of (4) all exist.
And in fact, it is by now well-known that mass-conservation fails to hold for all times
if the kernel K grows faster than linearly at infinity. For the kernel K(ξ,η) = ξη this
can be seen easily. Indeed, if one assumes that a nonnegative solution n(ξ, t) exists,
such that

∫ ∞
0 ξn(ξ, t)dξ = 1 say, then we obtain for the total number of clusters

N(t) = ∫ ∞
0 n(ξ, t)dξ from (4)

d

dt
N(t) = −1

2

(∫ ∞

0
ξn(ξ, t)dξ

)2

= −1

2
.

Hence, N becomes negative after a finite time, which contradicts the existence of a
mass conserving non-negative solution.

This phenomenon, that is the loss of mass at finite time, is known as gelation and
is explained by the creation of infinitely large clusters at the time when the loss of
mass starts, the so-called gelation time. In a first instance one would think of this
kind of singularity in the mathematical model as unphysical, but is has its direct
correspondence to physically relevant processes such as the formation of gels, that is
large polymer networks, in polymerization processes.

For the discrete equation with K(i, j) = ij an explicit solution has been given in
[21] in terms of power series from which one can read of the blow-up of higher mo-
ments as the time approaches the gelation time. While the corresponding formulas
fail to give a solution after the gelation time, since they are derived under the as-
sumption of conserved mass, an extension of the solution has been provided in [20].
In subsequent work it has also been rigorously established by indirect arguments that
for a large class of kernels that grow faster than linearly at infinity, gelation must
necessarily occur at a finite time [8, 13].

In contrast, for kernels that grow at most linearly at infinity one can expect that
given initial data with finite mass, there exists a unique global solution to (3) that
conserves the mass for all times. This has in fact also been proved rigorously for a
large range of kernels, see e.g. [2, 15, 16, 31]. In Norris [31], however, an example of
a kernel is given for which there exist different mass-conserving solutions. Laurençot
and Fournier [12] also proved the existence and uniqueness of solutions to (3) for a
range of kernels with homogeneity γ < 1 under the rather weak assumption that the
initial data have finite γ -th moment.

3 Self-similarity

We now turn to the main focus of this review article that is the so-called scaling
hypothesis. It has its roots in the observation that in many experiments a certain mean
or ’typical’ size evolves after some transient time according to some simple power
law in time and that most other macroscopic quantities of interest can be computed
using this quantity.

In mathematical terms, the scaling hypothesis states that for homogeneous ker-
nels, that is for kernels satisfying K(ax,ay) = aγ K(x, y) for some γ ∈ R, solutions
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approach a unique self-similar profile for large times. Despite a significant range of
results based on formal asymptotics (see in particular [18, 34]) mathematically rig-
orous results supporting this hypothesis are still rare except for the special case of
solvable kernels.

In the following we will exclusively consider the case of homogeneity γ < 1. In
the case γ > 1, at least to our knowledge apart from the solvable kernel K(ξ,η) =
ξη, absolutely nothing is known about the convergence to self-similar form when t

approaches the gelation time. The case γ = 1 is special and also only understood
for the solvable kernel K(ξ,η) = ξ + η. In this case the rescaling that is suggested
by mass conservation leads to a self-similar solution that does not have finite mass.
Instead one needs to consider a different scaling regime to obtain a meaningful limit.
We recommend to the interested reader the extensive review article [18] that discusses
all these aspects in detail.

Hence, from now on we will assume that the kernel K has homogeneity γ <

1. It is easily checked that if n(ξ, t) is a solution to (3), then so is m(ξ, t) =
aγ+1b−1n(aξ, bt) for arbitrary positive constants a, b. This scale invariance leads
one to expect that there is a self-similar solution to (3), that is a special solution of
the form

n(ξ, t) = 1

tα
f (x), x = ξ

tβ
. (5)

with α = 1 + (1+γ )β and with a so-called self-similar profile f that solves

−(
1 + (1+γ )β

)
f − βxf ′(x) = 1

2

∫ x

0
K(x,y)f (x−y, t)f (y, t)dy

− f (x, t)

∫ ∞

0
K(x,y)f (y, t)dy. (6)

Here we encounter the first problem. A self-consistent scaling argument gives that
for some kernels, e.g. K(x,y) = (xy)γ/2, γ ∈ (0,1), that f (x) ∼ x−(1+γ ) as x → 0.
Hence, the integrals on the right-hand side of (6) are not finite. For the equation to
make sense we need to go over to a weaker formulation and for that it is convenient to
rewrite the equation in the following way. Multiplying equation (6) by x and changing
the order of integration on the right hand side we obtain

β∂x

(
x2f (x)

) = ∂x

[∫ x

0

∫ ∞

x−y

yK(y, z)f (z)f (y)dzdy

]
+ (

(1−γ )β − 1
)
xf (x). (7)

Under the assumption that limx→0 x2f (x) = 0 one can integrate (7) to find that f

satisfies

βx2f (x) =
∫ x

0

∫ ∞

x−y

K(y, z)yf (y)f (z)dzdy + (
(1−γ )β − 1

)∫ x

0
yf (y)dy (8)

for almost all x > 0.
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In our computations the parameter β is still free. If we require in addition that our
self-similar solution has conserved finite first moment, this fixes β = 1/(1−γ ) and

∫ ∞

0
xf (x)dx = M. (9)

Note also that in this case the second term on the right hand side of (7) vanishes.
Otherwise, one might obtain, as we will see below, for a certain range of parameters
β a solution f with power law decay at infinity that has infinite first moment.

3.1 The Constant Kernel

Let us now first describe what is known about self-similar solutions and the scaling
hypothesis for the constant kernel which is the only solvable one with homogeneity
smaller than 1. In this case one has an explicit self-similar solution with finite mass,
given by the self-similar profile f (x) = e−x . Convergence to this self-similar solution
has been established under some assumptions on the initial data in several papers [4,
5, 14, 17]. A complete characterization of its domain of attraction has more recently
been given in [23]. Moreover, it is also proved in [23] that there exists a family of
self-similar solutions with infinite mass, so-called self-similar solutions with fat tails.
More precisely, it was established that for any ρ ∈ (0,1) there exists a self-similar
profile with decay x−(1+ρ). Furthermore it is shown that a solution to the coagulation
equation converges to the self-similar solution with decay behaviour x−(1+ρ) if and
only if the integrated mass distribution is regularly varying with exponent 1 − ρ. The
proof is simple and elegant, but relies on the use of the Laplace transform and the
methods are not, at least not directly, applicable to non-solvable kernels.

3.2 Non-solvable Kernels: The Case of Finite Mass

3.2.1 Existence of Self-similar Profiles

The situation for non-solvable kernels is very different from the one described in the
previous section. The analysis of self-similar solutions in this case started by con-
siderations by van Dongen and Ernst [34]. Under the assumption that a self-similar
solution with finite mass exists, they derived for different classes of kernels detailed
results on the behaviour of self-similar profiles for x → 0 and x → ∞ respectively.
However, one also finds in their paper the remark, that in principle it is possible that
they investigate the empty set since the existence of such self-similar solutions is far
from obvious.

The existence of self-similar solutions was first rigorously established in [9, 10]
for a large class of kernels. The strategy in [10] is to discretize equation (7) (for
β = 1/(1−γ )) in a suitable way to obtain a finite dimensional system of equations.
Then they consider a corresponding time-dependent problem and show that the flow
leaves the cone of nonnegative functions with given first moment invariant. Standard
results from ordinary differential equations guarantee the existence of a nonnegative
solution of the discretized problem with given first moment. The main task then is to
obtain moment estimates and equiintegrability estimates that are sufficient to ensure
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that the set of solutions to the discretized problem is pre-compact. One can then ex-
tract a subsequence that converges weakly in L1 to a nonnegative weak solution of (7)
with given first moment. To obtain further regularity of such a profile is not straight-
forward since due to possible singularities near zero, one cannot use a usual bootstrap
argument in (8). Nevertheless, for certain kernels it has later been established that any
self-similar profile is indeed locally smooth [3, 11].

Having proved existence of self-similar profiles one would like to show that they
are also unique (up to rescaling). However, to derive such a result turns out to be rather
difficult. We will describe below in Sect. 3.2.2 a recent uniqueness result that has
been obtained for kernels that are close to constant. Apart from this, the only result
in this direction has been a conditional uniqueness result [3]. It is proved for kernels
of the form K(x,y) = x−ayb + xby−a with a ≥ 0 that two self-similar profiles are
equal if they have the same moments of order a and b (if a > 0) or of order b if
a = 0. However, it seems to be equally difficult to show that two solutions have the
same moments. Nevertheless, if this is known then one can transform the uniqueness
problem into a type of initial value problem, starting at x = 0 and then use the usual
contraction principle to show uniqueness. In order to use this strategy more generally,
several results have been obtained that prove rigorously a certain behaviour of self-
similar solutions as x → 0 [3, 7, 11, 22, 25]. The details of these results depend very
sensitively on the behaviour of the kernel for small x, y. We do not want to give a
complete overview of all cases, but rather illustrate the difference between different
kernels by considering the two cases K1(x, y) = (xy)γ/2 and K2(x, y) = xγ + yγ

with γ ∈ (0,1). Assuming that a self-similar profile satisfies f (x) ∼ x−α as x →
0, one easily finds for K1 that f (x) ∼ c0(γ )x−(1+γ ) with c0(γ ) = γ

2 (
∫ 1

0 sγ /2(1 −
s)γ /2ds)−1. Interestingly in [34] the authors remark that for such type of kernels they
were not able to calculate on a formal basis the next order behaviour. Formally one
finds that the next order behaviour is oscillatory and a solution of such a form has
been constructed in [22], but a rigorous proof that every solution behaves in this way
is presently not available. In comparison to the ’diagonal dominant’ kernel K1, self-
similar profiles for K2 behave more regularly. It has been made rigorous in [11] that
any self-similar profile behaves as f (x) = x−(2−Mγ ) + O(x−2(2−Mγ )), where Mγ is
the γ -th moment of the profile. The value of Mγ is not known, but estimates are
given in [11] and in fact 2 − Mγ < 1 + γ , so that the profile is not as singular as in
the case K1.

