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Autonomous dynamical systems are systems of differential equations where the right
hand side does not explicitly depend on the independent variable, usually interpreted
as time t . In order to find out the state u(t) of the system at time t with initial condition
u0 at time t0, one may start with the same initial condition at time 0 and calculate
the state u(t − t0) at time (t − t0). To investigate and to understand the dynamical
behaviour of systems of this type, there exist well established methods and successful
concepts, e.g. invariant sets, limit sets and attractors. In the case of nonautonomous
systems all of these methods, concepts and related issues become more complicated
and less research has been carried out. Here, in order to calculate the state u(t) at the
present time t one needs indeed to know the starting time t0, and not only the elapsed
time interval (t − t0). Hans Crauel and Peter E. Kloeden explain in their survey article
“Nonautonomous and random attractors” how the notion and theory of invariant sets,
limit sets and attractors has to be extended to nonautonomous dynamical systems. The
authors explain at the same time how they have developed a closely related theory of
random dynamical systems, which are intrinsically nonautonomous.

Moritz Kassmann gives a brief account of recent developments in the area of
Dirichlet forms and includes some remarks on the book “Semi-Dirichlet forms and
Markov processes” by Yoichi Oshima. Heiko von der Mosel gives an informative
summary of Xavier Tolsa’s recent book on “Analytic capacity, the Cauchy transform,
and non-homogeneous Calderón-Zygmund theory”. The reviewer has a quite pos-
itive opinion of this book. Jean-Claude Yakoubsohn emphasises the dominant role
of “Condition” in numerical analysis and reviews the book of the same title written
by Peter Bürgisser and Felipe Cucker. Their subtitle is “The geometry of numerical
algorithms.”
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Abstract The theories of nonautonomous and random dynamical systems have un-
dergone extensive, often parallel, developments in the past two decades. In particular,
new concepts of nonautonomous and random attractors have been introduced. These
consist of families of sets that are mapped onto each other as time evolves and have
two forms: a forward attractor based on information about the system in the future
and a pullback attractor that uses information about the past of the system. Both re-
duce to the usual attractor consisting of a single set in the autonomous case.

Keywords Skew product flow · 2-parameter semi-group · Pullback attractor ·
Forward attractor · Random dynamical system · Weak attractor · Mean-square
random dynamical system · Mean-field stochastic differential equations
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1 Introduction

Autonomous dynamical systems are now a very well established area of mathemat-
ics. Although nonautonomous systems have been investigated in an ad hoc way for
many years, a mathematical theory of nonautonomous dynamical systems has only
been developed systematically in recent decades. A closely related theory of random
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dynamical systems, which are intrinsically nonautonomous, arose during the same
period with developments in both the deterministic and random cases benefiting in-
teractively from each other.

A characteristic feature of autonomous dynamical systems is their dependence of
the elapsed time t − t0 only and not separately on the current time t and initial time t0,
which means that limiting objects exist all the time and not just in the distant future. In
contrast, nonautonomous systems depend explicitly on both t and t0. Hence they form
2-parameter semi-groups, sometimes called processes, rather than by one-parameter
semi-groups as in the autonomous case. There is also a more abstract formulation of
nonautonomous dynamical systems as skew product flows with a cocycle state space
mapping being driven by an autonomous dynamical system modelling the nonauto-
nomicity. For example, this driving system could be the shift operator on the hull of
an almost periodic function. The base space on which the driving system acts is often
compact, which has many technical advantages and was described by George Sell as
“compactifying time”. Random dynamical systems are a form of skew product flows,
but with the driving system representing the noise acting on the sample space of a
probability space and forming a measure theoretical rather than topological group of
transformations.

A new feature of nonautonomous and random dynamical systems is that invariant
sets are in fact families of sets that are invariant in the sense that they mapped onto
each other as time evolves. A single set as an invariant set as in the autonomous case
would be too restrictive since it would exclude simple but important behaviour. For
example, in the process formulation, a periodic curve can be represented as a family
of singleton sets, each consisting of a point on the curve.

Another important new feature of nonautonomous and random dynamical systems
is that limiting temporal behaviour must now be characterised in two ways. For an
autonomous dynamical system, the elapsed time t − t0 → ∞ if either t → ∞ with t0
fixed or if t0 → −∞ with t fixed. In the nonautonomous case the limits obtained can
be different, if they exist. The former, called forward convergence, involves informa-
tion about the future of the system, whereas the latter, called pullback convergence,
uses information from the past. Note that pullback convergence does not involve the
system’s running backwards in time, rather it runs forwards from an ever earlier start-
ing time. Two types of nonautonomous attractors arise from these convergences, a
forward and a pullback attractor. These consist of families of nonempty compact
subsets that are invariant in the above generalised sense and attract other sets (or even
families of sets) in the corresponding convergence.

We shall review these developments in this paper after first recalling some basic
results about autonomous dynamical systems. Readers are referred to [6] and the
monographs [9, 11, 46] for more information. Many of the results presented here were
developed by members and visitors, including the authors, of the random dynamical
systems group led by Ludwig Arnold at the University of Bremen.

Random attractors were introduced by Crauel, Debussche and Flandoli [13, 16,
19] and also by Schmalfuß [58], who introduced the notion of “backward cocycles”
in order to obtain a criterion for the existence of a sort of forward attractors. Based on
the ideas in [19], deterministic nonautonomous attractors were proposed in [16] and
by Kloeden and Schmalfuß in [49], although it turned out that a related concept had
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been used earlier by Chepyzhov and Vishik [11] in a more restrictive context. The
name “cocycle attractor” used in [49] was later changed to pullback attractor in [33]
to distinguish it from a forward attractor.

It is interesting to note that physicists have a heuristic version of a random attrac-
tor, introduced in 1990, which they call a snapshot attractor, see Romeiras et al. [56].

The concept of “pullback” convergence mentioned above has a long history in
one form or another. It has been used in probability theory to construct invariant
measures, where it is a form of martingale convergence, see e.g. Ledrappier [52,
Lemma 1, pages 64–65]. Khasminskii also used a form of pathwise pullback con-
vergence to construct stationary solutions of stochastic differential equations in his
monograph [32] that first appeared in Russian in 1969. A similar idea was also used
in the 1960s by Krasnosel’skii [51] to establish the existence of bounded bi-infinite
sequences in deterministic systems.

2 Deterministic Dynamical Systems

Deterministic dynamical systems are formulated abstractly in terms of a family of
mappings of the state space X into itself, which is parameterised by a time set. The
state space is typically assumed to be a complete metric space (X,dX) and the time
set is denoted by T with T = Z for discrete time dynamical systems and T = R for
continuous time dynamical systems. For autonomous dynamical systems, the family
of mappings form a group under composition, while for autonomous semi-dynamical
systems, which are defined only forwards in time with the time set T+ = Z

+ or R+, it
forms a semi-group. Nonautonomous and random dynamical systems are somewhat
more complicated.

The proximity of sets and corresponding convergence concepts play an important
role in the theory of dynamical systems. The Hausdorff separation or semi-distance
distX(A,B) of nonempty compact subsets A, B of X is defined as

distX(A,B) = max
a∈A

dist(a,B) = max
a∈A

min
b∈B

d(a, b), (1)

while

HX(A,B) = max
{
distX(A,B),distX(B,A)

}

defines a metric called the Hausdorff metric on the space K (X) of nonempty com-
pact subsets of X. The subscript X above will often be omitted when there is no
confusion about the space X.

These definitions can be extended to the space C (X) of nonempty closed subsets
of X, provided the max and min in (1) are replaced by sup and inf, respectively.

2.1 Autonomous Dynamical Systems

An autonomous difference equation on the state space R
d has the form

xn+1 = f (xn), (2)
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where f : Rd → R
d . Successive iteration of (2) generates the solution mapping π :

Z
+ ×R

d → R
d defined by

xn = π(n, x0) = f n(x0) := f ◦ f ◦ · · · ◦ f
︸ ︷︷ ︸

n times

(x0),

which satisfies the initial condition π(0, x0) = f 0(x0) = x0, where f 0 denotes the
identity mapping, and the semi-group property

π
(
n,π(m,x0)

) = f n
(
π(m,x0)

) = f n ◦ f m(x0) = f n+m(x0) = π(n + m,x0) (3)

for n, m ∈ Z
+ and x0 ∈ R

d . Property (3) says that the solution mapping π forms a
semi-group under composition; it is typically only a semi-group rather than a group
since the mapping f need not be invertible. If the mapping f in the difference equa-
tion (2) is at least continuous, then the mappings π(n, ·) are continuous for every
n ∈ Z

+ and the solution mapping π generates a discrete-time semi-dynamical system
on R

d .
If the mapping f : Rd → R

d in the autonomous difference equation (2) is invert-
ible with inverse f −1, then the solution mapping π can be extended to the time set Z−
by

π(n, x0) = (
f −1)|n|

(x0) := f −1 ◦ f −1 ◦ · · · ◦ f −1
︸ ︷︷ ︸

|n| times

(x0), n ∈ Z
−,

and hence to the entire time set Z. The semi-group property (3) becomes the group
property

π(m + n,x0) = π
(
m,π(n, x0)

)
for all m,n ∈ Z, x0 ∈ X.

If the inverse mapping f −1 : Rd → R
d is also continuous, then π : Z×R

d → R
d is

also continuous in its second variable.
Similarly, under assumptions that ensure the existence and uniqueness of solutions

forwards in time, the solution mapping π of an autonomous ordinary differential
equation (ODE)

ẋ = dx

dt
= f (x), x(0) = x0, (4)

where f : Rd → R
d , defines a continuous-time semi-dynamical system on the state

space R
d . In particular, π : R+ × R

d → R
d satisfies continuous-time analogues of

the properties to those for the difference equation (2) with the semi-group property

π(s + t, x0) = π
(
s,π(t, x0)

)
for all s, t ∈ R

+, x0 ∈ R
d,

which is a direct consequence of the uniqueness of solutions of an initial value prob-
lem, while the continuity of the mapping (t, x0) �→ π(t, x0) follows from continuity
in initial conditions and differentiability, hence continuity, in time of the solutions of
the ODE (4).

These two examples motivate the following abstract definition of an autonomous
(semi-) dynamical system on a state space X with time set T.
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Fig. 1 Semigroup property (ii)
Definition 1 of a discrete-time
semidynamical system
π : Z+ × X → X

Definition 1 A mapping π : T+ × X → X satisfying

(i) π(0, x0) = x0 for all x0 ∈ X,
(ii) π(s + t, x0) = π(s,π(t, x0)) for all s, t ∈ T

+ and x0 ∈ X,
(iii) the mapping (t, x0) �→ π(t, x0) is continuous,

is called an autonomous semi-dynamical system on the state space X with the time
set T. If these properties hold for the time set T instead of just T+, then π is called
an autonomous dynamical system on the state space X with the time set T.

The continuity in (t, x0) in property (iii) for T = Z is interpreted in terms of the
discrete topology on T, in which case (iii) reduces to continuity just in x0. Actu-
ally, the continuity in t is not needed in many proofs and is often omitted from the
definition.

By property (ii), the family of mappings πt (·) := π(t, ·) : X → X, t ∈ T (resp.
t ∈ T

+) is a group (resp., semi-group) under composition.

Example 1 The solution mapping π(t, x0) = x0e−t of the scalar ODE ẋ = −x is
defined for all t ∈ R and thus forms an autonomous dynamical system on the state
space X = R. In contrast, except for those starting at x0 ∈ [−1,1], the solutions

π(t, x0) = x0et

√
1 − x2

0 + x2
0e2t

of the ODE ẋ = x(1 − x2) do not exist for all negative times. Thus the solution
mapping π is defined for all t ∈R

+, but only for negative times in small intervals that
depend on the initial value x0 when x2

0 > 1. Here π generates an autonomous semi-
dynamical system on the state space X = R that is not an autonomous dynamical
system.

An autonomous (semi-) dynamical system need not be generated explicitly by an
autonomous difference or differential equation.

Example 2 Consider the space X = {1, . . . , r}Z of bi-infinite sequences x = {kn}n∈Z
with kn ∈ {1, . . . , r} with respect to the group of shift operators θn := θn for
n ∈ Z, where the mapping θ : X → X is the left shift operator that is defined by
θ({kn}n∈Z) = {kn+1}n∈Z. This forms a discrete time autonomous dynamical system
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on X, which is a compact metric space with the metric

d
(
x,x′) =

∑

n∈Z
2−|n| ∣∣kn − k′

n

∣∣.

2.2 Invariant Sets and Attractors

The dynamical behaviour of an autonomous semi-dynamical system π on a state
space X with time set T is characterised by its invariant sets and what happens in
neighbourhoods of such sets.

For a nonempty subset B of X define π(t,B) = ⋃
x0∈B{π(t, x0)} for t ∈ T

+.

Definition 2 A nonempty subset A of X is called (strictly) invariant under π , or
π -invariant, if

π(t,A) = A for all t ∈ T
+.

The simplest example of an invariant set A is a steady state solution, in which
case A consists of a single point. Note that the union of invariant sets is also an
invariant set. See Fig. 1.

Many invariant sets are the ω-limit set of a point x0 ∈ X. It is defined as

ω+(x0) = {
y ∈ X : ∃tj → ∞, π(tj , x0) → y

}
.

It is nonempty, compact and π -invariant when the forwards trajectory Tr+[x0] :=
{π(t, x0); t ∈ T

+} is a precompact subset of X and the metric space (X,d) is
complete. In addition, the ω-limit sets ω+(x0) of single points are connected for
continuous-time systems which are, in addition, continuous in time, but they need
not be connected for a discrete-time system. Similarly, the ω-limit set of a subset B

of X is defined by

ω+(B) = {
y ∈ X : ∃tj → ∞, bj ∈ B, π(tj , bj ) → y

}
.

Note that, in general,
⋃

x0∈B ω+(x0) 	= ω+(B).
The asymptotic behaviour of a semi-dynamical system is characterised by its ω-

limit sets in general and by its attractors in particular. In defining an attractor it is
necessary to use the limit sets of whole sets of initial points rather than individual
points in order to capture heteroclinic trajectories inside the attractor.

Definition 3 Let π be an autonomous semi-dynamical system on the state space X

with time set T. An attractor of π is a nonempty compact π -invariant set A which
attracts bounded subsets B of X in the sense that

lim
t→∞ distX

(
π(t,B),A

) = 0. (5)

It is called a local attractor if the bounded sets are restricted to some bounded
neighbourhood of A or otherwise the maximal or global attractor when they are un-
restricted. Note that a global attractor, if it exists, must be unique.
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For later comparison note that, in view of the invariance of A, the attraction (5)
can be written equivalently as the forward convergence

distX
(
π(t,B),π(t,A)

) → 0 as t → ∞.