If the kernel is singular for small x, such as for example Smoluchowski’s kernel,
the behaviour of self-similar profiles is very different. In fact, if K(x,y) = x−ayb +
y−axb with a > 0, and b > −a, then the profiles behaves as 1

x2 e−c 1
xa as x → 0 (see

e.g. [3]) where the constant c is related to the moment of order b.
However, despite all these results on the characterizations of self-similar profiles

for small x, the derivation of a uniqueness result has been to no avail. In the next
section we present a first uniqueness result for kernels that are close to constant. It
turns out that the basis of this result is rather a detailed analysis of the decay behaviour
of the profiles as x → ∞.
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3.2.2 Uniqueness

To our knowledge the following theorem establishes the first uniqueness result for
self-similar profiles for any non-solvable kernel.

Theorem 3.1 [29] Assume that the kernel K is homogeneous of degree zero and
satisfies

−ε ≤ K(x,y) − 2 ≤ ε

((
x

y

)a

+
(

y

x

)a)
for all x, y > 0 (10)

and some a ∈ [0,1), as well as

∣∣∣∣
∂

∂x
K(x, y)

∣∣∣∣ ≤ Cε

x

((
x

y

)a

+
(

y

x

)a)
for all x, y > 0. (11)

Then, if ε is sufficiently small, there exists at most one continuous self-similar profile,
that is f ∈ L1

loc(0,∞) ∩ C((0,∞)), f ≥ 0 and f satisfies (9) and (8) for all x > 0.

The proof of this theorem is elementary, but still quite technical. It is significantly
simpler in the case a = 0 and in the following we will present some details of the
proof under this simplifying assumption, that is

∣∣K(x,y) − 2
∣∣ ≤ ε for all x, y > 0. (12)

A key idea in the proof is to consider the difference of two profiles in a suitable weak
topology. More precisely, even though we do not deal with solvable kernels, we will
as in [23] make use of the desingularized Laplace transform of f , given by

Q(q) =
∫ ∞

0

(
1 − e−qx

)
f (x)dx. (13)

The function Q is defined for all q ≥ 0 and due to (9) we have Q(0) = 0. Normalizing
the mass M = 1 also implies that Q′(0) = 1. We will see later, see Lemma 3.4, that
the function Q is defined on (−δ,∞) for some δ > 0. For the following we define

M(f,f )(q) = 1

2

∫ ∞

0

∫ ∞

0
W(x,y)f (x)f (y)

(
1 − e−qx

)(
1 − e−qy

)
dxdy (14)

with W(x,y) := K(x,y) − 2. To obtain further estimates we derive a differential
equation for Q.

Lemma 3.2 The function Q satisfies for all q with Q(q) < ∞ that

−qQ′(q) = Q2 − Q +M(f,f )(q). (15)
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Proof Multiplying (8) by e−qx and integrating we find, after changing the order of
integration,

−Q
′′
(q) =

∫ ∞

0
x2f (x)e−qxdx

=
∫ ∞

0

∫ ∞

0
K(y, z)yf (y)f (z)

∫ y+z

y

e−qxdxdydz

=
∫ ∞

0

∫ ∞

0
K(y, z)yf (y)f (z)

1

q
e−qy

(
1 − e−qz

)
dydz

= 2

q
Q′(q)Q(q) + 1

q
M(f,f )′(q)

and as a consequence we find

−(
qQ′)′ = (

Q2)′ − Q′ + (
M(f,f )

)′
.

By definition, we have Q(0) = 0 and M(f,f )(0) = 0. Hence, integrating the previ-
ous identity we deduce the claim. �

In the following we denote by Q̄ the desingularized Laplace transform for the case
K = 2, that is

Q̄(q) =
∫ ∞

0
e−x

(
1 − e−qx

)
dx = 1 − 1

1 + q
= q

1 + q
. (16)

In the following Lemma we derive some a-priori estimates for Q and M that are
essential for our analysis and follow rather easily from the lower bound on K .

Lemma 3.3 If K(x,y) ≥ c0 > 0 for all x, y > 0, then the following estimates hold.

lim
q→∞Q(q) < ∞ and hence

∫ ∞

0
f (x)dx < ∞, (17)

sup
q>0

∣∣qQ′(q)
∣∣ ≤ C, (18)

∫ ∞

0

∫ ∞

0
K(x,y)f (x)f (y)dxdy < ∞, (19)

lim
q→∞M(f,f )(q) < ∞. (20)

Proof With the assumption on K we can deduce from (15), written with K instead
of W , that

−qQ′(q) = −Q +
∫ ∞

0

∫ ∞

0
K(x,y)f (x)f (y)

(
1−e−qx

)(
1−e−qy

)
dxdy

≥ −Q + c0Q
2. (21)
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Hence, by comparing with the solution of the corresponding ODE, the function Q is
uniformly bounded. Since Q is increasing, statement (17) follows.

Next, we have

Q′(q) = 1

q

∫ ∞

0
xqe−xqf (x)dx ≤ C

q

∫
f (x)dx,

which together with (17) establishes (18).
Then it follows from (21) that

∫ ∞

0

∫ ∞

0
K(x,y)f (x)f (y)

(
1 − e−qx

)(
1 − e−qy

)
dxdy ≤ C

and by monotone convergence we find (19) in the limit q → ∞. Denoting this limit
by J we finally get that

M(f,f )(q) =
∫ ∞

0

∫ ∞

0
W(x,y)f (x)f (y)

(
1 − e−qx

)(
1 − e−qy

)
dxdy

=
∫ ∞

0

∫ ∞

0
K(x,y)f (x)f (y)

(
1 − e−qx

)(
1 − e−qy

)
dxdy − Q(q)2

→ J − Q(∞)2

which proves (20). �

A key result for our analysis is the following decay estimate. If f is a solution
of (8) and (9) then it decays exponentially fast. This fact is proved in more general
situations in [27].

Lemma 3.4 There exist constants C,α > 0 such that any solution of (8), (9) satisfies

f (x) ≤ Ce−αx for all x ≥ 1.

Furthermore, let f (x) be a solution to (8) and (9) such that
∫ ∞

0 f (x)eαxdx < ∞ for
some α > 0. Then there exists β > 0 such that f (x)eαx ≤ Ce−βx for all x ≥ 1.

Proof We give here a proof in the simpler case (12). More precisely, we only use that
K is uniformly bounded.

In the following we denote for γ ≥ 1

M(γ ) :=
∫ ∞

0
xγ f (x)dx. (22)

Our goal is to show inductively that

M(γ ) ≤ γ γ eAγ (23)

for some (large) constant A.
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To that aim we first multiply (8) by xγ−2 with some γ > 1 and after integrating
we obtain

(γ−1)M(γ ) = 1

2

∫ ∞

0

∫ ∞

0
K(x,y)f (x)f (y)

(
(x + y)γ − xγ − yγ

)
dxdy.

By symmetry we also find

M(γ ) = 1

γ−1

∫ ∞

0

∫ x

0
K(x,y)f (x)f (y)

(
(x + y)γ − xγ

)
dydx

=
∫ 1

0
dx

∫ x

0
dy · · · +

∫ ∞

1
dx

∫ x/γ

0
dy · · · +

∫ ∞

1
dx

∫ x

x/γ

dy · · · .

Due to (9) we have
∫ 1

0

∫ x

0
K(x,y)f (x)f (y)

(
(x + y)γ − xγ

)
dydx

≤ C

∫ 1

0

∫ x

0
K(x,y)f (x)f (y)xγ dydx

≤ C

∫ 1

0
xγ f (x)

∫ x

0
yf (y)dydx ≤ C. (24)

Using (9) and (x + y)γ − xγ ≤ cxγ−1y for y ≤ x
γ

, we find that

∫ ∞

1

∫ x/γ

0
K(x,y)yxγ−1f (x)f (y)dydx ≤ C

∫ ∞

1

∫ x/γ

0
xγ−1yf (x)f (y)dydx

≤ CM(γ − 1),

(25)

so that for the sum of both terms we can prove by induction that it is smaller than
1/2γ γ eAγ . It remains to estimate

C

γ − 1

∫ ∞

1
dx

∫ x

x/γ

dyK(x, y)f (x)f (y)(x + y)γ

≤ C

γ

∫ ∞

1
dx

∫ x

x/γ

dyf (x)f (y)(x + y)γ := (∗).

In the following {ζn} ⊂ (0,1], ζ0 = 1, will be a decreasing sequence of numbers that
will be specified later. Then we define a corresponding sequence of numbers κn such
that given a sequence {θn} ⊂ (0,1), also to be specified later, we have

(x + y)γ ≤ κ
γ
n xγ (1−θn)yγ θn for

y

x
∈ [ζn+1, ζn]. (26)

Equivalently we have

κn = max
ζ∈[ζn+1,ζn]

(
1 + ζ

ζ θn

)
. (27)
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With these definitions we have

(∗) ≤ C

γ

n0(γ )∑

n=0

κ
γ
n M

(
γ (1 − θn)

)
M(γ θn),

where n0(γ ) is such that ζn0(γ ) = 1
γ

.
We now choose θn such that for ψθn(ζ ) := log(1 + ζ ) − θn log ζ we have

min
ζ∈[ζn+1,ζn]ψθn(ζ ) = log(1 + ζn) − θn log(ζn).

This is equivalent to

θn = ζn

1 + ζn

. (28)

We want to prove now by induction over γ that (∗) ≤ 1
2γ γ eAγ . Inserting the corre-

sponding hypothesis, this reduces to showing that

C

γ

n0∑

n=0

exp
(
γ
(

max
ζ∈[ζn+1,ζn]ψθn(ζ ) + θn log θn + (1 − θn) log(1 − θn)

))
≤ 1

2
.

By definition (28) we have

max
ζ∈[ζn+1,ζn]ψθn(ζ ) + θn log θn + (1 − θn) log(1 − θn)

= min
ζ∈[ζn+1,ζn]ψθn(ζ ) + (max−min)ζ∈[ζn+1,ζn]ψθn(ζ ) + θn log θn

+ (1 − θn) log(1 − θn)

= (max−min)ζ∈[ζn+1,ζn]ψθn(ζ ).

Thus we need to investigate

(max−min)ζ∈[ζn+1,ζn]ψθn(ζ ) = ψθn(ζn+1) − ψθn(ζn)

= log

(
1 + ζn+1

1 + ζn

)
− θn log

(
ζn+1

ζn

)

= log

(
1 + ζn+1 − ζn

1 + ζn

)
− ζn

1 + ζn

log

(
1 + ζn+1 − ζn

ζn

)
.

Expanding the nonlinear terms we find

W := (max−min)ζ∈[ζn+1,ζn]ψθn(ζ ) ≤ C

(
|ζn+1 − ζn|2 + (ζn+1 − ζn)

2

ζn

)
.

We define

ζn =
(

1 + 1√
γ

)−n

for n ≤ N
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where N is such that ζN ≥ 1
γ

, that is N ∼ √
γ logγ . With these definitions we find

∣∣∣∣
ζn+1 − ζn

ζn

∣∣∣∣ ≤ C√
γ

for all 1 ≤ n ≤ N

and thus

1

γ

N∑

n=0

exp(γW) ≤ CN

γ
∼ γ −1)/2 logγ → 0 as γ → ∞,

which proves the desired estimate.
It remains to show that (23) implies the pointwise estimate for f . Indeed, (23)

implies for R > 0 that

Rγ

∫ 2R

R

f (x)dx ≤
∫ 2R

R

xγ f (x)dx ≤ γ γ eAγ

and thus
∫ 2R

R

f (x)dx ≤ exp
(
γ
(
log(γ ) + log(R)

) + Aγ
)
.

For bounded kernels the pointwise bound follows now easily from this and (8).
Finally, the second statement follows from the observation that the function

g(x) = f (x)eαx satisfies the inequality

x2g(x) =
∫ x

0

∫ ∞

x−y

K(y, z)eα(x−(y+z))yg(y)g(z)dzdy

≤
∫ x

0

∫ ∞

x−y

K(y, z)yg(y)g(z)dzdy.

which is sufficient to apply the above reasoning to g(x). �

Another key ingredient of the proof of Theorem 3.1 is an a priori estimate on
a weighted norm of Q − Q̄. Here we have to work quite a bit harder if K is not
uniformly close to 2. If it is, then one has the estimate

∣∣Mf,f (q)
∣∣ ≤ CεQ2

and thus Q satisfies the perturbed equation −Q′ = (1 + O(ε))Q2. The following
Lemma then basically follows from integrating the equation for Q − Q̄.

Lemma 3.5 Given δ > 0 there exists ε > 0 such that there exists q∗ with |q∗ +1| ≤ δ

and limq→q∗ |Q(q)| = ∞.
Furthermore there exists r > 0 such that

∣∣(q − q∗)Q(q) + 1
∣∣ ≤ δ for all q ∈ (

q∗, q∗ + r
)
. (29)
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From now on we rescale the solution such that the singularity of its desingularized
Laplace transform Q is at q = −1. We denote the corresponding functions again by
f and Q respectively.

Since all the transforms are defined on the interval (−1,∞) we can define the
following norm, that is particularly suited for our uniqueness proof:

‖Q‖ := sup
q>−1

1 + q

|q|
∣∣Q(q)

∣∣. (30)

As a corollary of Lemma 3.5 we obtain the following.

Lemma 3.6 Given δ > 0 there exists ε > 0 such that

‖Q − Q̄‖ ≤ δ. (31)

Our next goal is to derive a representation formula for U := Q − Q̄. Then U

satisfies the equation

−qU ′(q) = (2Q̄ − 1)U + U2 +M(f,f )(q) (32)

and U = o( 1
1+q

) as q → −1.

Lemma 3.7 The solution to (32) can be represented as

U(q) = − q

(1 + q)2

∫ q

−1

(1 + s)2

s2

∫ s

0
ψ(η)dηds with ψ = U2 +M(f,f ). (33)

Furthermore, if U1 and U2 are two such solutions, then

U1(q) − U2(q) = − q

(1 + q)2

∫ q

−1

(1 + s)2

s2

(
U1(s)

2 − U2(s)
2)ds

− q

(1 + q)2

∫ q

−1

(1 + s)2

s2

(
M(f1, f1)(s) −M(f2, f2)(s)

)
ds.

(34)

Proof Integrating the equation

−qU ′(q) = (2Q̄ − 1)U + ψ =
(

1 − 2

1 + q

)
U + ψ

gives
(

(1 + q)2

q
U

)′
= −

(
1 + q

q

)2

ψ

and thus (33) follows. �

Proposition 3.8 Let U1 and U2 be two solutions of (32) as in Lemma 3.7 then we
have U1 = U2 if ε > 0 is sufficiently small.
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Proof We deduce from (34) that

‖U1 − U2‖ ≤ sup
q>−1

1

q+1

∫ q

−1

(1 + s)2

s2

∣∣U1(s)
2 − U2(s)

2
∣∣ds

+ sup
q>−1

1

q+1

∣∣∣∣
∫ q

−1

(1 + s)2

s2

(
M(f1, f1)(s) −M(f2, f2)(s)

)
ds

∣∣∣∣

=: (I ) + (II ). (35)

The first term is easy to estimate. In fact, using (31), we find for sufficiently small ε

that

∣∣(I )
∣∣ ≤ sup

q>−1

1

(1+q)

∫ q

−1

(‖U1‖ + ‖U2‖
)‖U1 − U2‖ds

≤ (‖U1‖ + ‖U2‖
)‖U1 − U2‖

≤ 1

2
‖U1 − U2‖. (36)

The main task is to derive a similar bound on the second term in (35). We formulate
this main result as a proposition.

Proposition 3.9 For sufficiently small ε we have

sup
q>−1

1

1+q

∣∣∣∣
∫ q

−1

(1 + s)2

s2

(
M(f1, f1)(s)−M(f2, f2)(s)

)
ds

∣∣∣∣ ≤ Cε‖U1 −U2‖. (37)

With Proposition 3.9 the statement of the Proposition 3.8 follows. �

It remains to prove Proposition 3.9. We first notice that it suffices to prove it for
W(x,y) that satisfies (12) and (11) with ε = 1. The result then follows by scaling.
For the proof of Proposition 3.9 we argue by contradiction. Suppose that (37) (with
ε = 1) is not true. Then there exist sequences {Wn}, {f1,n}, {f2,n} and {qn} such that,
with Ui,n denoting the corresponding functions as above,

‖U1,n − U2,n‖ → 0 as n → ∞ (38)

and

1

qn+1

∣∣∣∣
∫ qn

−1

(1 + s)2

s2

(
M(f1,n, f1,n)(s) −M(f2,n, f2,n)(s)

)
ds

∣∣∣∣ ≥ 1. (39)

By our regularity assumption (11) we can assume without loss of generality that
there exists a function W∗ = W∗(x, y), satisfying (11) and (12) such that

Wn → W∗ locally uniformly on (0,∞)2. (40)

We now collect some a-priori estimates for solutions f .



58 B. Niethammer

Lemma 3.10 Let f be a solution to (8). Then
∫ ∞

0
f (x)dx ≤ 2, (41)

∣∣∣∣
∫ ∞

0

(
1 − e−qx

)
f (x)dx

∣∣∣∣ ≤ 2|q|
1 + q

for all q > −1, (42)

∫ 2R

R

exf (x)dx ≤ 4R for R ≥ 1

1 − log 2
, (43)

∫ ∞

1

ex

x3
f (x)dx ≤ C. (44)

Proof The first two estimates (41) and (42) follow from (31). We can now deduce
(43) from (42). In fact, choosing q < − log 2, we have

∫ ∞

0

(
e−qx − 1

)
f (x)dx =

∣∣∣∣
∫ ∞

0

(
1 − e−xq

)
f (x)dx

∣∣∣∣ ≥ 1

2

∫ ∞

1
e−qxf (x)dx.

As a consequence we obtain
∫ ∞

1
e|q|xf (x)dx ≤ 4

1 + q
for q ∈ (−1,− log 2).

Choosing now 1 + q = 1
R

and x ∈ (R,2R) estimate (43) follows. Finally, estimate
(44) follows from (43) via a dyadic argument, that is

∫ ∞

1

ex

x3
f (x)dx ≤

∞∑

n=0

∫ 2n+1

2n

ex

x3
f (x)dx ≤ C

∞∑

n=0

2n+12−3(n+1) ≤ C.