Invariant sets can also have a much more complicated geometry; for example, they
could be fractal sets. The existence and approximate location of a global attractor fol-
lows from that of more easily found absorbing sets, which typically have a convenient
simpler shape such as a ball or ellipsoid.

Definition 4 A nonempty subset B of X is called an absorbing set of an autonomous
semi-dynamical system π on X if for every bounded subset D of X there exists a
TD ∈ T

+ such that π(t,D) ⊂ B for all t ≥ TD in T
+.

Absorbing sets are often called attracting sets when they are also forward or pos-
itively invariant in the sense that π(t,B) ⊆ B holds for all t ∈ T

+. Attractors differ
from attracting sets in that they consist entirely of ω-limit sets of the system and are
thus strictly invariant in the sense of Definition 2.

Theorem 1 Suppose that an autonomous semi-dynamical system π on X has a com-
pact absorbing set B . Then π has a unique global (set) attractor A ⊂ B given by

A =
⋂

s≥0

⋃

t≥s

π(t,B), s, t ∈ T
+,

or more simply by

A =
⋂

t≥0

π(t,B), t ∈ T
+,

when B is positively invariant.

The nonemptiness of A follows from the fact that it is the intersection of nonempty
nested compact sets. This is easily seen when B is positively invariant since π(t,B) ⊂
B , so π(s + t,B) = π(s,π(t,B)) ⊂ π(s,B) for all s, t ∈ T

+.
Similar results hold in infinite dimensional state spaces if the absorbing set is

only closed and bounded provided the mapping π is also assumed to be compact or
asymptotically compact in some sense.

Global attractors are characterised by the bounded entire solutions of an au-
tonomous semi-dynamical system. A mapping φ : T → X is called an entire or com-
plete solution of an autonomous semi-dynamical system π if

φ(t) = π
(
t − s,φ(s)

)
for all t ≥ s, s, t ∈ T.

Let A be the global attractor of an autonomous semi-dynamical system π : then
x0 ∈ A if and only if there exists a bounded entire solution φ of π with φ(t0) = x0

for some t0 ∈ T and φ(t) ∈ A for all t ∈ T.



180 H. Crauel, P.E. Kloeden

A global attractor is, in fact, uniformly Lyapunov asymptotically stable. The
asymptotic stability of attractors and that of attracting sets, in general, can be charac-
terised by Lyapunov functions. Such Lyapunov functions can be used to establish the
existence of an absorbing set and hence that of a nearby global attractor in a perturbed
system, see e.g., [28, 29, 40].

3 Nonautonomous Dynamical Systems

A fundamental difference between nonautonomous and autonomous dynamical sys-
tems is that a nonautonomous system depends on both the actual time t and the start-
ing time t0, and not just on their difference t − t0, the time elapsed since starting, as
in an autonomous dynamical system. This has profound consequences.

There are two different abstract formulations of nonautonomous dynamical sys-
tems. The first is a more direct generalisation of the definition of an abstract au-
tonomous semi-dynamical system. It involves a 2-parameter semi-group and was
called a process by Dafermos [22]. Its properties are based directly on those of the
solution mappings of nonautonomous differential and difference equations. The other
formulation is somewhat more complicated and involves a built-in “driving system”,
which provides a much more specific description of the nonautonomity in the system,
and is called a skew product flow. Later such a driving system will model the noise in
random dynamical systems.

3.1 Processes

Define

T
+≥ = {

(t, t0) ∈ T×T : t ≥ t0
}
.

The definition of a nonautonomous dynamical system on a state space X for a general
time set T as a 2-parameter semi-group or process is given by:

Definition 5 A process is a mapping φ : T+≥ ×X → X with the following properties:

(i) initial condition: φ(t0, t0, x0) = x0 for all x0 ∈ X and t0 ∈ T,
(ii) 2-parameter semi-group property: φ(t2, t0, x0) = φ(t2, t1, φ(t1, t0, x0)) for all

(t1, t0), (t2, t1) ∈ T
+≥ and x0 ∈ X,

(iii) continuity: the mapping (t, t0, x0) �→ φ(t, t0, x0) is continuous.

See Fig. 2. Assuming existence and uniqueness of the solutions for all non-
negative times, the solution x(t) = φ(t; t0, x0) of a nonautonomous ordinary differ-
ential equation (ODE)

dx

dt
= f (t, x), t ∈ R, x ∈ R

d,

with initial value x(t0) = x0 is defined for all x0 ∈ R
d and t ≥ t0 in R. The 2-

parameter semi-group property is an immediate consequence of the existence and
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Fig. 2 Property (ii) Definition 5 of a discrete-time process φ : Z2≥ × X → X

uniqueness of solutions: the solution starting at (t1, x1), where x1 = φ(t1, t0, x0) is
unique, so

φ(t2, t0, x0) = φ(t2, t1, x1) = φ
(
t2, t1, φ(t1, t0, x0)

)
.

An nonautonomous first-order difference equation on R
d has the form

xn+1 = fn(xn),

where the fn : Rd → R
d , n ∈ Z, are continuous mappings, but, in general, they need

not be invertible. Successive iteration from an initial value xn0 = x0 yields the solu-
tion

φ(n,n0, x0) := fn−1 ◦ · · · ◦ fn0(xn0)

for all n > n0 in Z and x0 ∈ R
d , with φ(n0, n0, x0) := x0.

3.2 Skew Product Flows

A skew product flow consist of an autonomous dynamical system (full group) on a
base space P , which is the source of the nonautonomity in a cocycle mapping acting
on a state space X. The autonomous dynamical system is often called the driving
system. Suppose that (P, dP ) and (X,dX) are metric spaces and consider the time
set T. The skew product flow formalism is particularly advantageous when the base
space P is compact.

Definition 6 A skew product flow (θ,ϕ) on P × X consists of an autonomous dy-
namical system θ = {θt }t∈T acting on a metric space (P, dP ), which is called the base
space, i.e.,

(i) θ0(p) = p, (ii) θs+t (p) = θs ◦ θt (p),

(iii) (t,p) �→ θt (p) continuous

for all p ∈ P and s, t ∈ T, and a cocycle mapping ϕ : T+ × P × X → X acting on a
metric space (X,dX), which is called the state space, i.e.,
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(1) initial condition: ϕ(0,p, x) = x for all p ∈ P and x ∈ X,
(2) cocycle property: ϕ(s + t, p, x) = ϕ(s, θt (p),ϕ(t,p, x)) for all s, t ∈ T

+, p ∈ P

and x ∈ X,
(3) continuity: (t,p, x) �→ ϕ(t,p, x) is continuous.

The cocycle property is a generalisation of both the semi-group property and the
2-parameter semi-group property. It essentially keeps track of the current state of the
driving system.

3.2.1 Examples of Skew Product Flows

A process φ : T+≥ × X → X on a state space X with time set T can be formulated as
a skew product flow. Define θt : T → T for each t ∈ T by θt (t0) = t + t0. The {θt }t∈T
form a group under addition on T and an autonomous dynamical system on the base
space P = T. In addition, define

ϕ(t, t0, x0) = φ(t + t0, t0, x0),

where t ∈ T
+ is the time that has elapsed since starting at t0 ∈ T in ϕ, while t + t0

and t0 are absolute times in φ. (Note that φ denotes a process, whereas ϕ denotes the
cocycle mapping of a skew product flow.)

An autonomous triangular system of scalar ODEs

dx

dt
= −x + p,

dp

dt
= p(1 − p),

with the initial values x(0) = x0, p(0) = p0, can be formulated as a skew product
flow. Note that the p-ODE is decoupled from the x-ODE and that its solutions form
an autonomous dynamical system on P = [0,1]. In particular, the solution mapping
defined by θt (p0) = p(t,p0) for t ∈ R forms a group under composition on P =
[0,1]. In addition, define ϕ(t,p0, x0) = x(t,p0, x0). Then ϕ is a cocycle mapping on
the state space X = R. The base space P = [0,1] is compact here.

The driving system of a skew product flow need not be given in terms of an au-
tonomous ODE. Consider the scalar ODE

dx

dt
= −x + cos t. (6)

This is like the previous example, the main difference is that p(t) = cos t here is
not given as the solution of an autonomous ODE. Nevertheless it generates a driving
system as follows. Define θt (cos(·)) := cos(t + ·) for t ∈R, i.e., θt maps the function
cos(·) to the function cos(t + ·) through a phase shift. Then define

P =
⋃

0≤τ≤2π

{
cos(τ + ·)} (7)

as a subset of the function space Cb(R,R) of bounded continuous functions f :R →
R with the uniform norm ‖f − g‖∞ := maxt∈R |f (t) − g(t)|, for f,g ∈ Cb(R,R).
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The set P is not a linear subspace of Cb(R,R), but still dP (f,g) := ‖f − g‖∞,
f,g ∈ P , defines a metric on P . In particular, (P, dP ) is a compact metric space and
θt : P → P is continuous in (P, dP ) for each t ∈ R. This forms the driving system
{θt }t∈R on the base space P . Here p0(·) = cos(τ0 + ·) corresponds to the phase τ0 of
∈ [0,2π] and

(
θt (p0)

)
(·) = θt

(
cos(τ0 + ·)) = cos(τ0 + t + ·).

Then the solution mapping of the ODE

dx

dt
= −x + θt (p0)

with the initial value x(0) = x0 defines a cocycle mapping on the state space X = R.
The set P defined by (7) is called the hull of the function cos(·). (Alternatively, one
could use S

1 as the base space P in this example.)
Finally, consider a nonautonomous difference equation on X = R given by

xn+1 = fjn(xn), n ∈ Z,

where the functions f1, . . ., fN and the jn are the components of a bi-infinite se-
quence s = (. . . , j−1, j0, j1, j2, . . .). Let P = {1, . . . ,N}Z be the totality of all such
bi-infinite sequences. Then

dP

(
s, s′) :=

∞∑

n=−∞
2−|n|∣∣jn − j ′

n

∣∣

defines a metric on P .
Define θn = θn, the n-fold composition of θ when n > 0 and of its inverse θ−1

when n < 0, where θ is the left shift operator on P , i.e., (θs)n = jn+1 for n ∈ Z. Then
{θn}n∈Z is a group under composition on P . As in Example 2, (P, dP ) is a compact
metric space and the θn : P → P are continuous in (P, dP ). The ϕ : Z+ × P → P

defined by

ϕ(n, s, x0) = fjn−1 ◦ · · · ◦ fj0(x0)

for n ≥ 1 is a discrete-time cocycle mapping. It is clear that the mapping x0 �→
ϕ(n, s, x0) is continuous due to the continuity of the composition of continuous func-
tions. One can also show that the mappings s �→ ϕ(n, s, x0) are continuous on P ,
see [46].

3.2.2 Skew Product Flows as Semi-dynamical Autonomous Systems

A skew product flow (θ,ϕ) on P × X is an autonomous semi-dynamical system Π

on the product state space X= P × X, where Π : T+ ×X →X is defined by

Π
(
t, (p0, x0)

) = (
θt (p0), ϕ(t,p0, x0)

)
.
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The initial condition and continuity properties of Π are straightforward. The semi-
group property follows from that of θ and the cocycle property of ϕ:

Π
(
s + t, (p0, x0)

) = (
θs+t (p0), ϕ(s + t, p0, x0)

)

= (
θs ◦ θt (p0), ϕ

(
s, θt (p0), ϕ(t,p0, x0)

))

= Π
(
s,

(
θt (p0), ϕ(t,p0, x0)

)) = Π
(
s,Π

(
t, (p0, x0)

))
.

This representation as an autonomous semi-dynamical system is useful since it pro-
vides insights into how one could define invariant sets and attractors for nonau-
tonomous systems.

4 Invariant Sets and Attractors of Nonautonomous Systems

Let φ be a process on a metric state space (X,dX) with time set T. The analogue
of an invariant set for an autonomous semi-dynamical system is too restrictive for a
process, i.e., a subset A of X such that

φ(t, t0,A) = A for all (t, t0) ∈ T
2≥.

Such a subset contains steady state solutions if there are any, but excludes almost
everything else such as the periodic solution

x̄(t) = 1

2
cos t + 1

2
sin t (8)

of the scalar ODE (6), which has no invariant sets in the above sense.
The next observation gives a hint how to define an invariant set for a nonau-

tonomous process. Consider the autonomous semi-dynamical system Π on X =
T× X, defined in terms of a process φ on X with time set T by

Π
(
τ, (t0, x0)

) = (
τ + t0, φ(τ + t0, t0, x0)

)
.

Let A⊂ X = T× X be an invariant set for Π on X, i.e.,

Π(τ,A) = A, for all τ ∈ T
+.

Then A= ⋃
t∈T{t} × At , where At := {x : (t;x) ∈ A} is a nonempty subset of X for

each t ∈ T and

φ(t, t0,At0) = At for all (t, t0) ∈ T
2≥.

This suggests the following definition of invariant set in the nonautonomous case.

Definition 7 A family A = {At, t ∈ T} of nonempty subsets At of X is called in-
variant with respect to a process φ, or φ-invariant if

φ(t, t0,At0) = At for all (t, t0) ∈ T
2≥.
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Fig. 3 Forward convergence
n → ∞ (discrete time case)

Example 3 The process generated by the ODE (6) has an invariant set A = {At, t ∈
R} with component sets consisting of individual points on the periodic solution x̄(t),
i.e., At = {x̄(t)} for t ∈R.

The periodic solution here is an entire solution of the process, i.e., a mapping
e : T → X such that e(t) = φ(t, t0, e(t0)) for all (t, t0) ∈ T

2≥.
It is clear that an attractor of a process φ on a state space X with the time set T

should be a φ-invariant family A = {At, t ∈ T} of nonempty compact subsets At

of X. There is a problem with convergence. This is apparent from the explicit solu-
tions of the ODE (6)

x(t) =
[
x0 − 1

2
(cos t0 + sin t0)

]
e−(t−t0) + 1

2
(cos t + sin t).

In particular there is no limit as t → ∞ (with t0 fixed), because the non-exponential
term is oscillating in t . On the other hand there is a limit t0 → −∞ with t held fixed,
namely

x̄(t) = 1

2
(cos t + sin t),

which is called the pullback limit. In fact, x̄(t) is the periodic solution (8) of the
ODE (6) and the other solutions also converge to it in the usual forwards sense

∣∣x(t) − x̄(t)
∣∣ =

∣∣∣∣x0 − 1

2
(cos t0 + sin t0)

∣∣∣∣e
−(t−t0) → 0 as t → ∞ with fixed t0.

These considerations have introduced two types of convergence:

(i) Forward convergence with the initial time t0 held fixed (see Fig. 3):

lim
t→∞

∣∣x(t, t0, x0) − x̄(t)
∣∣ = 0

(ii) Pullback convergence with the final time t held fixed (see Fig. 4):

lim
t0→−∞

∣∣x(t, t0, x0) − x̄(t)
∣∣ = 0.

These two convergence concepts are independent.
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Fig. 4 Pullback convergence
n0 → −∞ (discrete time case)

Example 4 The solutions of the scalar nonautonomous ODE ẋ = 2tx converge in the
pullback sense, but not in the forward sense to the zero solution x∗(t) = 0, whereas
for the scalar nonautonomous ODE ẋ = −2tx they converge in the forward sense,
but not in the pullback sense.

4.1 Nonautonomous Attractors: Processes

There are two different types of nonautonomous attractors for processes, one with
pullback convergence and one with forward convergence. Let φ be a process on a
metric state space (X,dX) with time set T.

Definition 8 A φ-invariant family A = {At, t ∈ T} of nonempty compact subsets of
X is called a

(i) forward attractor if it forward attracts all bounded subsets D of X, i.e.,

lim
t→∞ distX

(
φ(t, t0,D),At

) = 0 for every (fixed) t0

(ii) pullback attractor if it pullback attracts all bounded subsets D of X, i.e.,

lim
t0→−∞ distX

(
φ(t, t0,D),At

) = 0 for every (fixed) t.

In general, a forward attractor need not be a pullback attractor, or vice versa, cf. Ex-
ample 4. The family A = {At, t ∈R} of singleton sets At = {x̄(t)}, t ∈R, where x̄(t)

is given by (8), is both a forward and a pullback attractor for the process generated by
the ODE (6), cf. Example 3, but this is a special case. Essentially, pullback attraction
uses information about the system from the past,1 whereas forward attraction uses
information about the future of the system.

The existence of a pullback attractor is ensured analogously to that of an au-
tonomous attractor by the existence of a pullback absorbing set, cf. Theorem 1. For
greater generality, non-uniformities in the dynamics can be handled by using a pull-
back absorbing family of sets instead of a single set. In addition, the bounded set D

in the definition of pullback attraction by a family D = {Dt, t ∈ T} of nonempty

1Perhaps Urzeitattraktor would be an appropriate name for a pullback attractor in German.
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bounded subsets of X and pullback attraction is now written as

lim
t0→−∞ distX

(
φ(t, t0,Dt0),At

) = 0 for every (fixed) t.

Definition 9 A family B = {Bt , t ∈ T} of nonempty compact subsets of X is called
a pullback absorbing family for a process φ on X if for each t ∈ T and every family
D = {Dt, t ∈ T} of nonempty bounded subsets of X there exists a Tt,D ∈ T

+ such
that

φ(t, t0,Dt0) ⊆ Bt for all t0 ≤ t − Tt,D .

Theorem 2 Suppose that a process φ on a complete metric space (X,d) with time
set T has a pullback absorbing family B = {Bt , t ∈ T}. Then φ has a global pullback
attractor A = {At, t ∈ T} with component subsets determined by

At =
⋂

τ≤t

⋃

t0≤τ

φ(t, t0,Bt0) for each t ∈ T. (9)

Moreover, if A is uniformly bounded, i.e., if
⋃

t∈T At is bounded, then A is the
unique pullback attractor with this property.

There are many proofs of Theorem 2 and similar theorems in the literature, start-
ing with [13, 16, 19, 58], see e.g. the monographs [9, 11, 46]. In infinite dimensional
spaces it is often more convenient to establish the existence of an absorbing fam-
ily B of closed and bounded subsets rather than compact subsets. Compactness of
the subsets in (9) is then obtained as a consequence of compactness or asymptotic
compactness of the process φ, see [8, 16, 39].

4.2 Existence of Forward Attractors for Processes

It is frequently repeated in the literature that there is no expression like (9) for a
nonautonomous forward attractor. In fact, the component subsets of a forward attrac-
tor, when it exists, are also given by (9). (Strictly speaking, a forward attractor need
not be unique, the one constructed here is maximal with respect to the positively in-
variant family of sets used in the construction.) The important observation is that the
expression (9) holds inside any positively invariant family of sets [47], regardless of
what is happening outside it. Moreover, a forward attractor is always contained in
such a positively invariant family [43, 44].

The situation is somewhat more complicated due to some peculiarities of forward
attractors compared to pullback attractors, see e.g. [54]. For example, a forward at-
tractor need not be unique: for the process generated by the ODE ẋ = 0 if t ≤ 0 and
ẋ = −x if t > 0, every solution is a forward attractor (consisting of singleton compo-
nent sets). The family Ar of sets Ar(t) = r[−1,1] for t ≤ 0 and Ar(t) = re−t [−1,1]
for t ≥ 0 is also a forward attractor for each r ∈ R

+. In both of these examples, the
component subsets can be determined by the expression (9) for an appropriate posi-
tively invariant family.
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The expression (9) is, however, only a necessary condition for the family of subsets
so defined to be a forward attractor. Consider the process formed by the piecewise
autonomous ODE ẋ = 0 if t ≤ 0 and ẋ = x(1 − x2) if t > 0. The expression (9) gives
subsets A(t) = {0}, which are in fact the component subsets of a pullback attractor,
but not a forward attractor as the forward ω-limit set is [−1,1], see [45]. Conditions
excluding this case are discussed in [43, 44].

4.3 Nonautonomous Attractors: Skew Product Flows

Since a process is a special case of a skew product flow with the left shift operator
defined by θt (t0) = t − t0 on P = T as its driving system the definitions of the pre-
vious subsection can be translated to a skew product flow (θ,ϕ) in an obvious way.
The essential difference is that the state of the driving system is used instead of the
initial time.

Definition 10 A family A = {Ap,p ∈ P } of nonempty subsets Ap of X is called
ϕ-invariant for a skew product flow (θ,ϕ) on P × X with time set T if

ϕ(t,p,Ap) = Aθt (p) for all p ∈ P and t ∈ T
+.

There are counterparts of pullback and forward attractors for skew product flows.

Definition 11 A ϕ-invariant family A = {Ap,p ∈ P } of nonempty compact subsets
of X is called a

(i) forward attractor if it forward attracts all families D = {Dt, t ∈ T} of nonempty
bounded subsets of X, i.e.,

lim
t→∞ distX

(
ϕ(t,p,Dp),Aθt (p)

) = 0 for each p ∈ P.

(ii) pullback attractor if it pullback attracts all bounded subsets D of X, i.e.,

lim
t→∞ distX

(
ϕ
(
t, θ−t (p),Dθ−t (p)

)
,Ap

) = 0 for each p ∈ P.

Note the reformulation of the definition of pullback attraction here. For a process
one starts earlier at time t − τ and finish at the fixed time t , whereas for a skew
product flow the driving system starts at the earlier state θ−t (p) and ends at time t

later at the fixed state θ0(p) = p.
As for a process, the existence of a pullback attractor for skew product flow is

ensured by that of a pullback absorbing family.

Definition 12 A family B = {Bp,p ∈ P } of nonempty compact subsets of X is
called a pullback absorbing family for a skew product flow (θ,ϕ) on P × X if for
each p ∈ P and every family D = {Dt, t ∈ T} of nonempty bounded subsets of X

there exists a Tp,D ∈ T
+ such that

ϕ
(
t, θ−t (p),Dθ−t (p)

) ⊆ Bp for all t ≥ Tp,D .
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Theorem 3 Let (P, dP ) and (X,dX) be complete metric spaces and suppose that
a skew product flow (θ,ϕ) on P × X with the time set T has a pullback absorbing
family B = {Bp,p ∈ P }. Then (θ,ϕ) has a pullback attractor A = {Ap,p ∈ P } with
component subsets determined by

Ap =
⋂

t≤0

⋃

s≥t

ϕ
(
t, θ−t (p),Bθ−t (p)

)
for each p ∈ P.

Moreover, if the components sets of A are uniformly bounded then is the unique
pullback attractor with this property.

Remark 1 Nonautonomous semi-dynamical systems or skew product semi-flows
with a semi-dynamical system as the driving system were investigated in [35], where
the driving system is extended backwards in time to a set-valued dynamical system.
This allows an “accumulative” pullback attraction to be defined corresponding to dif-
ferent “histories”.

4.3.1 Another Kind of Nonautonomous Attractor

A skew product flow (θ,ϕ) on P × X also has a third type of attractor, namely the
autonomous attractor A ⊂ X of the corresponding autonomous semi-dynamical sys-
tem Π on the state space X= P × X, defined by

Π
(
t, (p0, x0)

) = (
θt (p0), ϕ(t,p0, x0)

)
.

As seen above (for processes) A= ⋃
p∈P {p}×Ap , where Ap is a nonempty compact

subset of X for each p ∈ P and

ϕ(t,p,Ap) = Aθtp for all t ∈ T
+,p ∈ P.

The family of sets A = {Ap,p ∈ P } is a pullback attractor for the skew product
flow. In the converse direction, however, if A = {Ap,p ∈ P } is a pullback attractor
for the skew product flow, then A = ⋃

p∈P {p} × Ap need not be an attractor for
the corresponding autonomous semi-dynamical system Π , but it is the maximal Π -
invariant subset in X, see [10, 46].

4.3.2 Pullback Attractor of a Nonautonomous Scalar ODE

It was seen above that the scalar ODE (6), i.e., ẋ = −x + cos t , generates a skew
product flow on the state space X = R with the hull of the functions cos(·) as the
base space P and the left shift operator θt cos(·) = cos(t + ·), t ∈ T.

For p0 ∈ P with p0(·) = cos(·), the ODE has a unique solution x(0) = x0 given
by

ϕ(t,p0, x0) = x0e−t + e−t

∫ t

0
esp0(s) ds.
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On replacing p0(·) by θ−τ (p0(·)) for some τ > 0 this can be rewritten as

x(τ, θ−τp0, x0) = x0e−t + e−t

∫ t

0
esθ−τ

(
p0(s)

)
ds = x0e−t +

∫ 0

−τ

eηp0(η) dη

with the change of variable η = s − τ . Then pullback convergence has a single limit
point

lim
τ→−∞x(t,p0, x0) =

∫ 0

−∞
eηp0(η) dη.

Moreover, any two solutions approach each other forward in time, which means that
the pullback attractor consists of singleton subsets

Ap =
{∫ 0

−∞
eη p(η)dη

}
, p ∈ P.

These are, in fact equivalent, to the pullback attractor component sets

At =
{

1

2
cos t + 1

2
sin t

}
, t ∈R,

of the process representation of the ODE. The pullback attractor is also a forward
attractor here since any two solutions convergence together forward in time.

4.3.3 Pullback Attractor of a Nonautonomous Scalar Difference Equation

The nonautonomous scalar difference equation

xn+1 = axn + bn,

where a ∈ (0,1) and bn ∈ [−B,B], i.e., the bn are uniformly bounded with |bn| ≤ B ,
generates discrete-time skew product flow with the base space P := [−B,B]Z of bi-
infinite sequences b = (. . . , b−2, b−1, b0, b1, b2, . . .) and the left shift operator b′ :=
θb for all n ∈ Z. As in Example 2 the space (P,ρ) is a compact metric space with
the metric

ρ
(
b,b′) :=

∑

n∈Z
2−|n|∣∣bn − b′

n

∣∣.

Since the difference of any two solutions also converge together in the forward sense
the pullback attractor consists of singleton component sets

Ab = {
a(b)

} =
{

0∑

k=−∞
a−1−kbk

}

.

Moreover, it is also forward convergent, hence it is a forward attractor too.
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4.4 Another Kind of Forward Convergence for Pullback Attractors

The skew product formalism often provides more information about the dynamics,
especially when the base space P is compact. Consider a pullback attractor A =
{Ap,p ∈ P } of a skew product flow with a compact base space P and define A(P ) =⋃

p∈P Ap . Then A(P ) forwards attracts the cocycle trajectories. See [46]. This a bit
like the orbital stability of a limit cycle. Chepyzhov and Vishik [11] call A(P ) the
uniform attractor, though it need not be invariant.

Note that A(P ) = [−1,1] for the pullback attractor for the skew product flow
generated by the ODE (6), which is quite coarse in view of the fact that the pullback
attractor consists of singleton sets and is also a forward attractor.

5 Random Dynamical Systems

A random dynamical system (RDS) is essentially a nonautonomous dynamical sys-
tem formulated as a skew product flow with the sample space Ω of a probability
space (Ω,F ,P) rather than a topological space as its base space. The driving sys-
tem θ on Ω is now a measurable2 dynamical system, i.e., with measurability rather
than continuity in the base space variables. As with deterministic nonautonomous
systems both pullback and forward random attractors are considered, but there are
some surprising differences and technical complications since randomness always
allows the possibility of exceptional nullsets. However, attractors of RDS have much
stronger uniqueness properties than those of general nonautonomous systems. Dif-
ferent types of convergence can also be considered. Ludwig Arnold’s monograph [2]
is a definitive reference on RDS. See also his review article [1] in this journal.

Definition 13 Let (Ω,F ,P) be a probability space and let X be a topological space.
A random dynamical system (θ,ϕ) on X consists of an autonomous measurable
and measure-preserving dynamical system θ = {θt }t∈T acting on a probability space
(Ω,F ,P), i.e.

(i) θ0(ω) = ω, (ii) θs+t (ω) = θs ◦ θt (ω),

(iii) (t,ω) �→ θt (ω) measurable

for all ω ∈ Ω and s, t ∈ T, such that θtP = P for every t ∈ T, where θtP denotes the
image measure of P under θt , and a cocycle mapping ϕ : T+ × Ω × X → X, i.e.,

(1) initial condition: ϕ(0,ω, x) = x for all ω ∈ Ω and x ∈ X,
(2) cocycle property: ϕ(s + t,ω, x) = ϕ(s, θt (ω),ϕ(t,ω, x)) for all s, t ∈ T

+, ω ∈ Ω

and x ∈ X,
(3) measurability: (t,ω, x) �→ ϕ(t,ω, x) is measurable,
(4) continuity: x �→ ϕ(t,ω, x) is continuous for all (t,ω) ∈ T× Ω .