�

We now write

1

q+1

∫ q

−1

(1 + s)2

s2

(
M(f1, f1)(s) −M(f2, f2)(s)

)
ds

=
∫ ∞

0

∫ ∞

0
W(x,y)

(
f1(x) + f2(x)

)(
f1(y) − f2(y)

)
H(q,x, y)dxdy

with

H(q,x, y) = 1

1 + q

∫ q

−1

(1 + s)2

s2

(
1 − e−sx

)(
1 − e−sy

)
ds. (45)

We assume first that qn → q∗ ∈ (−1,∞]. In this case we can use the following
estimate for H , that is if q > −1 + 1

L
we have

0 ≤ H(q,x, y) ≤ CL

min(x,1)min(y,1)

1 + (x + y)3
ex+y. (46)
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Furthermore, if qn → q∗ ∈ (−1,∞), then it is obvious that H(qn, ·) converges lo-
cally uniformly in (0,∞)2 to H(q∗, ·, ·). If qn → ∞, then H(qn, ·) converges locally
uniformly to 2.

Then, if q > −1 + 1
L

and if f is a solution to (8), we have, using (46), that for
large R

∫ 1/R

0

∫ ∞

0
W(x,y)f (x)f (y)H(q, x, y)dydx

≤ C

∫ 1/R

0

∫ ∞

0
f (x)f (y)

x min(y,1)

1 + (x + y)3
ex+ydydx

≤ C

∫ 1/R

0
xf (x)dx

∫ ∞

0

min(y,1)ey

1 + y3
f (y)dy ≤ C

R
,

where the last estimate follows from (41) and (44).
Furthermore, using also (43), we arrive similarly at

∫ ∞

R

∫ ∞

0
W(x,y)f (x)f (y)H(q, x, y)dydx

≤ C

∫ ∞

R

ex

1 + x3
f (x)dx

≤ C

∞∑

n=0

∫ R2n+1

R2n

ex

x3
f (x)dx ≤ C

∞∑

n=0

(
R2n

)−3
R2n ≤ C

R2

∞∑

n=0

2−2n ≤ C

R2
.

Hence, in order to arrive at a contradiction to (39), it remains to show that for large
but fixed R

∫ R

1/R

∫ R

1/R

Wn(x, y)
(
f1,n(x) + f2,n(x)

)(
f1,n(y) − f2,n(y)

)
H(qn, x, y)dxdy → 0

(47)
as n → ∞. Since Wn and H(qn, ·, ·) converge locally uniformly to their respective
limits and since assumption (38) in particular implies that f1,n − f2,n → 0 locally in
the sense of measures, we find that

Fn(x) :=
∫ R

1/R

Wn(x, y)H(qn, x, y)
(
f1,n(y) − f2,n(y)

)
dy → 0 as n → ∞

locally uniformly in x. Hence, we can derive (47) and we have proved a contradiction
in case qn → q∗ ∈ (−1,∞].

The case qn → −1 is somewhat more difficult to treat. We introduce the rescaling

X = (1 + qn)x and g(X) = exf (x). (48)
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The integral (cf. (39)) for which we want to show that it converges to zero as n → ∞
becomes

∫ ∞

0

∫ ∞

0
Wn(X,Y )

(
g1,n(X) + g2,n(X)

)(
g1,n(Y ) − g2,n(Y )

)
H̃ (qn,X,Y )dXdY

(49)
with

H̃ (qn,X,Y ) = e−(X+Y)/(1+qn)

(1 + qn)2
H

(
qn,

X

1 + qn

,
Y

1 + qn

)
. (50)

The proof from now on follows similar lines as in the case qn → q∗ > −1. We again
refer for details to [29].

3.3 Non-solvable Kernels: Solutions with Fat Tails

We will now come back to the question of existence of self-similar solutions that do
not have finite mass. The first such result for a non-solvable kernel has been obtained
in [26] for the special case of the diagonal kernel with homogeneity γ ∈ (−∞,1),
that is K(x,y) = x1+γ δx−y . In this case the coagulation equation reduces to

∂tn(t, ξ) = 1

4

(
ξ

2

)1+γ

n2
(

ξ

2

)
− ξ1+γ n2(ξ). (51)

A specific property of (51) is that the evolution of n(t, ξ) depends only on the value
in ξ/2 but in particular not on values larger than ξ .

It has been established in [26] that for any ρ ∈ (γ,1) there exists a self-similar
solution with a corresponding profile that decays as x−(1+ρ) as x → ∞. It seems
somewhat surprising that one obtains solutions that increase as x → ∞. It is not
clear to us whether this is another specialty of the diagonal kernel, at least so far
all other existence results for fat tail solutions need ρ > 0 (see also [30]). The proof
of existence of fat tail self-similar solutions to (51) is in fact rather simple and fol-
lows the approach of [19]. The idea is to reformulate the equation for the self-similar
profile as an initial value problem starting at x = 0. For this to be uniquely solvable
one needs to expand the solution up to second order around the expected power law
behaviour as x → 0. The standard contraction mapping theorem applied to this set
of functions give a unique self-similar profile in a neighbourhood of x ∼ 0. Certain
monotonicity properties of Eq. (51) that are specific to the diagonal kernel allow to
extend the solution to (0,∞) and to guarantee that it remains positive. Note that this
result gives also a uniqueness result, but only in the class of functions with a certain
power law behaviour at x → 0. To prove that every solution behaves in this way does
however not seem easy to establish.

For more general coagulation kernels one needs to develop another strategy. The
main problem in any existence proof is to avoid the loss of mass at infinity and by
this to avoid to obtain the trivial solution in the end. In [28] a fixed point method is
used in a suitable subset of measures that encode the expected decay behaviour in a
weak sense.

We continue by describing the main results and the ideas of the proof in [28]. For
that purpose it is convenient to go over to the mass density function h(x, t) = xf (x, t)
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and to introduce the parameter ρ = γ + 1
β

. Then, after rescaling, the time dependent
version of equation (7) becomes

∂th + ∂x

[∫ x

0

∫ ∞

x−y

K(y, z)

z
h(z)h(y)dzdy

]
− β

[
∂x(xh) + (ρ−1)h

] = 0, (52)

with initial data

h(x,0) = h0(x). (53)

The kernel K is assumed to be continuous and to be homogeneous of degree γ ∈
[0,1), that is

K(ax,ay) = aγ K(x, y) for all x, y ∈ (0,∞). (54)

The key assumption in [26] is the following growth condition

K(x,y) ≤ C
(
xγ + yγ

)
for all x, y ∈ (0,∞). (55)

Theorem 3.11 ([28]) Given γ ∈ [0,1) and a kernel K that satisfies assumptions
(54)–(55), then for any ρ ∈ (γ,1) there exists a weak stationary solution h to (52).
This solution is nonnegative, continuous and satisfies

h(x) ∼ (1−ρ)x−ρ as x → ∞.

While this result covers a wide range of kernels, in particular for example the
product kernel K(x,y) = (xy)γ/2 and the general sum kernel K(x,y) = xαyγ−α +
yαxγ−α with α ≥ 0, it does not apply to singular kernels, such as Smolochowski’s
kernel K(x,y) = (x1/3 + y1/3)(x−1/3 + y−1/3). The main reason is that for the type
of kernels considered in [28] the global estimate (57) below suffices to prove that
the nonlinear integral terms in (52) are well defined, but this is not sufficient for
singular kernels. In this case one first has to regularize the kernel for small x and
y and undertake another limit procedure in the end. The corresponding analysis is
currently work in preparation [30].

It is also worth mentioning that Theorem 3.11 provides under rather minimal as-
sumptions on the kernel K the existence of a weak continuous solution. One would
expect that for a kernel that is smooth on (0,∞)2, the self-similar solution is smooth
in (0,∞) as well. The proof of such a property is however not, as discussed ear-
lier, a straightforward bootstrap argument due to the possibly singular behavior of
solutions near x = 0, but we expect that methods that have been developed to es-
tablish smoothness of self-similar solutions with finite mass can be applied here as
well.

The strategy to find a stationary solution to (52) will in principle be the following.
One considers the corresponding evolution problem and proves that it preserves a
convex set that is compact in the weak topology and contains functions with the
expected decay behaviour. This allows to prove the existence of a fixed point using
the following variant of Tykonov’s fixed point theorem.
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Theorem 3.12 (Theorem 1.2 in [8]) Let X be a Banach space and (St )t≥0 be a
continuous semigroup on X. Assume that St is weakly sequentially continuous for
any t > 0 and that there exists a subset Y of X that is nonempty, convex, weakly
sequentially compact and invariant under the action of St . Then there exists z0 ∈ Y
which is stationary under the action of St .

Unfortunately it is not so easy to prove well-posedness directly for (52)–(53) since
one has to consider the well-posedness of the problem in a space of functions that are
singular at the origin. Instead, one needs to consider first a family of regularized
problems and prove that self-similar solutions for this regularized problem exist and
satisfy uniform estimates that allow to pass to the limit in the corresponding equation.
For details of this regularization process we refer to [28]

The key step in order to apply Theorem 3.12 is to identify suitable subsets of
certain Banach spaces and to show that they are invariant under the evolution. In
[28] the underlying space is the metric space Xρ of nonnegative Radon measures,
which is denoted by some abuse of notation by hdx ∈ M+([0,∞)), satisfying the
condition

sup
R≥0

∫
[0,R] hdx

R1−ρ
< ∞. (56)

The set that will be shown to be invariant under the evolution induced by (52) will be
the set Y of measures hdx ∈M+([0,∞)) satisfying

∫

[0,R]
hdx ≤ R1−ρ, R ≥ 0 (57)

∫

[0,R]
hdx ≥ R1−ρ

(
1 − Rδ

0

Rδ

)

+
, R ≥ 0, (58)

for a sufficiently large R0 and a sufficiently small δ > 0. It is straightforward to
see that this set is convex and compact in the weak topology. The heart of the
analysis in [28] is the proof of the invariance of (57) and (58) under the evolu-
tion (52). The upper bound (57) can be proved by analyzing a simple differen-
tial inequality that is satisfied by

∫
[0,R] hdx. The proof of the invariance of (58)

is more delicate and is based on the analysis of the corresponding dual prob-
lem.