2The term metric or metrical is often used in the literature for historical reasons.
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Measurability refers to joint measurability with respect to the Borel σ -algebras
on T or T+ and X, and F . The cocycle property is assumed to hold for all ω ∈ Ω ,
or at least in a subset of probability one. It is usually not too difficult to show that a
“crude” cocycle property holds in specific examples, i.e., where the nullsets depend
on the times s and t , but the verification of the “perfect” cocycle property as in (2) is
a much more delicate issue.

Remark 2 Often joint continuity of (t, x) �→ ϕ(t,ω, x) for every ω is assumed in-
stead of (4). Since the theory of attractors only makes use of continuity in the state
space, not in the time, continuity in the time is not assumed here. Nevertheless many
examples of RDS, in particular those being induced by random or stochastic differ-
ential equations, come with joint continuity in time and space.

For RDS the state space X is usually assumed to be a Polish space, i.e. X is a
separable topological space such that there exists a complete metric on X inducing
the topology.

Remark 3 Most state spaces which are of relevance in applications, in particular Eu-
clidean spaces as well as separable Hilbert and Banach spaces, come equipped with
their canonical metric, which is complete. However, this is not the case, for instance,
for open nonempty subsets of all of these spaces, while nevertheless they are Polish.
Also the set of Borel probability measures on (bounded or even compact subsets of)
Euclidean, Hilbert or Banach spaces do not have a canonical metric for the topology
of weak convergence. For an investigation of random attractors induced by RDS on
the space of probability measures on the state space, equipped with the topology of
weak convergence, see [15]. Furthermore, attractors for continuous dynamical sys-
tems are a concept which is not related to the properties of the metric of the space,
but only to its topology.

In the following the state space X is assumed to be a Polish space. Several asser-
tions are formulated in terms of a metric d on X which is referred to without further
mentioning. This metric will always going to be assumed to be complete, even if
some of the assertions hold also if this is not the case.

The driving system θ on Ω can be considered to be a canonical representation of
the noise. For example, if the RDS is generated by an Itô stochastic differential equa-
tion with an m-dimensional two-sided Wiener process Wt , i.e., defined for t ∈R, then
the probability space can be taken to be the canonical Ω = C0(R,Rm) of continuous
functions ω : R → R

m with ω(0) = 0 and θ defined by the increment shift operators
θt (ω)(·) = ω(t + ·) − ω(t). No topological properties of Ω are used here. See [2] for
more details and examples on RDS.

5.1 Random Attractors

Attractors of RDS have characteristic measurability properties. These are described
using the notion of random sets.
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Definition 14 Let (Ω,F ,P) be a probability space and X a Polish space. A random
set C is a measurable subset of X × Ω with respect to the product σ -algebra of the
Borel σ -algebra of X and F .

The ω-section of a random set C is defined by

C(ω) = {
x : (x,ω) ∈ C

}
, ω ∈ Ω.

In the case that a set C ⊂ X × Ω has closed or compact ω-sections it is a random
set as soon as the mapping ω �→ d(x,C(ω)) is measurable (from Ω to [0,∞)) for
every x ∈ X, see [14, Chap. 2]. Then C will be said to be a closed or a compact,
respectively, random set. An open random set is a set U ⊂ X × Ω such that Uc is a
closed random set. It will be assumed that closed random sets satisfy C(ω) 	= ∅ for
all or at least for P-almost all ω ∈ Ω .

Remark 4 It should be noted that in the literature very often it is tried to define ran-
dom sets by demanding ω �→ d(x,C(ω)) to be measurable for every x ∈ X. Ob-
viously this is satisfied, for instance, by C(ω) = N for all ω, where N is some
non-measurable subset of X, and also by C = (U × F) ∪ (Ū × Fc) for some open
set U ⊂ X and F /∈ F . In both cases ω �→ d(x,C(ω)) is constant, hence measurable,
for every x ∈ X. However, both cases give C ⊂ X × Ω which is not an element of
the product σ -algebra of the Borel σ -algebra of X and F .

Forward and pullback random attractors are defined similarly to their counterparts
for deterministic skew product flows. The probability space (Ω,F ,P) will not al-
ways be stated explicitly.

Definition 15 Let (θ,ϕ) be an RDS on a Polish space X and let B be a family of
random sets. A compact random set A ⊂ X × Ω that is strictly ϕ-invariant, i.e.,

ϕ
(
t,ω,A(ω)

) = A
(
θt (ω)

)
for every t ∈ T

+, P-a.s.,

is called a random pullback attractor for B if it pullback attracts B, i.e. if

lim
t→∞ dist

(
ϕ
(
t, θ−t (ω),B

(
θ−t (ω)

))
,A(ω)

)
= 0 P-a.s., for every B ∈ B,

and a random forward attractor for B if it forward attracts B, i.e. if

lim
t→∞ dist

(
ϕ
(
t,ω,B(ω)

)
,A

(
θt (ω)

)) = 0 P-a.s., for every B ∈ B,

where dist is given by (1) with a complete metric d metrizing the topology of X.

Note that the convergence here is P -almost surely, where the nullset may depend
on the set B ∈ B which is attracted.

Scheutzow [57] has constructed examples of attractors of RDS which are pullback
but not forward, and vice versa, but these are much more difficult to find than in
deterministic nonautonomous systems.
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Definition 16 Let (θ,ϕ) be an RDS on a Polish space X and let B be a family of
random sets. An attracting set for B is a random set K such that

lim
t→∞ dist

(
ϕ
(
t, θ−t (ω),B

(
θ−t (ω)

))
,K(ω)

) = 0 P-a.s.,

for every B ∈ B.
An RDS with a compact attracting set for B is also said to be asymptotically

compact with respect to B, and for B consisting of all compact deterministic sets
just asymptotically compact.

Remark 5 Note that the for a compact random set the property of being attracting for
a family B of random sets does not depend on the choice of the metric d metrizing
the topology of X.

Remark 6 Attracting sets are defined with reference to pullback convergence. While
it would be straightforward to define attracting sets also for forward convergence, it
is not evident how to make use of the corresponding concept, or whether it is useful
at all. Therefore, when dealing with attracting sets no reference to ‘in the pullback
sense’ will be made.

Remark 7 Clearly an absorbing set, defined for RDS in analogy with Definition 12,
is automatically attracting, so existence of an absorbing compact set is a considerably
stronger property than existence of an attracting compact set. While for RDS in Eu-
clidean spaces it does not make a difference—whenever a compact set is attracting,
its closed δ-neighbourhood is both compact and absorbing—this distinction is of con-
siderable relevance for RDS on infinite-dimensional spaces. In order for an absorbing
compact set for bounded sets to exist the system must be eventually compact.

The main result on the existence of random pullback attractors is given by the
following result.

Theorem 4 Suppose that (θ,ϕ) is an RDS on a Polish space X and let B be a family
of random sets such that there exists a compact random set K which is attracting
for B. Then there exists a random pullback attractor A for B.

Furthermore, there exists a unique minimal random pullback attractor AB for B.

A proof when B consists of general deterministic sets is given in [13], where
versions for B consisting of deterministic bounded sets appear in [16, 19]. The ex-
tension of the argument to families of random sets is straightforward. The condition
for the existence of an attractor given in Theorem 4 is necessary and sufficient, since
an attractor for B is obviously a B-attracting set.

Remark 8 The assertion of Theorem 4 does not depend on the choice of a metric
metrizing (the topology of) X, see Remark 5. Existence of an attractor for a family B
of random sets is a purely topological property. But note that in the case where B is
defined in terms of a metric then B changes with the metric. Most evidently this is
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the case for the choice of “all bounded sets” (random or not) for B. For different
choices of the metric the condition of Theorem 4 then have to be verified for different
families B of random sets.

There is no analogous result for the existence of a random forward attractor. How-
ever, θt -invariance of the probability measure P implies

P
{
ω ∈ Ω : dist

(
ϕ
(
t, θ−t (ω),B

(
θ−t (ω)

))
,A(ω)

) ≥ ε
}

= P
{
ω ∈ Ω : dist

(
ϕ
(
t,ω,B(ω)

)
,A

(
θt (ω)

)) ≥ ε
}

for each ε > 0. Since P -almost sure convergence implies convergence in probability,
a random pullback attractor also converges forwards, but only in the weaker sense of
convergence in probability. The same argument gives that a random forward attractor
is also a pullback attractor, but only in probability. See Sect. 5.3 below for more
details.

5.2 The Global Random Pullback Set Attractor

The following result from [12] exhibits the strong uniqueness properties of random
set attractors. It is used thereafter to describe the unique minimal random attrac-
tor AB for a general family B of random sets in more detail.

Theorem 5 Suppose that (θ,ϕ) is an RDS on a Polish space X such that there exists
a compact attracting set for the family of all compact deterministic subsets of X. Then
there exists a random pullback attractor A, and this attractor is unique in the sense
that whenever A′ is a random pullback attractor for every compact deterministic set
then A = A′, P-a.s. Furthermore, every random compact ϕ-invariant set is a subset
of A, P-a.s.

As an immediate corollary one obtains

Corollary 1 If B is an arbitrary collection of random sets with a random pullback
attractor AB , then AB ⊂ A, P-a.s. Furthermore, if B contains every compact de-
terministic set, then AB = A, P-a.s.

The large class of possible random pullback attractors for different families B of
sets which are attracted thus reduces to just one unique attractor. Provided there exists
an attractor A for the compact deterministic sets, then for an arbitrary family B of
random sets there are just three possibilities:

1. There is no random pullback attractor for B.
2. There is a random pullback attractor AB for B, then

(a) either AB is unique, then AB = A (this is the case if B contains every com-
pact deterministic set), or

(b) AB is not unique, then AB ⊂ A, with inequality for some B-attractor.
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Definition 17 Suppose that (ϕ, θ) is an RDS on a Polish space X such that there
exists a compact attracting set for the family of all compact deterministic subsets
of X. Then A is called the global random pullback set attractor or just global random
set attractor or set attractor for short.

The global set attractor for RDS has several properties, which require some addi-
tional notation.

The omega-limit set of a random set B is defined by

ΩB(ω) =
⋂

T ≥0

⋃

t≥T

ϕ
(
t, θ−t (ω),B

(
θ−t (ω)

))
. (10)

It is always a closed set and is also given by

ΩB(ω) =
{
x ∈ X : there exist tn ∈ T, tn → ∞, and bn ∈ B

(
θ−tn (ω)

)
, n ∈N,

such that x = lim
n→∞ϕ

(
tn, θ−tn (ω), bn

)}
.

The omega-limit set ΩB is always forward ϕ-invariant. In general, it may not be
strictly ϕ-invariant. However, if the RDS ϕ has two-sided time, or if B is attracted by
some compact random set, then the omega-limit set of B is strictly ϕ-invariant.

The σ -algebra F− = σ {ϕ(s, θ−t (ω), x) : x ∈ X, 0 ≤ s ≤ t} ⊂ F is called the
past of an RDS (θ,ϕ).

Theorem 6 Suppose that (θ,ϕ) is an RDS on a Polish space X which has a global
random pullback set attractor ω �→ A(ω). Then

(i) A is measurable with respect to the past of ϕ, i.e., ω �→ dX(x,A(ω)) is F−-
measurable for every x ∈ X.

(ii) ΩB(ω) ⊂ A(ω), P-a.s., for every random set B attracted by A. This holds, in
particular, for every compact deterministic set B .

(iii) A(ω) = ⋃
ΩC(ω), where the union is taken over all compact deterministic

C ⊂ X.
(iv) if (θt )t∈T is ergodic then

A(ω) = ΩK(ω) (11)

for every compact deterministic K ⊂ X with P{A(ω) ⊂ K} > 0.
(v) The global random pullback set attractor is connected P-a.s. provided that X

has the additional property that for every compact K ⊂ X there exists a compact
connected C ⊂ X with K ⊂ C.

Theorem 6, which is proved in [12, 13], gives an idea of how to characterise a
minimal attractor for a general class of random sets B. Indeed, from [13] one has

Theorem 7 Suppose that (θ,ϕ) is an RDS on a Polish space X and that B is a
collection of random sets for which there exists a random pullback attractor. Then
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(i) The omega-limit set ΩB of every element B ∈ B is a subset of the attractor.
(ii) The minimal B-attractor is given by

AB(ω) =
⋃

B∈B

ΩB(ω). (12)

Measurability of the global set attractor with respect to the past follows from (11)
together with (10). The omega-limit sets of random sets in general need not be mea-
surable with respect to the past. In fact, unstable random equilibria are in general not
measurable with respect to the past. Such an equilibrium induces an invariant (ran-
dom one point) set, which therefore coincides with its omega-limit set, which is thus
not measurable with respect to the past. It is interesting to observe that (12) holds
as well for larger collections B of random sets, which possibly also contain omega-
limit sets which are not measurable with respect to the past. Nevertheless, (12) still
coincides with the global set attractor, which is measurable with respect to the past.

5.3 Weak Random Attractors

The random pullback and forward attractors considered so far involve pathwise con-
vergence. Random attractors defined with respect to the weaker convergence in prob-
ability were introduced by Gunter Ochs [53].

Definition 18 Suppose that (θ,ϕ) is an RDS on a Polish space X. Let B be a family
of random sets. Then a compact random set A ⊂ X × Ω which is strictly ϕ-invariant
is called a weak random attractor for B if A attracts B weakly, i.e.,

lim
t→∞ dist

(
ϕ
(
t, θ−t (ω)B

(
θ−t (ω)

)
,A(ω)

)) = 0 in probability (13)

for every B ∈ B.

Since the probability P is invariant under θt for every t , the convergence (13) is
equivalent to

lim
t→∞ dist

(
ϕ
(
t,ω,B(ω)

)
,A

(
θt (ω)

)) = 0 in probability.

Hence there is no difference between weak pullback and weak forward attractors.
There is no counterpart of the notion of weak attractor for general deterministic

nonautonomous systems. Scheutzow [57] pointed out that a weak attractor need not
be either a pullback or forward attractor in the stronger sense of almost sure conver-
gence.

The following three theorems, the proofs of which are given in [17], provide a
characterisation of conditions for the existence of pullback and of weak attractors for
bounded and for compact deterministic sets. Throughout (θ,ϕ) is an RDS on a Polish
space X and d is a particular choice of a complete metric inducing the topology
of X. The closed δ-neighbourhood of a subset S ⊂ X is denoted by Sδ = {x ∈ X :
dX(x,S) ≤ δ}.