To explain the main idea it is useful to comment first on the particular choice
(58) for a lower bound. If one considers (52)–(53) with K ≡ 0 one obtains a linear
transport equation that has the explicit solution h(x, t) = eρβth0(xeβt ). If one takes
data h0(x) = x−ρ(1 − Cx−δ) one finds

h(x, t) = x−ρ

(
1 − Ce−δβt

xδ

)
∼ x−ρ

(
1 − C

xδ

)
+ Cδβtx−(ρ+δ)

and thus obtains an improved lower bound for positive times. The main task is then
to show that the additional error terms induced by the nonlinear coagulation term
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can be absorbed into the positive term if δ is sufficiently small. It is easy to see, by
testing (52)–(53) with a function ψ = ψ(x, t), that after some rearrangements one
obtains

∫
ψ(x, t)htdx =

∫
h0(x)ψ(x,0)h0dx

if ψ solves the associated dual problem

−∂sψ(x, s) −
∫ ∞

0

K(x, z)

z

[
ψ(x+z, s) − ψ(x, s)

]
hsdz

+ βx∂xψ(x, s) − β(ρ−1)ψ(x, s) = 0. (59)

Since we want to estimate
∫
[0,R] htdx, we pose the initial condition

ψ(x, t) = χ[0,R](x). (60)

Thus, in order to estimate
∫
[0,R] htdx one needs to estimate ψ(x,0) from below.

With regard to an estimate of ψ(x,0), it turns out that in the case of kernels sat-
isfying (55) and measures h satisfying (57) and (58) one can construct a subso-
lution for ψ by replacing the term K(x,z)

z
hs by a suitable power law. The equa-

tion for the subsolution has an explicit self-similar solution. Finally, it remains
to work out that this subsolution is sufficiently good to show that (58) is pre-
served under the evolution. With all these ingredients one can then apply The-
orem 3.12 to obtain the existence of a weak stationary solution to (52). The fi-
nal step in the proof of Theorem 3.11 is to show that the weak solution has a
density that is in fact also continuous on (0,∞) and has the desired decay be-
haviour.
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If mathematics is a landscape whose regions are its differ-
ent research areas, this book lives in the algebra region, at
the main junction between the highways to harmonic anal-
ysis and quantization, representation theory, global analy-
sis and spin geometry, and from where smaller roads head-
ing to topology (more precisely, the neighbourhoods of ho-
mology and cohomology), complex geometry, supergeom-
etry, and index theorems depart. Thus, any motivating path
to this book has the drawback to start somewhere outside
its core topic, and may therefore present a subjective per-
spective on the book. Such an interdisciplinary approach,
moreover, may mislead the travelling mathematician to be-

lieve that the book is ‘only’ a collection of algebraic tools needed for accessing these
other areas.

Such point of view is wrong. Meinrenken’s research monograph is a self-contained
book about a new fascinating research topic in non-commutative algebra, that has a
number of interesting connections to other cutting-edge subjects; this partially ex-
plains why this area is so rich and beautiful. The writing of such a text is a consider-
able challenge on its own. In the present case the author took the decision not to leave
his area; rather, he chose to show the routes to other topics whenever they appeared,
as marked by an impressive number of side-turns and bibliographic comments. Addi-
tionally, one of the work’s strong points is that it contains abundant original material
that appears for the first time in a textbook.
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One good way to understand the key achievements and the current status of a cer-
tain branch of pure mathematics is to follow its historical development. Therefore,
I shall approach the topic not by starting in some area and following the highway
to ‘Clifford algebras and Lie theory’, but rather by looking back in time when these
highways were still meandering farm tracks, when many roads hadn’t been yet con-
structed, and when areas that are nowadays well connected seemed distant and unre-
lated. In fact, this is presumably quite close to how the author (and his long-lasting
collaborator Anton Alekseev) came to think about the questions that triggered the re-
search work exposed in this book. Along the way I will comment on the methods and
tools needed to advance in the theory and indicate where in the book they are treated.

In the 1960s Alexander Kirillov proposed the so-called ‘orbit method’ to describe
unitary representations of Lie groups. This boils down to the fact that given a Lie
group G with Lie algebra g, the orbits of the coadjoint action of G on the dual g∗
are symplectic manifolds for the Kostant-Souriau form, and fibre bundles over them
carry unitary representations of G. While this worked neatly for nilpotent groups, the
technical difficulties were tremendous in virtually any other case, which spawned a
large amount of research activity by many mathematicians. For us, what is important
is that Kirillov conjectured a ‘universal character formula’ for such representations,
which roughly says the following: given a coadjoint orbit M with Liouville measure
β , the character of the associated Hilbert space representation T should look like

trT (expX) =
∫

M

eiF(X)J (X)−1/2 dβ(F ).

This is meant as an identity of distributions on a suitable neighbourhood of 0 inside
g, X is an element of the Lie algebra g, hence indeed expX ∈ G; since F belongs
to M , a subset of g∗, its action on X is well defined. The most interesting part is the
occurence of the mysterious function J (X),

J (X) = det
(
j (adX)

)
, j (z) = sinh(z/2)

z/2
.

This turns out to be a smooth map on all of g; recall that adXY = [X,Y ], so this
is meant as a formal power series in the operators adX . This function and its many
relatives have various manifestations in mathematics—for example, j (z) is basically
the generating function of the Â-genus, an integer number on spin manifolds that
coincides with the index of the Dirac operator by the Atiyah–Singer index theorem.
This already brings us close to Clifford algebras, even if the link is not transparent!
Besides, mathematical experience tells us that ‘good’ character formulas can (and
should) be understood as index formulas in disguise.

The orbit method, albeit more a philosophical principle than a rigorous method,
inspired another famous result. For any Lie group G with Lie algebra g let us consider
the following two important algebras: the universal algebra U(g)—that is, the quo-
tient of the tensor algebra T (g) by the relations X ⊗ Y − Y ⊗ X = [X,Y ])—and the
symmetric algebra S(g), i.e. the polynomial ring on a basis of g (Chap. 5; observe that
this chapter contains an interesting alternative proof of the Poincaré-Birkhoff-Witt
Theorem due to Emanuela Petracci, [8]). The inclusion of the symmetric algebra S(g)

in T (g) followed by the quotient map gives an isomorphism sym : S(g) → U(g),
which, alas, is not compatible with the product structure of the two algebras. In 1977
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Michel Duflo proved that the composition sym◦J 1/2 : S(g) → U(g), if interpreted in
the right way, restricts to an algebra isomorphism between the algebra of G-invariant
polynomials S(g)G and the center U(g)G of the universal enveloping algebra [3].
This looks like a purely algebraic statement at first sight; however, U(g) can be iden-
tified in a natural way with the left-invariant differential operators on G, and S(g)

with the differential operators on g with constant coefficients. Duflo’s theorem, there-
fore, yields an algebra isomorphism between bi-invariant differential operators on G

and G-invariant, constant-coefficient differential operators on g, and both algebras
are commutative. A set of generators of U(g)G ∼= S(g)G is typically called a set of
Casimir operators. If g is semisimple, the number of Casimir operators is equal to
the rank of g, and Duflo’s map coincides with the Harish-Chandra isomorphism. For
example, if G = SU(2) ∼= S3 is the 3-dimensional Lie group of unitary 2 × 2 matri-
ces with determinant 1, there exists exactly one Casimir operator C; as an element of
S(g)G, it is a quadratic polynomial, and in the usual basis X1,X2,X3 of g = su(2)

(the trace-free skew-hermitian 2×2 matrices), we can write it as C = X2
1 +X2

2 +X2
3;

viewed as bi-invariant differential operator on G ∼= S3 it coincides with the Lapla-
cian, which is known to be invariant under unitary transformations. As one learns
in any standard lecture on quantum mechanics, finite-dimensional representations of
G = SU(2) can be characterized by the eigenvalues of the Casimir operator. Duflo’s
theorem is a beautiful generalization of this collection of classical results. Unfortu-
nately, his original proof is very technical and sophisticated. Again, this theorem was
the starting point for a wealth of subsequent developments that point at many different
mathematical directions (see for example [4] for additional reading).

The starting point of Meinrenken’s book is the observation that the situation can be
drastically simplified if the Lie algebra g carries a non-degenerate symmetric bilinear
form B : g× g → g that is invariant under AdG, i.e. satisfying

B(Ad gX,Ad gY ) = B(X,Y ) ∀X,Y ∈ g, ∀g ∈ G.

Recall that if G is a matrix group, the adjoint action of G on g is just conjuga-
tion, Ad gX = gXg−1, i.e. we require the scalar product to be constant on conjugacy
classes of matrices; in the previous example G = SU(2) the form B(X,Y ) = tr(XY)

does the job. Lie algebras of this type are called quadratic, and they include many
interesting instances (for example, all semisimple ones). Given the scalar prod-
uct B , many further tools and results become available. One can consider a third
algebra (besides the universal and symmetric algebras), namely, the Clifford al-
gebra (Chap. 2). This is the quotient of the tensor algebra of g by the relations
X ⊗ Y − Y ⊗ X − 2B(X,Y ),

Cl(g) := T (g)/
〈
X ⊗ Y − Y ⊗ X − 2B(X,Y ) : X,Y ∈ g

〉
.