First suppose that B is the collection of all bounded and closed deterministic
subsets of X, so B obviously depends on the choice of the metric d .
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Theorem 8 The following are equivalent:

1. ϕ has a pullback B-attractor.
2. For every ε > 0 there exists a compact Cε ⊂ X such that

P

{⋃

s≥0

⋂

t≥s

ϕ
(
t, θ−t (ω),B

) ⊂ Cδ
ε

}
≥ 1 − ε

for every δ > 0 and for every B ∈ B.
3. ϕ is asymptotically compact with respect to B.

Theorem 9 The following are equivalent:

1. ϕ has a weak B-attractor.
2. For every ε > 0 there exists a compact Cε ⊂ X such that for every δ > 0 and for

every B ∈ B there is a t0 > 0 such that for every t ≥ t0

P
{
ϕ(t,ω,B) ⊂ Cδ

ε

} ≥ 1 − ε.

3. There exists a compact weakly B-attracting set ω �→ K(ω), i.e., ϕ is weakly
asymptotically compact with respect to B.

Now let K denote the collection of all compact deterministic subsets of X. Con-
cerning the existence of a pullback attractor, Theorem 8 carries over verbatim with K
replacing B, although the proofs are more complicated.

Theorem 10 The following are equivalent:

1. ϕ has a weak K -attractor.
2. For every ε > 0 there exists a compact subset Cε such that for every δ > 0 and

every K ∈ K there is a t0 > 0 such that for all t ≥ t0

P
{
ϕ(t,ω,K) ⊂ Cδ

ε

} ≥ 1 − ε.

3. There exists a compact weakly attracting set ω �→ K(ω) for K (so ϕ is weakly
asymptotically compact).

5.4 Random Morse Decompositions

For deterministic dynamical systems the concept of a splitting of a state space into
attractor-repeller pairs is well known. Consider a two-sided time dynamical system
on a compact state space, for simplicity. The state space might, for instance, have
been obtained as the attractor of a dynamical system defined on a large space, and
one continues investigations by considering the restriction of the dynamical system
to the attractor.

So suppose that ϕ is a two-sided time system on a compact state space X. A lo-
cal attractor A is a compact subset of X, which is strictly invariant in the sense of
Definition 2 and for which there exists a neighbourhood U which is attracted by A.
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One may then construct an associated repeller, and there are, in fact, several ways
to achieve this. One possibility is to take R = {x ∈ X : ω(x) ∩ A = ∅}, where ω(x)

denotes the (deterministic) omega-limit set of x ∈ X, and then to verify that R is
compact, strictly invariant, and that it attracts every x /∈ A backward in time.

As a next step one may then perform the same procedure for the restriction of the
dynamical system to A and to R, respectively, Continuing in this manner this results
in an increasing sequence of local attractors with an associated decreasing sequence
of local repellers, from which a Morse decomposition can be constructed by taking
appropriate intersections.

It should be noted that the sequence of attractors and associated repellers is not
unique in general, and also it does not have to be finite.

This problem has recently also been investigated for RDS. The deterministic ap-
proach sketched above does not work for RDS, however. Still, using a different char-
acterisation of a repeller associated with a random attractor, corresponding results
can be established for RDS, see [4, 18]. It is interesting to note that these results in
general work for weak attractors and repellers only.

6 Mean-Square Random Attractors

Mean-square properties are of traditional interest in engineering and physics, in par-
ticular the mean-square stability of a zero solution of an Itô stochastic differential
equation and the mean-square ultimate boundedness of solutions. In more compli-
cated situations it is often possible to establish ultimate boundedness using Lyapunov
function techniques. Ultimate boundedness is, essentially, equivalent to the existence
of an absorbing set and it is natural to ask if there then exists a random attractor in
the mean-square sense.

Of course, many Itô SDE can also be investigated as pathwise random dynami-
cal systems and have random attractors under pathwise convergence, but this is not
possible for a mean-field SDE, i.e., an SDE with expectations in coefficients such as

dXt = f
(
Xt,EX2

t

)
dt + g

(
Xt,EX2

t

)
dWt

or the more general SDE with non-local sample path dependence that were introduced
in [41].

6.1 Mean-Square Random Dynamical Systems

As before consider the time set T = Z (discrete-time case) or R (continuous-time
case) and recall that T2≥ := {(t, t0) ∈ T

2 : t ≥ t0}.
Let (Ω,F , {Ft }t∈T,P) be a complete filtered probability space satisfying the

usual hypothesis, i.e., {Ft }t∈T is an increasing and right continuous family of σ -sub-
algebras of F that contains all P-null sets. Essentially, Ft represents the information
about the randomness at time t .

Finally, define X := L2(Ω,F ;Rd) and Xt := L2(Ω,Ft ;Rd) for each t ∈ T.
Note that Xt1 ⊂ Xt2 ⊂ X for all (t2, t1) ∈ T

2. These are all Banach spaces with the
norm ‖X‖2 := √

E‖X‖2, where ‖ · ‖ is the Euclidean norm of Rd .
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Definition 19 A mean-square random dynamical system (MS-RDS) φ on the under-
lying space Rd with a probability set-up (Ω,F , {Ft }t∈R,P) is a family of mappings

φ(t, t0, ·) :Xt0 → Xt , (t, t0) ∈ T
2≥,

satisfying

(i) initial value property: φ(t0, t0,X0) = X0 for every X0 ∈Xt0 and t0 ∈ T;
(ii) 2-parameter semigroup property: φ(t2, t0,X0) = φ(t2, t1, φ(t1, t0,X0)) for ev-

ery X0 ∈Xt0 and all (t2, t1), (t1, t0) ∈ T
2≥;

(iii) continuity property: (t, t0,X0) �→ φ(t, t0,X0) is continuous in the space
T

2 ×X.

Note that the continuity property in which random variables from the different
spaces Xt are compared is defined in the larger enclosing Banach space X.

Mean-square random dynamical systems, introduced in [42], are essentially de-
terministic processes (not to be confused with stochastic processes) or 2-parameter
semigroups on the space of mean-square random variables on R

d . The stochasticity
is built into or hidden in the time-dependent state spaces Xt . The definition differs
slightly from that in Definition 5 in the use of time-dependent state spaces Xt .

Many other definitions and results from Sect. 3 carry over to the context of MS-
RDS and will not be repeated here except to note that a family B = {Bt , t ∈ T}
of nonempty subsets of X with Bt ⊂ Xt for each t ∈ T will be called a family of
subsets of {Xt , t ∈ T}. Such a family B is said to be uniformly bounded if there is an
R := RB < ∞ such that for every t ∈ T, the estimate

E‖Xt‖2 ≤ R2 for all Xt ∈ Bt ∈ B.

6.2 Mean-Square Attractors

A mean-square random attractor is just a pullback attractor of a mean-square ran-
dom dynamical system with its components sets taking values in the corresponding
time-indexed state spaces. Mean-square forward random attractors can be defined
similarly.

The proof of the following theorem establishing the existence of a mean-square
random attractor is essentially the same as for Theorem 2 in Sect. 2.1. The only differ-
ence is that the spaces Xt depends on time, but that is more a notational than technical
difference since they are all subspaces of a common space X= L2(Ω,F ;Rd).

Theorem 11 Suppose that a mean-square RDS φ on R
d has a φ-positively invariant

pullback absorbing uniformly bounded family B = {Bt , t ∈ T} of nonempty closed
subsets of {Xt ,∈ T} and that the mappings φ(t, t0, ·) : Xt0 → Xt are pullback com-
pact (respectively, eventually or asymptotically compact) for all (t, t0) ∈ T

2≥.
Then φ has a unique global pullback attractor A = {At, t ∈ T} with its component

sets determined by

At =
⋂

t0≤t

φ(t, t0,Bt0) for each t ∈ T.
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If B is not φ-positively invariant, then

At =
⋂

s≥0

⋃

t0≤t−s

φ(t, t0,Bt0) for each t ∈ T.

An explicit example of a trivial mean-square attractor bifurcating off the zero so-
lution of a two-dimensional mean-field SDE can be found in [25].

Remark 9 The main difficulty in applying this theorem is to show that the process φ is
compact in some sense. This is related to the lack of criteria characterising compact
subsets of the space L2(Ω,F ;Rd) of mean-square of random variables. Sometimes
the special structure of a system allows one to establish the existence of the attractor
in another way.

6.3 Uniformly Strictly Contracting Property

Compactness can be circumvented in establishing the existence of an mean-square
random attractor when the mean-square RDS satisfies a uniform strictly contracting
property. This allows the construction of a Cauchy sequence and completeness, then
ensure the existence of limit points; for a proof see [7, 42].

Let BR be the closed and bounded ball in X about the origin of radius R > 0 in
the mean-square norm.

Definition 20 A mean-square RDS φ is said to satisfy a uniform strictly contracting
property if for each R > 0, there exist constants K , α > 0 such that

E
∥∥φ(t, t0,Xt0) − φ(t, t0, Yt0)

∥∥2 ≤ Ke−α(t−t0) ·E‖Xt0 − Yt0‖2

for all (t, t0) ∈ T
2≥ and Xt0 , Yt0 ∈ BR ∩Xt0 .

This property holds, for example, in mean-square RDS generated by an SDE with
a drift coefficient that satisfies a one-sided dissipative Lipschitz condition as well as
other regularity assumptions.

The uniform strictly contracting property suffices in combination with a pullback
absorbing set to ensure the existence of a mean-square attractor in both the forward
and pullback sense that consists of singleton sets. Instead of compactness the proof
uses completeness of the state space to obtain a limit of the Cauchy sequence of
random variables.

Theorem 12 Suppose that a mean-square RDS φ on R
d is uniformly strictly con-

tracting on a φ-positively invariant pullback absorbing family B = {Bt , t ∈ T} of
nonempty uniformly bounded closed subsets of {Xt , t ∈ T}.

Then the mean-square RDS φ has a unique global forward and pullback attractor
A = {At, t ∈ T} with component sets consisting of singleton sets, i.e., At = {X∗

t } for
each t ∈ T, where {X∗

t , t ∈ T} is a mean-square two-sided stochastic process in R
d .
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Note that the single process constituting the mean-square random attractor here
need not be a stationary process.

As an example consider a scalar mean-field SDE

dXt = −(
Xt + (EXt)

3)dt + dWt . (14)

The “drift” function f (x, y) = −x − y3 satisfies a one-sided dissipative Lipschitz
condition with constant L = 1 in the mean-square sense, i.e.,

E
[
(X − Y)

(
f (X,EX) − f (Y,EY)

)] ≤ −E|X − Y |2 for all X,Y ∈ X,

since

E(X − Y)
(
(EX)3 − (EY)3) = (EX −EY)

(
(EX)3 − (EY)3) ≥ 0

and (a − b)(a3 − b3) ≥ 0 for all a, b ∈ R.
Subtracting integral versions of the mean-field SDE (14) for two solutions Xt and

Yt , then taking expectations gives

E(Xt − Yt ) = E(X0 − Y0) −
∫ t

0

[
E(Xs − Ys) + (EXs)

3 − (EYs)
3]ds.

Since the expectations here are continuous functions of time, the Fundamental Theo-
rem of (deterministic) Calculus says that E(Xt − Yt ) is differentiable, so

d

dt
E(Xt − Yt ) = −E(Xt − Yt ) − (EXt)

3 − (EYt )
3,

from which it follows that

d

dt
E|Xt − Yt |2 = 2E(Xt − Yt )

d

dt
E(Xt − Yt ) ≤ −2E|Xt − Yt |2.

Hence
d

dt
E|Xt − Yt |2 ≤ −2E|Xt − Yt |2

which is integrated to give the mean-square uniform strict contracting property

E|Xt − Yt |2 ≤ −e−2(t−t0)E|X0 − Y0|2.
To show that there is a mean-square pullback aborbing family, subtract an Ornstein-
Uhlenbeck process Ot , i.e., a solution of the linear Itô SDE with the same Wiener
process, from the mean-field SDE (14) in integral form and take expectations to ob-
tain

E(Xt − Ot) = E(X0 − O0) +
∫ t

0

[−E(Xs − Os) − (EXs)
3]ds.

Again by the continuity of the expected values of functions here, the Fundamental
Theorem of Calculus says that E(Xt − Ot) is differentiable, so pathwise

d

dt
E(Xt − Ot) = −E(Xt − Ot) − (EXt)

3,



Nonautonomous and Random Attractors 203

from which it follows that

d

dt
E|Xt − Ot |2 = 2E(Xt − Ot)

(−E(Xt − Ot) − (EXt)
3)

≤ −E|Xt − Ot |2 + (EOt)
6.

Integration yields

E|Xt − Ot |2 ≤ e−(t−t0)E|X0 − O0|2 + e−t

∫ t

t0

es(EOs)
6 ds.

Hence for t0 ≤ T , depending on suitable bounded sets of initial values and the end
time t ,

E|Xt − Ot |2 ≤ R̄t := 1 + e−t

∫ t

−∞
es(EOs)

6 ds.

The balls in Xt centered on Ot of radius Rt thus form a pullback absorbing family.
Theorem 12 then gives the existence a unique global forward and pullback attractor
A = {At, t ∈ R} with component sets consisting of singleton sets At = {X∗

t }, where
{X∗

t , t ∈R} is a mean-square stochastic process.

6.4 Mean-Square Weak Compactness

A closed and bounded subset of the space L2(Ω,F ;Rd) of mean-square of random
variables is compact in the weak topology. Since closedness and boundedness are
easily shown in this space, this suggests using weak compactness instead of norm
mean-square compactness to define a weak mean-square random attractor. Moreover,
since weak compactness is metrisable the above theory of mean-square RDS car-
ries over to this new topology. The main difficulty in applications is to establish the
continuity X0 �→ φ(t, t0,X0) in specific examples. See [42] for such an example.

7 Future Developments and Other Results

The basic theories of nonautonomous and random attractors have now been estab-
lished and open the door to new developments. The internal structure of such attrac-
tors is a very interesting issue and beginning to attract attention. Carvalho et al. [9]
have results on a Morse-Smale like structure of nonautonomous attractors, in partic-
ular for systems that are not just perturbations of autonomous systems with a Morse-
Smale structure. Closely related is the nature of forward attraction in nonautonomous
systems. Rasmussen [54] has investigated Morse decompositions in the deterministic
case.