Since the exterior algebra Λ(g) of g can be embedded in T (g) as totally antisymmet-
ric tensors, we have a vector space isomorphism

q : Λ(g) −→ Cl(g),

called the quantization map. Roughly speaking, the Duflo factor J 1/2(X) mea-
sures the difference between two possible ways to embed the exponential of skew-
symmetric matrices into Cl(g) (Chap. 4). In fancy argot, it can be interpreted as a
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‘Berezin integral’ and is deeply linked to the quantization map q . The exterior and
the symmetric algebra can be combined into a differential algebra W(g), the Weil al-
gebra, which the factorwise map sym ⊗ q maps to the quantum Weil algebra W(g),

sym ⊗ q : W(g) := S(g) ⊗ Λ(g) −→ W(g) := U(g) ⊗ Cl(g).

The algebra W(g) was defined and investigated in the article [2]. The classical Weil
algebra W(g) was introduced by Henri Cartan (1950) as an algebraic model for the
algebra of differential forms on the classifying space EG (for G compact). Both
Weil algebras carry a lot of structure—graduations, differentials, Lie derivatives and
contraction operators—all of which is described in great detail in the book using
the language of abstract enveloping algebras, Hopf algebras, super spaces, and g-
differential spaces (Chaps. 6 and 7). Not surprisingly, in the light of Duflo’s result the
map sym ⊗ q is not compatible with this extra data. Alekseev and Meinrenken prove
that there is a suitable generalization of J 1/2 (let us denote it by the same symbol for
simplicity) such that Q := (sym ⊗ q) ◦ J 1/2 : W(g) → W(g) is compatible with the
additional structure of these algebras. Since Duflo’s theorem can now be obtained by
restriction to S(g) ⊂ W(g), this approach gives a much simpler proof of this classical
result for quadratic Lie algebras (Sect. 7.3). This illustrates neatly the power of the
methods exposed in this book.

There exists a natural element in the center of W(g), which one should understand
as the non-commutative relative of the quadratic Casimir operator. Observe that the
scalar product B allows to define a closed, bi-invariant 3-form on G,

T (X,Y,Z) = −1

6
B

([X,Y ],Z) ∀ X,Y,Z ∈ g.

Let e1, . . . , en be an orthonormal basis of g with respect to B , viewed both as a subset
of U(g) and of Cl(g). We can then define ‘Kostant’s cubic Dirac operator’ ([5], [7];
Sect. 7.2)

D :=
n∑

i=1

ei ⊗ ei + 1 ⊗ T ∈ W(g),

which has the remarkable property that D2 lies in the center of W(g). The kernel
of the twisted cubic Dirac operator is described in terms of representations and used
to prove a character formula that generalizes the classical Weyl character formula
(Chap. 8). In fact, the element D can be understood as the symbol of a true Dirac
operator on G. Its analogue on homogeneous spaces G/K (its algebraic counterpart
is called ‘relative Dirac operator’ in the book) turns out to be the usual Dirac oper-
ator, although not with respect to the Levi-Civita connection, but rather for a metric
connection with skew torsion induced by the K-principal fibre bundle G → G/K

(Chap. 9; see also [1]). Again, one sees that the presence of a scalar product plays a
crucial role.

Invariant elements in the different non-commutative algebras associated with a Lie
algebra are one possible road map to this book. The last space of invariants discussed
is Λ(g)g (for g reductive). The exterior algebra Λ(g) carries a differential map d that
makes it a complex (the Chevally-Eilenberg complex), thus it induces a cohomology
theory H ∗(g). It is shown that Λ(g)g and H ∗(g) are isomorphic, and that they can
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then be identified with the exterior algebra of a certain subspace of Λ(g), the so-called
space of primitive elements P(g) (Hopf-Koszul-Samelson Theorem). Primitivity is a
notion coming from the theory of Hopf algebras that I will not explain here; I’ll
just observe that we already encountered a primitive element, namely the 3-form T .
Remarkably, P(g) has a natural interpretation in terms of Weil algebras (Chap. 10).
Furthermore, there is a Clifford analogue of this Theorem that identifies Cl(g)g with
the Clifford algebra Cl(P (g)), another result of Kostant ([6]; Chap. 11).

At this juncture our mathematical tour d’horizon comes to an end. Meinrenken’s
book is far from a standard textbook on a standard topic, meaning that the reader
will find a profusion of material presented from many different viewpoints. Even if
all topics are cultivated, and thrive, within the gates of the garden of algebra, some
are likely to be new or at least unfamiliar. Although the book starts with a review
of basic results (symmetric bilinear forms, Clifford algebras, Lie algebras . . . ), it
assumes a good knowledge from these areas, for the exposition is elegantly short,
with few motivating examples. The title might be slightly misleading in the sense that
the text is not meant to be (nor include) a complete treatise on Clifford algebras and
spin representations. The reader should be comfortable with the methods of abstract
algebra, lest he feel lost already in the preparations to the most interesting results. But
then he is rewarded with a concise account of a modern topic in non-commutative
algebra, a fresh view over invariants and a large supply of pointers that lead directly
to current research.
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Mathematical Signal and Image Processing is an inno-
vative, rapidly developing area of Applied Mathematics
which addresses also topics in Computer Science and En-
gineering. The demand of efficiently processing the over-
whelming data from extensive, completely different imag-
ing technologies is continuously growing and provides
new scientific challenges. Current research involves var-
ious mathematical fields as Linear Algebra, Approxima-
tion Theory, Inverse Problems, Applied Harmonic Analy-
sis, Geometric and Topological Techniques, Mathematical
Morphology, Partial Differential Equations (PDE), Prob-
abilistic and Statistical Approaches, Variational Methods

and Optimization.
The book “Mathematics in Image Processing” edited by H. Zhao can clearly not

cover at its 245 pages all the above topics. It focuses on frame-based image process-
ing, sparse and redundant representation modeling of images and the simulation of
elastic tissues by PDE-FEM methods. Due to the title of the book we like to point
to some books covering subjects in Mathematical Image Processing which are not
contained in the present book, namely PDE-based image analysis and calculus of
variation [1, 6, 8, 11], morphological image processing [9, 10], probabilistic and sta-
tistical methods in imaging [4, 7, 12]. In the following we concentrate on the topics
covered by the book of H. Zhao.
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Frame theory dates back to the paper of R.J. Duffin and A.C. Schaeffer 1952. The
rich literature in particular on Gabor and wavelet frames shows a wide range of ap-
plications including time frequency analysis in signal processing, coherent states in
quantum mechanics, filter bank design in electrical engineering, edge detection in im-
age processing. Here we refer to the excellent book on frames [3]. After the introduc-
tion of the multiresolution analysis (MRA) concept by S. Mallat (1989) and the sys-
tematic construction of compactly supported orthonormal wavelets by I. Daubechies
(1988) wavelet analysis became one of the most active research areas in Applied
Mathematics. Wavelet frames are overcomplete systems which generalize the con-
cept of orthonormal wavelets and allow more freedom in the representation of data.
A systematic construction of wavelet frames was possible due to the unitary exten-
sion principle developed by A. Ron and Z. Shen (1997). Wavelet frames, in particular
so-called tight frames, fulfill some Parseval-like property which allows the stable de-
composition of data as linear combinations of frame elements. The underlying MRA
structure guarantees for fast decomposition and reconstruction algorithms and makes
wavelet frames well-suited for image processing tasks.

Sparse and redundant representations are closely related to the topic of wavelet
frames which also provide sparse representations of certain data. Therefore it is not
astonishing that many researchers from wavelet analysis have also contributed to the
tremendous development of the “sparsity” field over the last decade. Sparsity ex-
presses the idea that discrete natural images depend only on a number of degrees
of freedom which is much smaller than their size. This has lead to a research di-
rection called “compressed sensing” by D. Donoho. In other words the underlying
assumption is that the data have a concise representation when expressed in a proper
dictionary. Typical dictionaries are Gabor, cosine and wavelet (frame) systems. Task
adapted dictionaries can by obtained via dictionary learning and updating. Finding a
fixed number of dictionary elements that leads to a “best” approximation is an NP
hard problem. Therefore “good” approximation strategies as greedy and relaxation
methods must be applied and their approximation quality must be estimated. While
the present book focuses on worst case estimates, analysis of average performance
has also be done from a probabilistic point of view showing that up to some bounds
the desired data may be recovered with a probability close to 1.

Convex analysis and optimization plays a role both in wavelet frame based and
sparse and redundant dictionary based modeling. In general these models contain
proper, convex and lower semi-continuous functionals which are not smooth. Sim-
ple and fast algorithms are required to find minimizers of the functionals. Recently,
first order operator splitting methods became very popular in image processing. The
origin of these methods goes back to linear operator splitting methods used in linear
algebra to solve PDEs (e.g. Douglas-Rachford 1956). More than twenty years later
these methods were generalized to inclusion problems and set-valued operators, e.g.,
by P.L. Lions and B. Mercier 1979. Only recently these methods became very pop-
ular in imaging. Pioneering work was done by P. Combettes and co-workers, see [2]
and the references therein and by S. Osher and co-workers under the name “Bregman
methods”. Indeed it appears that in many applications at hand the Douglas-Rachford
splitting method applied to the dual problem coincides with the well-known alternat-
ing direction method of multipliers and the alternating split Bregman algorithm.
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Image processing tasks which can be handled by the above methods are versatile.
In the present book they range from basic image restoration tasks as image denois-
ing, (blind) deblurring and inpainting to image decomposition, e.g., into texture and
structure, image segmentation and compression.