Bifurcations of nonautonomous and random dynamical systems and their attrac-
tors is still very much undeveloped terrain with specific examples but no general
theory, see e.g. [2, 20, 30, 31, 36, 46, 50, 55].

Estimates of the dimension of nonautonomous and random attractors of infinite
dimensional systems have been extensively investigated in the literature, see e.g.
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[9, 11, 21, 23, 24, 26]. It is interesting to note that in the case of an ergodic base flow
(Ω,F ,P, (θt )) (see Definition 14) dimensions of a random attractor are determin-
istic constants. One phenomenon observed in certain cases is that random attractors
associated with a perturbation of a deterministic system may have a much smaller
dimension than the dimension of the attractor of the perturbed system, see [5, 20].
In fact, the random attractor may consist of one random point, given by a random
variable, while the deterministic system may have a very high-dimensional attrac-
tor. This has connections with the phenomen addressed to as multistability. A better
understanding, possibly even a classification, of random dynamical systems with a
random pullback attractor which is not pathwise forward attracting, and vice versa, is
still an open problem.

Lyapunov functions for pullback attractors have been constructed in [27, 33, 34]
and for random attractors in [3].

The numerical approximation of nonautonomous and random attractors has been
discussed in the literature under strong assumptions, see, e.g., [31, 37, 38, 48, 49]. The
efficient computation of pullback convergence remains a challenging open problem.
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Abstract One aim of this note is to give an overview of
some developments in the area of Dirichlet forms. A sec-
ond aim is to review the new book “Semi-Dirichlet forms
and Markov processes” by Yoichi Oshima. This book was
published by de Gruyter (Berlin) in 2013, but first ver-
sions were written as lecture notes 25 years ago. We first
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In short, the theory of Dirichlet forms is an advancement and an abstraction of po-
tential theory. The theory of Dirichlet forms has created a lot of interesting and
interrelated research since 1970. Dirichlet forms are related to probability theory,
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Riemannian geometry, pseudo-differential operators and mathematical physics. The
strength and the beauty of this theory are that it provides a framework that con-
nects spectral theory, functional analysis and stochastic processes in a natural way.
Given some Hilbert space L2(X,m) of square-integrable functions on some topolog-
ical space X with measure m, a Dirichlet form is a pair (E,F) of a bilinear form
(u, v) �→ E(u, v) for u and v from some domain F ⊂ L2(X,m). The domain F it-
self, historically, is called Dirichlet space. Before discussing further requirements and
examples, let us explain the main characteristics. A Dirichlet form is called symmet-
ric if E(u, v) = E(v,u) for all u,v. Whether X is a locally compact separable metric
space like a subset of Rd or whether X is a more general infinite-dimensional state
space has significant consequences for the whole theory. The book [55] focuses on
lower-bounded semi-Dirichlet forms which are defined on locally compact separable
metric spaces X.

Let us look at examples which are basic and were in the mind of those who
founded the theory of Dirichlet forms. Assume D ⊂ R

d is open. We denote by H 1(D)

the space of all elements u ∈ L2(D) whose distributional derivatives ∇u are elements
of L2(D). H 1(D) is a Banach space with respect to the norm ‖u‖2

H 1(D)
= ‖u‖2

L2(D)
+

‖|∇u|‖2
L2(D)

. H 1
0 (D) denotes the closure of C∞

c (D) with respect to ‖u‖H 1(D). Set

E (1)(u, v) = ∫
D

∇u∇v dλ, F (1) = H 1(D), F (2) = H 1
0 (D), where λ denotes the

Lebesgue measure. Then (E (1),F (1)) and (E (1),F (2)) are symmetric Dirichlet forms
on L2(D,λ). For α ≥ 0 and u,v ∈ F let us denote Eα(u, v) = E(u, v) + α0(u, v)

and Eα(u) = Eα(u,u). The following conditions/properties turn out to be important.
Assume α ≥ 0.

(E .1) Eα(u) ≥ 0 for all u ∈ F .
(E .2) For some K ≥ 1 and for all u,v ∈ F |E(u, v)| ≤ K

√
Eα(u)

√
Eα(v).

(E .3) For all β > α the domain F is a Hilbert space with respect to the scalar product
Eβ(u, v) + Eβ(v,u).

(E .4) For all u ∈ F the function u+ ∧1 belongs to F and E(u+ ∧1, u−u+ ∧1) ≥ 0.

These conditions define what is called a lower-bounded semi-Dirichlet form in
[55, Section 1.1]. It makes sense that the author calls such forms Dirichlet forms
in [55] but it might be confusing for the reader of this review. The by now classical
definition given in [30, 32] requires E to be symmetric, conditions (E .1), (E .3) to
hold with α = 0 and for all u ∈ F the condition E(u+ ∧ 1, u+ ∧ 1) ≤ E(u,u) which
is stronger than (E .4). The notion of a nonsymmetric Dirichlet form is slightly more
tricky. Again, one requires (E .1), (E .3) to hold with α = 0. In this case one observes
that (E .4) is equivalent to E(u + u+ ∧ 1, u − u+ ∧ 1) ≥ 0. A nonsymmetric Dirichlet
form now additionally requires

(E .4′) For all u ∈ F the function u+ ∧ 1 belongs to F and E(u − u+ ∧ 1, u + u+ ∧
1) ≥ 0.

The above examples obviously are very special cases with additional features. First,
they are symmetric forms. Second, we can choose α = 0 and K = 1 by the Cauchy-
Bunyakovsky-Schwarz inequality. (E .4) is called Markov property because it relates
to the Markov property of the related stochastic process. Note that E (i)(u,u+ ∧ 1) ≥
E (i)(u+ ∧ 1) trivially for i = 1,2.
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When relating these Dirichlet forms to extensions of (−�,C∞
c (D)), readers

might find [64] quite informative despite the fact that the author does not hide his
personal view and his preference for another approach.

Let us provide an example which makes use of the flexibility of the above
conditions. Define E (3)(u, v) = E (1)(u, v) + ∑d

i=1

∫
D

bi
∂u
∂xi

v dλ for some functions
b1, . . . , bd : D → R which either have bounded absolute values in D or (for d ≥ 3)
have the property that ‖b‖Ld(D) is finite and div b is bounded from above. Here and
below, we write b for the vector (b1, . . . , bd)T . The assumptions on b are tailored
for conditions (E .1) and (E .2). This time, α ≥ 0 and K ≥ 1 are chosen in depen-
dence of b. Thus the term lower bounded makes sense because of (E .1). The tuple
(E (3),H 1

0 (D)) is a lower bounded semi-Dirichlet form. In general, it is not a nonsym-
metric Dirichlet form in the above sense. Note that our previous examples all were
local forms in the sense that E(u, v) = 0 if u,v ∈ F have disjoint supports. There is a
whole universe of nonlocal symmetric/nonsymmetric Dirichlet/semi-Dirichlet forms.

There is a natural link between closed bilinear forms, semi-groups and resolvent
operators. Assume (E,F) satisfies (E .1)–(E .3). Then there exist strongly continu-
ous semigroups (Tt ), (T̂t ) on L2(X,m) such that ‖Tt‖ ≤ eαt , ‖T̂t‖ ≤ eαt , (Ttf, g) =
(f, T̂t g) and for the resolvents Gβ, Ĝβ given by Gβf = ∫ ∞

0 e−βtTtf dt and anal-
ogously for Ĝβ : Eβ(Gβf,u) = (f,u) = Eβ(u, Ĝβf ) for all f ∈ L2(X,m), u ∈ F .
The term semi-Dirichlet form relates to the fact that, different from (Tt ), the dual
semi-group is not Markov in general.

What we have explained so far, holds true in infinite dimensions, too. This
changes, when it comes to the important concept of regularity. A lower bounded
semi-Dirichlet form (E,F) on L2(X,m) is called regular if Cc(X) ∩ F is (a) dense
in F with respect to the norm induced by E1(·) and (b) dense in Cc(X) with respect
to the supremum norm. The concept of regularity needs to be changed significantly
when working with infinite dimensional state spaces, which we comment on below.
The major achievement of the theory of Dirichlet forms is that there is a correspon-
dence between Hunt processes (= quasi-left strong Markov processes) and regular
Dirichlet forms if X is a locally compact separable metric space. More precisely,
there exists a Hunt process whose resolvent Rαf is a quasi-continuous modifica-
tion Gαf for any f ∈ L∞(X;m) and α > 0. Note that Rαf (x) = ∫

f (y)Rα(x, dy)

where Rα(x,E) = ∫ ∞
0 e−αtpt (x,E)dt and pt is the transition function of the Hunt

process. It is possible to give a complete characterization of all symmetric and non-
symmetric Dirichlet forms satisfying the sector condition in terms of right processes,
see [50].

Given the relation between a given Dirichlet form and the corresponding Hunt
process many properties of the form can be studied by investigating the process and
vice versa. A fundamental result in the theory of regular symmetric Dirichlet forms is
the formula of Beurling-Deny which provides a unique representation. Together with
the results of Le Jan it leads to the following beautiful description which we give in
a simple setting. Assume X = D ⊂ R

d is a domain and (E,C∞
c (D)) is a closable

symmetric bilinear form on L2(D,m) satisfying the Markov property (E .4). Then E
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can be expressed uniquely by

E(u, v) =
d∑

i,j=1

∫

D

∂u

∂xi

∂v

∂xj

νij (dx)

+
∫

D×D

(
u(y) − u(x)

)(
v(y) − v(x)

)
J (dx dy) +

∫

D

u(x)v(x)κ(dx),

where νij , J and k are nondegenerate positive Radon measures satisfying, among
other properties,

∑d
i,j=1 ξiξj νij (K) ≥ 0 and

∫
K×K

|x − y|2J (dx dy) < +∞ for any

compact K ⊂ R
d . From the probabilistic point of view, a major result in the theory

of Dirichlet forms is the Fukushima decomposition of an additive functional into a
martingale additive functional and an additive functional of zero energy. This decom-
position is similar to the semi-martingale decomposition for Markov processes and
leads to results which, in the simplest cases, can be obtained by the Itô formula. We
do not elaborate on this important result here.

The development of Dirichlet forms and corresponding Markov processes on
infinite-dimensional state spaces is motivated by questions arising in quantum field
theory and interacting particle systems. The main mathematical challenge is to find a
substitute for the notion of regular Dirichlet forms. To this end, the notion of quasi-
regularity for Dirichlet forms is introduced. Leaving technicalities aside, a Dirichlet
form is quasi-regular if and only if it is quasi-homeomorphic to a regular Dirichlet
form on a locally compact metric space. It can be shown that a Dirichlet form is
associated with a nice Markov process if and only if it is quasi-regular. The quasi-
homeomorphism allows the results developed for regular Dirichlet forms to be ap-
plied to quasi-regular Dirichlet forms on general infinite-dimensional state spaces.
Note that the term “quasi” relates to exceptional sets which are defined with respect
to capacity. These exceptional sets appear naturally and are abundant in the theory of
Dirichlet forms. One task is to overcome them using regularity theory.

2 A Small and Incomplete Account on the History of Dirichlet Forms

The articles [17, 18, 27] study the domains of Dirichlet forms as Hilbert spaces and
show that the concept of Dirichlet space captures a lot of the classical potential theory.
Usually, these studies are regarded as the birth of the analytic side of Dirichlet form
theory. The correspondence with a strong Markov process is provided in [28]. This
review is not the right place to list all articles that contributed to this theory. We
restrict ourselves to monographs and to those articles which are related to the focus
of [55].

The books [29, 30, 58, 59] lay out the foundations of symmetric Dirichlet forms
and corresponding Markov processes. It is important to note that nonsymmetric forms
and related stochastic calculus were studied already at the very beginning of the the-
ory, e.g. in [8, 9, 21, 22, 24, 42, 46–49, 56, 60, 61]. Note that these works benefit
from the corresponding theory for elliptic differential operators in divergence form
worked out in [62]. A standard reference for nonsymmetric forms is the monograph
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[50] which appeared roughly at the same time as [23] and the first edition of [32]
which is an extension of [30] and nowadays is the main reference for the field. Note
that the main emphasis of [50] is on the development of the theory of Dirichlet forms
on general state spaces. As mentioned above, the motivation to relax the assump-
tions (locally compactness) on the state space is closely connected to mathematical
physics. First studies in this direction include [2, 3]. Since the book under review
does not add results in this direction we do not provide more references on this im-
portant development and refer the interested reader to the discussion in [1, 4, 5, 7,
23, 50, 63, 68]. Note that the exposition in [63] goes beyond the scope of other books
and covers truly nonsymmetric (without sector condition) and rather general time-
dependent Dirichlet forms for infinite-dimensional state spaces.

A second field of current interest which is not touched by the book under consider-
ation is the connection between geometry and Dirichlet forms. Again, we decide not
to list many articles but rather give only a few hints where to find more information.
The proceedings volume [39] might be a good start because it contains several related
articles. On the one hand, Dirichlet forms provide a tool to define a Laplacian on gen-
eral state spaces. On the other hand, they provide a framework for results which are
robust with respect to geometric quantities. The geometric significance of Harnack
inequalities and heat kernel bounds for Dirichlet forms are studied in [20, 65–67], see
also the references therein. In typical situations, the Gaussian short time off-diagonal
behavior of the heat kernel is a function of the intrinsic distance. This holds true for
general strongly local Dirichlet forms [11, 36]. Aronson-type bounds have been stud-
ied in metric measure spaces and on fractals using the theory of Dirichlet forms. The
works [10, 13–16, 33–35, 40, 41, 43, 44] contain several important results. The recent
book [12] is a good source for the relation of functional inequalities and local Dirich-
let forms in a general context. Note that the aforementioned contributions mainly
concentrate on local Dirichlet forms. Similar studies for nonlocal Dirichlet forms and
their relation to geometry seem to be much more subtle. Let us also mention that
Dirichlet forms can be applied to other areas like discrete groups or random media.
Two chapters of [70] address discrete groups and estimates of the decay of convo-
lution powers of probability measures on these groups. For applications to random
media see [45].

Last, let us mention the monograph [25]. It provides a 100-pages summary of the
theory of symmetric regular and quasi-regular Dirichlet forms which can be used
as a first read. Moreover, it treats new developments in more specialized fields, i.e.,
trace processes, boundary theory and reflected Dirichlet spaces for regular symmetric
Dirichlet forms.

As explained above, nonsymmetric Dirichlet forms were studied right on from the
beginning of research activities around Dirichlet forms. The lectures of Y. Oshima
at Friedrich-Alexander-Universität Erlangen-Nürnberg in 1988 and 1994 contributed
significantly to this development. It is not clear to the author of this review when the
notion of a semi-Dirichlet form was used for the first time. Regularity resp. quasi-
regularity of semi-Dirichlet forms are studied in [6, 52]. Several examples of semi-
Dirichlet forms can be found in [31, 57, 69]. Chapter 7 of [19] contains several results
on quasi-regular semi-Dirichlet forms. Recently, the Fukushima decomposition and
the Beurling-Deny formulae have been studied for semi-Dirichlet forms [26, 37, 38,
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51, 53]. See also the very recent survey [54] and which the author is thankful for
having been provided with.

3 Remarks on the New Book by Yoichi Oshima

The new book [55] by Y. Oshima extends the theory of Dirichlet forms on locally
compact separable metric spaces. After having set up the analytic theory of lower
bounded semi-Dirichlet forms in the first two chapters, the relation to Hunt processes
is studied in Chapter 3. Chapters 4 and 5 are devoted to additive functionals and de-
compositions. Thus the book can be viewed as a natural extension of [32]. The book
is carefully written and has got a nice layout. It certainly will serve as a standard ref-
erence for its respective field. Because of the development of the theory of Dirichlet
forms during the past 25 years, it is natural that there are by now other monographs.
The standard reference for symmetric Dirichlet forms on locally compact separable
metric spaces remains [32]. Symmetric Dirichlet forms in a more general framework
are presented nicely also in [25]. If interested in symmetric or nonsymmetric Dirich-
let forms satisfying the sector condition on more general state spaces, then [50] is
the first choice. A special feature of [55] is the treatment of time-dependent Dirich-
let forms in Chapter 6 which is an advancement of parabolic potential theory. These
questions are also covered in [63] and even in much greater generality. However, the
presentation in [55] is easier accessible and sufficient for many purposes. Altogether,
the new book [55] is a welcome addition to the literature. The accuracy of the pre-
sentation and the similarity of the style to the one of [32] will be appealing to many
researchers. As mentioned above, the main source for the book are the lectures by the
author on nonsymmetric Dirichlet forms from 1988 and 1994 in Erlangen. Although
the corresponding lecture notes are not available to the public, they have been circu-
lated with the author’s permission among interested colleagues. In this way, the book
certainly has had an impact on the theory long before its publication.
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What is analytic capacity? What does that have to do with
the classic question, which subset E of the complex plane
C is removable for a bounded analytic function on C\E?
Why is it helpful in view of analytic capacity to de-
velop a Calderón-Zygmund theory for measures that fail
to have the doubling condition? And what is the magical
relation between the boundedness of the Cauchy trans-
form and the purely geometric concept of Menger cur-
vature? These and many other fascinating questions are
treated in the excellent monograph “Analytic capacity,
the Cauchy transform, and non-homogeneous Calderón-
Zygmund theory” by Xavier Tolsa, who is one of the

leading experts in this subarea of harmonic analysis.
After an inspiring introduction Tolsa starts out with basic properties of Ahlfors’s

analytic capacity for compact sets E ⊂ C,

γ (E) := sup
{∣∣f ′(∞)

∣∣ : f :C \ E → C analytic,‖f ‖∞ ≤ 1
}
,

where f ′(∞) := limz→∞ z(f (z) − f (∞)). Ahlfors showed in 1947 that γ (E) = 0
if and only if E is removable for bounded analytic functions f : C \ E → C, that
is, f can be extended onto all of C. This is proved here in Chapter 1 with classic
tools of complex analysis, and later improved using Vitushkin’s localization oper-
ator. But Ahlfors’s result left open the problem of characterizing removable sets in
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terms of their metric or geometric properties. After relating analytic capacity to Haus-
dorff measure Tolsa states at the end of the first chapter David’s solution of 1998 to
the famous Vitushkin conjecture for compact subsets E ⊂ C with one-dimensional
Hausdorff measure H 1(E) < ∞: γ (E) = 0 if and only if E is purely unrectifiable,
that is, if and only if H 1(E ∩ Γ ) = 0 for any rectifiable curve Γ ⊂ C. In contrast to
that, a set E ⊂ C is called (countably) 1-rectifiable if it can be covered—up to a set of
H 1-measure zero—by a countable union of rectifiable curves. David’s proof of the
very deep “only if” part uses sophisticated tools from geometric measure theory and
harmonic analysis. An alternative proof based on a powerful T b-theorem obtained
by Nazarov, Treil, and Volberg in 2002, is presented in Tolsa’s book; the necessary
machinery is developed later in Chapters 5–7, probably the most demanding chapters
of this book.

The second chapter contains the very useful Calderón-Zygmund theory for non-
doubling measures with all the necessary covering lemmas, the various maximal
operators, and some standard estimates for singular integral operators. The actual
Calderón-Zygmund decomposition is applied to prove the weak (1,1)-boundedness
of Calderón-Zygmund operators, and one learns about Cotlar’s inequality for non-
doubling measures proven by Nazarov, Treil, and Volberg in 1998. Here, as in many
other places, Tolsa provides elegant alternative arguments taken from his own origi-
nal papers. Based on a Whitney decomposition of open sets, Tolsa presents a version
of the “good-lambda-method” for non-doubling measures, which is a powerful tool
to prove the Lp-boundedness of singular integral operators.

The Menger curvature c(x, y, z) defined as the inverse of the circumcircle radius
of pairwise disjoint points x, y, z ∈ C is discussed in the third chapter, and after a
few simple estimates and illuminating explicit calculations for three example sets,
Tolsa establishes in an efficient way the magic relation between the Cauchy transform
C(μ)(x) := ∫

(y − x)−1 dμ(y) and (integrated) Menger curvature

c2(μ) :=
∫∫∫

c2(x, y, z) dμ(x)dμ(y)dμ(z)

of a finite Radon measure μ on C with linear growth:

∥∥Cε(μ)
∥∥2

L2(μ)
= 1

6
c2
ε (μ) + O

(
μ(C)

)
,

where the index ε indicates suitable truncations to cut out the singularities on the re-
spective diagonals. This connection, originally discovered by Melnikov and exploited
by Melnikov and Verdera in 1995, is used later in the book several times; here, in the
third chapter, e.g., to present a new proof of the T 1-theorem for the Cauchy singular
operator giving three equivalent conditions for the mapping f 
→ Cμ(f ) := C(f μ) to
be bounded on L2, one of them in terms of Menger curvature on squares. By means
of additional basic estimates for pointwise Menger curvature Tolsa proceeds to prove
the L2-boundedness of the Cauchy transform CH 1

¬
Γ on Lipschitz graphs Γ ⊂ C,

and also on so-called AD-regular curves Γ ⊂ C characterized by the upper Ahlfors
regularity condition

H 1(Γ ∩ Br(x)
) ≤ c0r for all x ∈ C and all r > 0.
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Peter Jones’s famous traveling salesman theorem of 1990 is only mentioned, but
Jones’s β-numbers, as a scale invariant measure on how well one-dimensional sets
can be approximated by straight lines, are discussed in more detail; in particular, how
to bound Menger curvature in terms of β-numbers—again with a tricky but quite ele-
mentary proof. This can be used to sharpen the L2-estimates for the Cauchy transform
on Lipschitz graphs following ideas of Murai (1986).

The fourth chapter is devoted to the detailed study of an alternative notion of
capacity, γ+(E) of compact subsets E ⊂ C, defined as

γ+(E) := sup
{
μ(E) : supp(μ) ⊂ E,

∥∥C(μ)
∥∥

L∞ ≤ 1
}
.

Although this concept appears already in Murai’s book [2] in 1988, it is Tolsa’s great
achievement to turn this capacity into a central and mighty tool in harmonic analysis.
Tolsa could show in 2003 that analytic capacity γ (E) and γ+(E) are, in fact, com-
parable quantities, the proof of which is deferred to Chapter 6, since it uses the deep
T b-theorem of Nazarov, Treil, and Volberg (2002) discussed in detail in Chapter 5.
But already the fourth chapter contains a lot of very nice results. To start with, af-
ter preliminaries about convolutions, Tolsa uses a kind of representation inequality
for Borel sets of Davie and Øksendal (1982) in the rather abstract setting of Radon
measures on Hausdorff spaces, to obtain specifically for Radon measures with linear
growth on C a dual form of the weak (1,1)-inequality for the Cauchy transform. As a
now relatively straightforward application Tolsa proves the Denjoy conjecture saying
that a compact subset of a rectifiable curve in C has positive analytic capacity if and
only if it has positive one-dimensional Hausdorff measure. It also follows quickly
that any set E ⊂ C with H 1(E) < ∞ and γ+(E) = 0 is purely unrectifiable. Of
central importance are several different characterizations of the alternative capacity
γ+(E) in terms of suprema of the total variations of Radon measures under different
constraints on either their truncated Cauchy transforms or their Menger curvatures,
one of which immediately implies the countably semiadditivity of γ+. By means of
Verdera’s potential, the sum of the radial maximal function and pointwise Menger
curvature, even a few more useful characterizations of γ+(E) are established, again
based on elementary estimates for Menger curvature.

Tolsa’s very elegant style throughout the whole book may be exemplarily de-
scribed in his proof of the dual characterization of γ+ as the infimum of total varia-
tions of positive Radon measures whose Verdera potential is pointwise above 1. For
this, Tolsa considers first elementary length measures on coordinate grids of squares,
with internal concentric segments parallel to the coordinate axes, and he proves esti-
mates for their Menger curvature at different points. Then he uses a nice variational
argument to find maximizers of the quotient ‖μ‖2/(‖μ‖+c2(μ)), where ‖μ‖ denotes
the total variation and c2(μ) the (integrated) Menger curvature of a Radon measure
μ supported on a finite collection of such segments. This maximizing measure satis-
fies particularly simple estimates on Menger curvature from above, and on Verdera’s
potential from below, which is proven by an elementary variational inequality. And it
is these estimates that qualify this maximizing measure as a useful comparison mea-
sure to prove the dual characterization. Towards the end of Chapter 4 Tolsa reproves
Denjoy’s conjecture with a better quantitative lower bound on γ+(E) that is derived
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by a clever combination of Frostman’s lemma with Jones’s traveling salesman theo-
rem and the relation between β-numbers and Menger curvature. Computing γ+ for
an explicit Cantor set shows that this lower bound is indeed sharp. The fourth chapter
concludes with a brief discussion on how Verdera’s potential is related to Riesz ca-
pacity which itself turns out to serve as a lower bound for γ+ on compact subsets of
the complex plane.

In Chapter 5 Tolsa gives a fully detailed proof of the deep T b theorem of Nazarov,
Treil, and Volberg, that he needs later to establish the comparability of the two capac-
ities γ and γ+. Although restricted to the Cauchy transform instead of more general
singular integral operators that are treated, e.g., in Volberg’s book [3] of 2003, the
arguments presented here do not build on the relations between the Cauchy trans-
form and Menger curvature and may be adapted to treat the more general case. It
would go way beyond the scope of this review to describe this very deep result and
its long proof, but let me point out that Nazarov, Treil, and Volberg used an ingenious
decomposition of dyadic lattices to bound the so-called Θ-suppressed singular inte-
gral operator (in Tolsa’s case the Θ-suppressed Cauchy transform), where the usual
kernel is regularized by a Lipschitz function in the denominator. For particular such
Lipschitz regularizations bounded from below by the distance to two dyadic lattices,
Tolsa shows in every detail, how to obtain L2-bounds on the Θ-suppressed Cauchy
transform on “good” functions, a notion which in turn is defined by a subtle Mar-
tingale decomposition. This proof alone takes more than 20 pages, and belongs, as
mentioned before, to the most technical parts of the book.

Before proving the comparability of the two capacities γ and γ+ in Chapter 6,
Tolsa points out two immediate consequences. A compact set E ⊂ C is not remov-
able for bounded analytic functions if and only if E supports a non-vanishing Radon
measure with linear growth and finite Menger curvature. Secondly, since γ+ is count-
ably subadditive, so is γ . Tolsa also proves first a weaker version of his comparability
estimate due to David, saying that a compact subset of the complex plane with finite
one-dimensional Hausdorff measure and positive analytic capacity γ must have also
positive capacity γ+. This simpler form (because of finite length of the set E) reveals
clearly how to use the deep Theorem of Nazarov, Treil, and Volberg, and in this sit-
uation, it is indeed easier to verify all assumptions of that theorem by means of the
results of Chapter 4. This model case is accompanied by a very instructive sketch of
proof for Tolsa’s full comparability result, before actually going into all the technical
details needed to verify all assumptions of the T b theorem. Chapter 6 closes with
two nice applications in complex analysis. First he proves a general estimate for the
Cauchy integral,

∣∣∣∣

∫

∂G

f (z) dz

∣∣∣∣ ≤ c(G)‖f ‖∞γ (E)

for bounded and holomorphic functions on (G \ E) ⊂ C, for a compact subset E

of G, under fairly mild conditions on the boundary ∂G, and secondly, he presents
an alternative proof of the L2-boundedness of the Cauchy transform on AD-regular
curves.

The central issue of Chapter 7 is the deep rectifiability theorem of David and Léger
of 1999: An H 1-measurable subset E ⊂ C with H 1(E) < ∞ and with finite Menger
curvature is 1-rectifiable. Before proving this, Tolsa explains why this in connection
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with his comparability result for γ and γ+ implies immediately David’s solution of
the Vitushkin conjecture, that is, why the analytic capacity γ (E) vanishes exactly on
those one-dimensional compact subsets E ⊂ C of finite length that are purely unrec-
tifiable. In addition, since γ+ and hence γ is countably semiadditive David’s result
immediately extends to compact subsets E ⊂ C of only σ -finite length, i.e., to sets
that can be written as a countable union of sets of finite length. What follows now in
Chapter 7 is probably the best presentation of the very technical proof of this deep
theorem, even better in my taste than in Dudziak’s very nice book [1]. The general
strategy of Léger’s proof is to decompose E into its rectifiable and purely unrectifi-
able part, and to show that this unrectifiable part has zero H 1-measure. Assuming to
the contrary positive measure of the purely unrectifiable part, one constructs a Lips-
chitz graph that covers a “good” subset of that part. In order to show that this good
subset actually has positive measure (to obtain the contradiction), one needs to carry
out very intricate estimates on the “bad” subset of the purely unrectifiable part. And
here comes the relation between Menger curvature and β-numbers into effect, since
one restricts to a subset with very small Menger curvature, thus controlling also the β-
numbers which roughly shows that the set in question is fairly well approximated by
lines on different scales. This general strategy sounds appealing, the technical details
comprise a lot of precise and subtle estimates. Tolsa adds at the end of this chapter
three nice applications: a characterization of 1-rectifiable sets in terms of pointwise
Menger curvature, an upper bound on analytic capacity of a Borel subset E ⊂ C in
terms of the H 1-measure of its rectifiable part, and a new characterization of the ana-
lytic capacity for compact subsets E ⊂ C as the supremum of μ(E) over those Radon
measures μ whose Menger curvature is bounded by μ(E) and whose upper density
is bounded by one. For one-dimensional sets that are, in addition, AD-regular, Tolsa
concludes with a rectifiability proof based on Jones’s traveling salesman theorem.