The book edited by H. Zhao is an outcome of the summer school on “Mathematics
in Image Processing” organized at the IAS/Park City Mathematics Institute (PCMI)
in 2010. The institute was founded in 1991 as part of the “Regional Geometry In-
stitute” initiative of the National Science Foundation with institutional home at the
Institute of Advanced Study (IAS) in Princeton. The annual summer schools focus
on different research topics and corresponding Lecture Notes were published each
year in the IAS/Park City Mathematical Series. Volume 19 of the series is devoted
to mathematical image processing including mathematical theory, computation al-
gorithms and applications. The 2010 summer school was composed of nine lectures
given by well-recognized speakers. Three of these lecture of quite different length are
contained in this book, namely

I: Bin Dong and Zuowei Shen: MRA-Based Wavelet Frames and Applications
(pp. 7–158),

II: Michael Elad: Five Lectures on Sparse and Redundant Representations, Model-
ing of Images (pp. 159–208),

III: J.M. Teran, J.L. Hellrung, Jr. and J. Hegemann: Simulation of Elasticity, Biome-
chanics, and Virtual Surgery (with Supplemental Material ) (pp. 209–245).

Part I of B. Dong and Z. Shen includes five lectures. The first three lectures give
an excellent, self-contained introduction to MRA-based wavelet frames. The lectures
start with an approximation theoretic introduction of MRAs. The first lecture con-
tains in particular concise proofs of classical MRA results of C. De Boor, R. deVore
and A. Ron (1993/1994). The key point of lecture two is the unitary extension princi-
ple (UEP) developed by A. Ron and Z. Shen which allows to construct tight wavelet
MRA-frames in a systematic way. The MRA structure guarantees the existence of
fast decomposition and reconstruction algorithms. Lecture three deals with a gen-
eral class of refinable functions, so-called pseudo-splines, which include B-splines,
Daubechies’ orthogonal scaling functions and interpolatory scaling functions. The
corresponding analysis is provided. Many additional cross references and annotations
are given. In lecture four tight wavelet frames were applied within image restoration
and analysis models. The considered restoration tasks cover denoising, deblurring
and inpainting which can be considered also under the point of view of inverse prob-
lems and image decomposition (e.g., into texture and structure part). More precisely, a
convex, in general non-smooth functional containing wavelet frames is adapted to the
problem so that a minimizer of the functional approximates the original image. Min-
imizing such functionals is a topic of convex analysis and optimization. The authors
touch first order minimization algorithms from these fields as the forward-backward
splitting algorithm and some of its accelerations. They focus mainly on the “Breg-
man point of view”. Lecture five addresses other interesting applications of wavelet
frames in optimization models, namely blind deblurring, where the blur kernel has to
be estimated too so that the problem is no longer convex, image segmentation which
plays an important role in practical image analysis, and scene reconstruction from
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range data. In the segmentation part the choice of a so-called edge indicator function
appears to be crucial. The book chapter contains many important contributions of the
authors to the field.

Part II of M. Elad with five lectures gives a concise overview on practical sparse
and redundant representation modeling. The first lecture introduces the NP-hard basic
“sparsity” problem

(P0) argminα‖α‖0 subject to Dα = x,

where D ∈ R
m,n, m � n contains for example the dictionary elements and ‖α‖0

counts the number of non-zero entries in α. Its noisy counterpart, where the con-
straint is replaced by ‖Dα − x‖2 ≤ ε, is denoted by (P ε

0 ). The two main approaches
to solve the problems approximately are provided, namely greedy algorithms as, e.g.,
(orthogonal) matching pursuit (OMP), and relaxation methods, e.g., by replacing the
�0-seminorm by the �1-norm which is known as basis pursuit (BP). Lecture two
recalls conditions ensuring that (P0) has a unique solution and (P ε

0 ) a stable one
and analyses the performance of OMP and BP. This requires the introduction of the
matrix spark, mutual coherence (D. Donoho and M. Elad 2003) and the restricted
isometry property (RIP) (E.J. Candés and T. Tao 2005) as a key property. In lecture
three several dictionary-based models for general inverse problems, compressed sens-
ing and morphological component analysis, i.e., image decomposition are discussed.
The basic “Sparseland” (notation of the author) assumption is that the data can be
sparsely expressed as linear combination of some dictionary elements. Lecture four
deals with the concrete tasks of denoising, deblurring and inpainting. An important
step goes from global to local processing where only image patches are assumed to
have a sparse dictionary representation. Finally the question of dictionary learning
is addressed. The two basic methods, namely updating the dictionary by the method
of optimal directions (MOD) and the K-SVD algorithm of M. Aharon, M. Elad and
A.M. Bruckstein (2006) are presented. Finally, lecture five adds further application
of the “Sparseland” philosophy: image scale up with a pair of dictionaries and image
compression using sparse representation, in particular a facial image compression
algorithm.

Part III of J.M. Teran, J.L. Hellrung, Jr. and J. Hegemann consists of three lec-
tures on the simulation of elastic materials characteristics of biological soft tissues.
To provide an interactive environment in a surgical simulator this simulation must
be extremely fast and very robust. This is a hard challenge with enormous potential
benefit for surgical simulations.

The first lecture gives a tutorial on the basic simulation of elasticity. Initial bound-
ary value problems (IBVPs) for deformable objects are derived from continuum me-
chanics with an emphasis on those details necessary for finite element method (FEM)
type simulation. The following lectures deal with the implementation of numerical
solvers for the equations of elasticity based on finite element method (FEM) type dis-
cretization of the weak formulation of the PDE. It begins with a review of FEM for
solving Poisson’s equation, continues with Neo-Hookian elasticity with quasistatic
evolution in 1D and extend this to the Neo-Hookian elasticity with backward Euler
evolution in 2D. The lectures contain pseudocodes in a syntax similar to Matlab or
Octave. Finally supplemental material on special implementation issues (inversion
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via diagonalization, constitutive models for muscles, positive definiteness of linear
systems in Newton iterations) is provided which is a short version of three papers of
J.M. Teran and co-workers.

In summary the book gives nice and concise overviews on wavelet-frame based
image processing, sparse and redundant representation models and simulation of elas-
tic materials and can be recommended to students and lecturers. The first three lec-
tures of B. Dong and Z. Shen can serve very well as course material on wavelets
and wavelet frames with focus on applications in image and signal processing. The
“Sparseland” part of M. Elad sketches after a brief review of the basic methodologies
various practical applications. For a more extensive coverage of the area the author
refers to his book [5]. The final third part is a tutorial on FEM simulation of elasticity
and is a good starting point to learn more about the topic.
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Oblique derivative problems are those in which the boundary
condition has the form b(x, u, Du) = 0 with b depending on
the gradient Du of the unknown function u in an appropriate
way. The most common particular case is that of Neumann
boundary condition

−→γ · Du := ∂u

∂−→γ = ϕ(x) (1)

with −→γ standing for the inner normal to the boundary ∂� of
a given domain � where the problem is studied. In the case
when the function b(x, z, p) is linear with respect to z ∈ R

and p ∈ R
n, then the boundary condition is linear and has the form

−→
β(x) · Du + β0(x)u = ϕ(x) (2)

with a unit vector field
−→
β(x) defined on ∂�.

The boundary condition (2) is called oblique if
−→
β(x) · −→γ (x) > 0 for each x ∈ ∂�

which simply means that the vector field
−→
β is strictly transversal to ∂� and therefore−→

β(x) is pointing inward� at each x ∈ ∂�.The general nonlinear boundary condition

b(x, u, Du) = 0 (3)

is oblique if

∂b

∂p
(x, z, p) · −→γ (x) > 0 ∀(x, z, p) ∈ ∂�× R × R

n .
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Indeed, these definitions make sense when � and b(x, z, p) are smooth enough but
the concept of obliqueness can be introduced in a relevant way also in a more general
situation. Precisely, the field

−→
β is oblique at a point x ∈ ∂� if there is a cone of finite

height, vertex at x and axis parallel to
−→
β that lies inside �. Further on, the nonlinear

boundary condition (3) is oblique if the function τ → b(x, z, p + τ
−→
β ) is increasing

for some oblique vector field
−→
β .

Apart from the purely theoretical interest to boundary value problems for PDEs with
boundary conditions of the form (2) or (3), these are related to important problems
of Mathematical Physics and Applied Mathematics in general. For example, the Neu-
mann condition (1) prescribes the flux along the boundary of an electrostatic potential
assigned in a domain �. Moving to the theory of Markov processes (e.g. Brownian
motion), the first term on the left in (2) corresponds to reflection of the process along−→
β , while the second one describes absorption phenomena. However, the theory of
PDEs with oblique boundary conditions as (2) or (3) goes beyond these classical
examples and finds important applications in the mechanics of celestial bodies, sto-
chastic control theory, capillary free surfaces, reflected shocks in transonic flows and
so on.

Gary Lieberman’s book under review deals with oblique derivative problems for
second order elliptic equations. The author provides a systematic and comprehensive
exposition of the theory developed over the last three decades, thanks also to his
own ideas and results. As for spirit, concept and performance, the book is similar
to the classics by Ladyzhenskaya and Ural’tseva [2] and Gilbarg and Trudinger [1]
which mainly deal with Dirichlet problems for elliptic PDEs. Although the theory of
oblique derivative problems is more technical, the author has fully reached his goal
to put it in the same systematic shape as done in [1,2] for the Dirichlet problem.
The reader will find that the oblique derivative problems possess many fascinating
properties in common with the Dirichlet problems. Actually, these are regular problems
obeying the elliptic regularization property, that is, the solution gains two derivatives
from the right-hand side of the equation and one derivative from the boundary data.
Optimal a priori estimates in various functional scales not only imply that regularizing
property but allow also to built relevant solvability theories in classical, weak, strong or
viscosity settings for the oblique derivative problems and to show these are of Fredholm
type.

The hypothesis of obliqueness is crucial in order to have all these results. Consider
for a moment a more general situation when the product

−→
β(x) · −→γ (x) is non-negative

or even changes its sign on ∂� so that the boundary condition is no more oblique
in the above sense and, therefore, there exists a non-empty subset of the boundary
where the field

−→
β becomes tangential to ∂�. It was Poincaré the first to arrive at a

boundary value problem with such a tangential-oblique condition when studying the
tides on the Earth (cf. [5]) and what is interesting is that the theory of the tangential
oblique derivative problems has various features not present neither in the oblique case
studied in the book under review, nor in the Dirichlet case (see [4] and [6]). Precisely,
the corresponding solution need not be as smooth as the data of the problem would
suggest; that loss of regularity depends on the order of contact between

−→
β and ∂�;
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the index of the problem need not be zero or even finite in the case of more than two
dimensions.

Even if Lieberman follows [1,2] and his previous book [3] as models, his personal
choice in the exposition is not to duplicate their contents but rather to emphasize on
ideas and elements which are not immediate consequences of the corresponding theory
of Dirichlet problems. The author provides an alternative development of classical
theories of elliptic PDEs seen from modern perspective. Various facts and properties
from functional analysis and measure theory available in [1–3] are only reported on,
while the author includes detailed proofs of results from real and functional analysis
whenever they are not in [2,3] or in standard graduate texts on the topic. This way
the readers, already familiar with the classical texts [1,2], will have no difficulties to
follow the exposition. Notes at the end of each chapter give the history of the topic
treated and suggestions for further reading, while the problems attached to the chapters
will be useful exercises for the readers.

Moving on to the details, the book under review consists of 12 chapters, a relatively
comprehensive bibliography and a subject index.

The exposition starts with the study of general linear oblique derivative problems
of the form

ai j(x)Di j u + bi(x)Di u + c(x)u = f(x) in�,
−→
β(x) · Du + β0(x)u =ϕ(x) on ∂�

and Chapter 1 deals with the basic pointwise estimates for solutions of these prob-
lems, the analytic heart of which is the maximum principle. This is a very powerful
tool which allows, in its classical version, to estimate the solution of a given bound-
ary value problem in terms of simple properties of the coefficients of the differential
operators involved and the maximum of the nonhomogeneous terms of the equation
and boundary condition. Although quite straightforward for the Dirichlet problem, the
maximum principle needs more attention in the case of oblique boundary conditions.
It is here the point where the author defines the basic notion of obliqueness in the
cases of domains with smooth or Lipschitz continuous boundaries, and proposes a
detailed study of the classical maximum principle in the situation considered. The
reader will find also a maximum principle of Aleksandrov–Bakel’man–Pucci type
which estimates the maximum of the solution in terms of the Lebesgue Ln-norm
of the right-hand side f(x) of the equation with n being the number of the spatial
dimensions. As consequence, a modulus of continuity estimate follows for the solu-
tion, which is a starting point for the following study of a large variety of nonlinear
problems.

The classical Schauder theory of linear elliptic equations is presented in Chapter 2.
This is a key part of the theory of the Dirichlet problem which has two elements:

1) It provides estimates for the Hölder norms of any solution of the problem consid-
ered and for the first and second derivatives of this solution;

2) it gives existence results under appropriate conditions on the coefficients of the
elliptic operator.
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An excellent description of the Schauder approach, based on potential theory, is given
in Chapter 6 of the book [1] of Gilbarg and Trudinger. Here the author proposes a
modern perspective to Schauder’s theory, using the integral characterization of the
Hölder spaces first introduced by S. Campanato and later improved by Caffarelli and
Safonov. A particular advantage of this approach is the possibility to treat oblique
derivative problems over domains with less regular boundaries. As a groundwork for
the estimates in the later chapters, the author considers also mixed boundary value
problems in which Dirichlet data are prescribed on a part of the boundary and an
oblique derivative condition is given on the remainder. Estimates of Hölder norms
of solutions to such problems are derived and it is proved that these are Fredholm
problems with index zero.

Chapter 3 is devoted to the construction of various supersolutions for both the
Dirichlet and oblique derivative problems in domains with Lipschitz continuous
boundaries. Involving solutions of singular ordinary differential equations, the author
employs the ideas of K. Miller to construct suitable comparison functions in a
cone.

Hölder estimates for the first and second derivatives of solutions to linear oblique
derivative problems are given in Chapter 4. It is shown in particular that the solutions to
linear oblique derivative problems are typically smoother than the underlying domain.
Thus, solutions in Lipschitz domains have Hölder continuous first derivatives, that is,
these are C1,α smooth with some α > 0 determined by the domain and the differential
equation but not by the boundary condition, while the solutions are C2,α smooth in
C1,α-domains.

The theory of weak solutions to the conormal derivative problem for divergence
form, linear elliptic equations is elaborated in Chapter 5. The problem under consid-
eration now is

Di
(
ai j(x)D j u + bi(x)u

) + ci(x)Di u + c0(x)u = Di f i(x)+ g(x) in �,

ai j(x)γi(x)D j u + −→
b · −→γ u + β0(x)u =ϕ(x)+ −→

f · −→γ on ∂�,

where −→γ = (γ1, . . . , γn) is the inner normal to ∂� as above, while
−→
b and

−→
f

stand for the vector fields
[
b1(x), . . . , bn(x)

]
and

[
f 1(x), . . . , f n(x)

]
, respectively.

As in the case of the Dirichlet problem, one multiplies the equation and the boundary
condition by a suitable test function and then, thanks to the special divergence structure
of the differential operators involved, integrates formally by parts. This leads to an
equivalent, integral formulation of the problem considered and thus to the natural
concept of weak solution which is only required to lie in the Sobolev space W 1,2(�),

that is, to have first derivatives in L2 in contrast to the classical solutions of general
oblique derivatives problems which have to be at least C2-smooth inside �. This
way, the corresponding weak solvability follows almost for free from the powerful
results of linear functional analysis. Apart from weak existence results, the author
studies in this chapter finer properties of weak solutions such as their higher Sobolev
regularity, global boundedness, local maximum principles and so on. Indeed, under
suitable hypotheses on the data, a De Giorgi type result holds true for weak solutions
to the conormal problem: Indeed, these are Hölder continuous. The author derives also
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Hölder estimates for derivatives of weak solutions under stronger assumptions on the
coefficients than just boundedness.

Strong solutions of general linear elliptic equations represent an intermediate sit-
uation between the concepts of weak solutions which need to be only once weakly
differentiable and that of solutions in classical sense which must be at least twice
continuously differentiable. Moreover, the notion of weak solution depends on the par-
ticular divergence form structure of the elliptic equation studied. A strong solution of
an oblique derivative problem is a twice weakly differentiable function which satisfies
the given general form linear elliptic equation almost everywhere in � and for which
the oblique derivative boundary condition holds in the sense of trace or in classical
sense on ∂�. The “linear” part of Lieberman’s book closes with Chapter 6 where the
theory of strong solutions is developed. The main analytic tools employed here are the
Aleksandrov–Bakel’man–Pucci maximum principle, the Hardy Littlewood maximal
function and a Vitali type covering lemma. As a result, the author builds a regularity
and strong solvability theory for the linear oblique derivative problem similar to that
of Calderón and Zygmund for the Dirichlet problem.

In the rest of the book Gary Lieberman exposes the nonlinear theory of the oblique
derivative problems. Chapter 7 provides a brief introduction to viscosity solutions of
fully nonlinear elliptic equations with fully nonlinear oblique boundary conditions

F(x, u, Du, D2u) = 0 in �, b(x, u, Du) = 0 on ∂�. (4)

The machinery here relies on comparison principles for viscosity sub- and superso-
lutions, suitable test functions and the Perron process which lead to existence and
uniqueness results. Although of auxiliary character, the full proof of the deep result
by Aleksandrov that every convex function is twice differentiable almost everywhere,
will be of particular interest for the readers.

Chapter 8 deals with various pointwise bounds (maximum estimates, Harnack
inequalities, Hölder estimates) for solutions of quasilinear oblique derivative prob-
lems

Qu = 0 in �, N u = 0 on ∂�

with a general elliptic operator Qu := ai j (x, u, Du)Di j u + a(x, u, Du) and N u :=
b(x, u, Du),or with a divergence form operatorQu := div A(x, u, Du)+B(x, u, Du)
and a conormal boundary condition N u := A(x, u, Du) · −→γ + ψ(x, u).

Gradient estimates for solutions to general form quasilinear oblique derivative
problems

Qu := ai j (x, u, Du)Di j u + a(x, u, Du) in �, b(x, u, Du) = 0 on ∂�

are derived in Chapter 9 for special type decomposition of the principal coefficients
of the operator Q including both the false mean curvature equation and capillary-type
problems, while Chapter 10 deals with similar estimates for the quasilinear conormal
derivative problem.
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In Chapter 11, the author derives Hölder estimates for the first and second derivatives
of the solutions to quasilinear oblique derivative problems in terms of the maximum
modulus of the gradient. These are further combined with the gradient estimates from
Chapters 9 and 10 to prove a number of existence results through the Leray–Schauder
fixed point principle. Special attention is paid to the particular examples considered in
the previous Chapters, such as the capillary problem, the uniformly elliptic conormal
problem and the false mean curvature problem.

The final Chapter 12 deals with the fully nonlinear oblique derivative problem (4).
The new element here, in comparison with the quasilinear case, is the necessity to
derive Hölder estimates for the second derivatives of the solution. These are obtained
in the both cases of smooth and low regular functions involved, after that the author
proves selected existence theorems.

In conclusion, the book of Gary Lieberman is a comprehensive presentation of the
theory of oblique derivative problems for elliptic equations and, without any doubts,
makes an important contribution to the general theory of boundary value problems for
elliptic PDEs. Although addressed mainly to post-graduate students, it is accessible
and will be useful to a broad spectrum of professional mathematicians working in the
areas of partial differential equations, operator theory, stochastic processes, etc.
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