The L2-boundedness of singular integral operators does not necessarily imply the
existence of the pointwise Cauchy principal values—not even almost everywhere, but
for Radon measures μ on C with linear growth and with L2(μ)-boundedness of the
Cauchy transform Cμ, Tolsa proves in Chapter 8 that the Cauchy principal value

p.v. Cμf (x) = lim
ε→0

Cμ,εf (x) = lim
ε→0

∫

|x−y|>ε

f (y)

y − x
dμ(y)

exists for every f ∈ Lp(μ), p ∈ [1,∞) and for μ-a.e. x ∈C. As an immediate conse-
quence of this in combination with the T 1-theorem for the Cauchy transform one can
replace μ by some finite Radon measure with finite Verdera potential almost every-
where. Tolsa establishes first the existence of principal values for μ = H 1 ¬

Γ , where
Γ is a Lipschitz graph, and also for general complex finite measures for H 1-a.e.
point on a rectifiable subset of the complex plane. Then he studies Radon measures on
R

d with growth of degree n and vanishing n-dimensional density a.e., following the
approach of Mattila and Verdera (2009), before proving the main existence result for
principal values. The two ingredients, rectifiable sets and measures of zero density,
appear naturally through a simple decomposition of the support of f μ, where it suf-
fices to work on the dense set of C1-functions f . Here, it is worth mentioning that the
assumed L2-boundedness of the Cauchy transform implies finite Menger curvature
of the subsets where the upper density is positive, so that the David-Léger theorem
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of Chapter 7 can be applied to deduce rectifiability. The second part of Chapter 8 dis-
cusses the converse: when does the existence of the Cauchy principal value imply the
L2-boundedness of the Cauchy transform—at least on a subset of positive measure?
One particular conclusion for one-dimensional subsets E ⊂ C with H 1(E) < ∞
is the equivalence of rectifiability, finite Menger curvature, existence of the Cauchy
principal value of H 1 ¬

E, and the boundedness of the maximal Cauchy transform

C∗
(
H 1 ¬

E
)
(x) = sup

ε>0

∣∣Cεμ(x)
∣∣ = sup

ε>0

∣∣∣∣

∫

|x−y|>ε

1

y − x
dμ(y)

∣∣∣∣

for H 1-a.e. x ∈ E. The main ingredient for this and some related results combining
the maximal Cauchy transform with the radial maximal function, or with the upper
density of a Radon measure, is again the T b-theorem of Nazarov, Treil, and Volberg
of Chapter 5, albeit not in its full generality this time.

In the final Chapter 9, Tolsa continues the Calderón-Zygmund theory for non-
homogeneous spaces by discussing his variant of the space of bounded mean os-
cillation introduced in 2001 that is adapted to non-doubling measures μ on R

d , so
that, e.g., a John-Nirenberg inequality holds, and such that L2(μ)-bounded singu-
lar integral operators are also bounded from L∞(μ) to this new BMO-type space,
denoted by RBMO(μ), which stands for regular bounded mean oscillation. The ad-
ditional regularity requirement distinguishing this new space is some explicit control
of the difference of two “means” fQ and fR for different cubes Q ⊂ R of non-zero
measure, which is, indeed, satisfied for functions f = Tμ(g), if Tμ is an L2(μ)-
bounded singular integral operator and g ∈ L∞(μ). It turns out that RBMO(μ) is
a Banach space (modulo additive constants) containing L∞(μ), and that there are
various characterizations of this new space. The central boundedness of (e.g. L2-
bounded) singular integral operators as mappings from L∞(μ) to RBMO(μ) follows
from a uniform bound on suitable truncations. Three examples of measures on C

with linear growth are studied to get a better feeling for RBMO: if E ⊂ C is AD-
regular, and μ := H 1 ¬

E then RBMO(μ) coincides with the usual BMO-space; if
μ is the planar Lebesgue measure restricted to the unit square then RBMO(μ) turns
out to be L∞(μ) modulo additive constants. And finally, by means of a more com-
plicated measure on C, Tolsa shows that the more traditional weighted BMO-norms
for non-doubling measures heavily depend on the respective weights in this situa-
tion, whereas the RBMO-norm does not. The proof of a version of the classic John-
Nirenberg inequality adapted to RBMO concludes that first part of Chapter 9. In the
second part Tolsa introduces an atomic space as a Hardy space that turns out to be the
predual of RBMO thus completing his BMO-theory for non-doubling measures. The
central boundedness theorem on singular integral operators specifically asserts that
L2-bounded singular integral operators are also bounded from this new Hardy space
into L1, but there is actually a list of three equivalent conditions of that bounded-
ness. By means of an interpolation result (interpolating between “Hardy → L1” and
“L∞ → RBMO”) in combination with the magic relation between the Cauchy trans-
form and Menger curvature from the third chapter, Tolsa presents an alternative proof
of the T 1-theorem for the Cauchy transform. This is complemented by a general T 1-
theorem for Radon measures μ on R

d with growth of degree n and n-dimensional sin-
gular integral operators Tμ, giving equivalent conditions of the L2(μ)-boundedness
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in terms of uniform bounds on the truncated operators in RBMO(μ), and in weighted
BMO-spaces, respectively, together with additional weak bounds.

This is a great book, I studied large portions of it with great benefit and pleasure.
It covers a lot of material in this field—much more than I could mention here—with
illuminating views from different perspectives. The arguments are presented with
just the right amount of details so that the reader can go through the proofs without
consulting the original papers. Most chapters could be read by students with a solid
background in analysis, and certain parts of the book could serve as the basis for
an advanced student seminar on, say, graduate level. Every chapter starts out with a
short introduction so that the stage is set from the outset. In addition, at the beginning
of almost every section Tolsa reminds the reader what is to be done next; whenever
necessary he recalls definitions or central statements from previous chapters. More-
over, every chapter concludes with brief and very informative sections on history and
references, containing additional hints towards generalizations, connections to other
fields, and to open problems. These sections are treasures for experts and non-experts
alike, since it allows you to either dive into some more specific topic, or to veer off to
other related directions with the help of the extensive bibliography, which reflects the
latest state of the art. To summarize, this outstanding book belongs in every mathe-
matical library.
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I remember my first numerical experiments using comput-
ers and the shout of joy after lots of attempts: “it works”.
But disappointment came soon enough due to the incon-
sistency and lack of understanding of the numerical results.
The first reaction was to believe that the computer code con-
tains errors. But with time, coding errors disappear while
numerical instabilities remain. Only theoretical conditions
allow us to understand the mechanism of numerical errors.
It was the book of Gastinel [5] that introduced me to the no-
tion of condition. The terminology of condition number or
conditioning is also used without distinction. Then, I under-
stood that the computer was not the only one responsible for

errors but the problem itself could contain the seeds of numerical disasters. The num-
ber of papers with condition number in the title is very huge and, it is very surprising
that this book published in 2013 is the first book devoted entirely on this subject. It
must be said that this book is a full success since it realizes a synthesis of ideas and
works on the mathematical foundations on conditioning. First of all, I will say that I
enjoyed the general spirit of the book explaining the points of view from which are
discussed various aspects of condition. By the way, I will explain how Smale’s 17th
problem has stimulated research in this area and strengthened connections between
algebraic geometry, integral geometry, probability and numerical analysis.

A problem of numerical analysis is a subset of the product of two sets called the
inputs space and the outputs space. The condition of this problem measures the sensi-
tivity of the output with respect to variations of the input. The problems considered in
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this book come from the resolution of linear systems, polynomial systems and linear
programming.

In the case of the linear systems and/or polynomial systems the set of solutions
appears implicitly under the form F(input,output) = 0 such that the implicit func-
tion theorem applies. Then the condition is defined as the norm of the derivative of
this implicit function. Now comes the beautiful link between this measurement of
the sensibility and the geometry. The geometry is governed by the locus of inputs
where the implicit function does not exist, namely the singular variety. The condi-
tion number theorem, a very deep mathematical result, states that the condition of an
input is the inverse of the distance from this input to the singular variety times the
norm of this input. In the linear case, it is the celebrated Eckart-Young theorem. This
characterization of the condition is the key for the probabilistic analysis that will be
explained below.

For problems coming from linear optimization problems, it is not always possi-
ble to use differential calculus to define a condition concept. Then, it is an idea due
to Renegar [6], to define the condition of an input as inversely proportional to the
distance from this input to the set of ill-posed data.

This approach of condition only depends on the numerical problem and is totally
disconnected from algorithms. But we can say that the numerical analysis of a class
of algorithms computing approximately a solution of a given problem is mainly gov-
erned by the condition of this problem. The consequence for the computations using
the floating point number system is that the loss of precision depends on the log of
the condition. Therefore we need to estimate the size of the condition according to
the size of the input. There are two probabilistic ways to study this issue.

The first probabilistic study is the average analysis which consists of choosing the
input randomly in a certain space according to a certain probability distribution. This
allows to investigate the condition as a random variable. More precisely the deal is
to establish that the probability that the condition is greater than ε−1 is bounded by a
polynomial in the input size and in a power of ε. In this way, we are done since it is
very easy to deduce a bound for the expectation of the log of the condition. Finally
this bound describes how many digits we need in average to perform the computation
with a bounded loss of precision.

The second probabilistic way is the smoothed analysis, a theory born within this
century and due to Spielman and Teng [14]. Concerning the condition, smoothed
analysis consists in realizing the program of the average analysis but with a slight
random perturbation of inputs.

In the case of the condition of a square matrix it is relatively easy to get polynomial
complexity in the both cases of average and smoothed analyses for uniform distribu-
tions. I appreciated the simplicity and the elegance of the exposition of these analyses
in Chapter 2 of this book. These analyses complete those of Azaïs and Wschebor [1]
in the cases of Gaussian and non Gaussian distributions. For polynomial systems the
things are technically much more tedious and the path found is due to Beltrán and
Pardo [2]. To show polynomial complexity in the average analysis, the space of ho-
mogeneous polynomials is endowed with a unitarily invariant inner product (Weyl’s
inner product). The input space is the set product of the homogeneous polynomial
systems and complex projective space. The numerical problem is the solution man-
ifold, i.e., the couples of solutions “(system, zero)”. Moreover there is the singular
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variety characterized by the set of “(system, zero)” where the derivative has not full
rank. This allows to define a notion of normalized condition number and to prove
a geometric condition number theorem which expresses this normalized condition
as the inverse distance to the singular variety. The distance here used is the Fubiny-
Study distance. But to get good results of complexity we need to endow the solution
manifold with a probability distribution that respects the nature of the input “(system,
zero)” as a product of space. More precisely, if one has a probability distribution on
the set of homogeneous systems this induces a probability for the projective space :
this second probability distribution is classically named pushforward density of the
initial one. Moreover, the famous co-area formula furnishes an explicit expression of
the pushforward density. In this way, the solution variety is endowed with a probabil-
ity distribution named standard probability distribution. It is the key for both average
and smoothed analyses.

Now it is time to speak about the numerical algorithms with respect to the condi-
tion number. The problem of polynomial system solving arises in many theories and
applications and, the literature on this subject is very huge. The background of this
problem is the Bézout theorem which states that generically the number of (complex)
zeros of a system of homogeneous polynomials is equal to the product of the degrees
of each polynomial of the system. Classical algorithms to approximate the zeros are
homotopy or path-following method. The goal is to start with a pair (system, zero) and
to follow numerically the solution curve defined by the classical linear homotopy un-
til to get an approximate zero of the system. Moreover the starting system must have
the same number of zeros than the given system. The homotopy curve is numerically
followed by steps based on the projective Newton method. This needs quantitative re-
sults on the local behaviour of the (projective) Newton method in terms of condition.
The size of homotopy steps depends on this analysis. All the program comes from
the five Bézout papers written by Shub and Smale that give a new numerical point
of view to consider the polynomial system solving. But the question of choice of the
starting pair (system, zero) was not solved. In this context, Smale published at the
end of the last century a list of eighteen unsolved mathematical problems. Smale’s
17th problem asks Can a zero of n complex polynomial equations in n unknowns
be found approximately, on the average [for a suitable probability measure on the
space of inputs], in polynomial time with a uniform algorithm? A first partial resolu-
tion of Smale’s 17th problem has been given by Beltrán and Pardo [2]. They provide
a uniform probabilistic algorithm where the crucial point is the random choice of
the pair (system, zero) to start the algorithm. The result is that if this choice is done
according to the standard probability distribution then, this algorithm computes ap-
proximations of zeros for most homogeneous polynomial systems with a complexity
which depends polynomially on the input size.

Thanks to a result due to Shub [12] which states that the number of steps of the
linear homotopy is bounded in terms of the integral of the square of normalized condi-
tion number, Cucker and Bürgisser [3] give a constructive version of the randomized
linear homotopy à la Beltrán-Pardo. Next they perform a smoothed analysis of this
algorithm to prove polynomial complexity in terms of the input size and the inverse
of the random perturbation.

To conclude this review, a few words about the general organization of this book.
The unavoidable condition is presented as the conductor of a symphony in three
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acts Linear Algebra(Adagio), Linear Optimization(Andante) and Polynomial Equa-
tion Solving(Allegro con brio): I suggest to listen to the Mozart symphony 38 which
has the same structure! The book is self contained and easy to read: the technical
background of various topics is introduced progressively. A Crash Course on Prob-
ability appears when necessary and, the links with differential geometry, algebraic
geometry and projective spaces are clearly stated. Moreover, notes referring to each
chapter, in addition to containing further details and more interesting historical refer-
ences, give links between various results which show how old and new problems are
related : for instance the very interesting note of the chapter 21 about the volume of
tubes. The book ends with the statement of eighteen open problems that shows that
Mr. Condition has a bright future ahead of him.
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