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Vorwort
Jahresbericht der Deutschen Mathematiker-Vereinigung, 107. Bd. 2005, Nr. 3

Vorwort

Das Thema dieses Hefts ist die Gruppentheorie.

In einem historischen Aufsatz berichtet P. Roquette iiber die ,,erstaunliche Karriere
von Otto Griin“, der nie ein Universitdtsstudium absolviert, aber dennoch bleibende
Beitridge zur Gruppentheorie geliefert hat. Griin kam tiber das Fermatsche Problem zur
Mathematik und hatte das groBe Gliick, mit H. Hasse einen interessierten und hilfrei-
chen Korrespondenten und spéateren Gespriachspartner zu finden. Vom Fermatschen
Problem verlagerte sich dann das Interesse von Griin zur Gruppentheorie. Mitte der
30er Jahre veroffentlichte er die Sétze, die spater als der ,,erste” und ,,zweite* Griinsche
Satz bekannt wurden und umgehend Eingang in die Lehrbuchliteratur fanden. Ins-
gesamt verdffentliche O. Griin 26 Arbeiten, von denen die meisten der Gruppentheorie
gewidmet sind. P. Roquette hat den Nachlass von Hasse in der Universitédtsbibliothek
in Gottingen gesichtet und stieB dabei auch auf die Korrespondenz zwischen Hasse und
Griin. Dies ist der Ausgangspunkt dieses Aufsatzes.

Einen ganz anderen Aspekt der Gruppentheorie behandelt der Aufsatz von B. Eick.
Sie gibt einen Uberblick iiber ,,Computational Group Theory“. Gerade im Bereich der
endlichen Gruppen haben computergestiitzte Untersuchungen wesentlich zur Weiter-
entwicklung des Gebiets beigetragen. Dies betrifft auch die Konstruktion und Klassifi-
kation der endlichen einfachen Gruppen. So beruhte beispielsweise der erste Existenz-
beweis fiir das Baby Monster u. a. auf Computerberechnungen. Neben innermathemati-
schen Themen diskutiert Frau Eick auch Anwendungen in der Kristallographie und der
Kryptograpie.

Wie immer enthélt auch dieses Heft eine Reihe von aktuellen Buchbesprechungen.

K. Hulek
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Kinder, Dr. Dietrich "Piano" Paul, hat beim leidigen Thema PISA den Stier mutig bei
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groBem Erfolg spielt. Und das merkt man diesem Buch wohltuend an. Der Autor
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Ubersichtsartikel Historische Beitrage Berichte aus der Forschung Buchbesprechungen T

From FLT to Finite Groups
The remarkable career of Otto Griin

Peter Roquette

Abstract

= Mathematics Subject Classification: 01 A 70, 11-03, 20-30
s Keywords and Phrases: Biographies, number theory-historical, group theory-histor-
ical

Every student who starts to learn group theory will soon be confronted with the theo-
rems of Griin. Immediately after their publication in the mid 1930s these theorems
found their way into group theory textbooks, with the comment that those theorems
are of fundamental importance in connection with the classical Sylow theorems. But lit-
tle is known about the mathematician whose name is connected with those theorems. In
the following we shall report about the remarkable mathematical career of Otto Griin
who, as an amateur mathematician without having had the opportunity to attend uni-
versity, published his first paper (out of 26) when he was 46. The results of that first pa-
per belong to the realm of Fermat’s Last Theorem (abbreviated: FLT). Later Griin
switched to group theory.

Eingegangen: 9.3.2005 DMV

" JAHRESBERICHT
Peter Roquette, Mathematisches Institut der Universitdt, Im Neuenheimer DER DMV
Feld 288, D-69120 Heidelberg, Germany, roquette@uni-hd.de © B. G. Teubner 2005
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[ P. Roquette: From FLT to Finite Groups — The remarkable career of Otto Griin

1 Introduction

Students who start to learn the theory of finite groups will soon be confronted with the
theorems of Griin, at least with Griin’s “first” and “second” theorem. These theorems
found their way into group theory textbooks immediately after their publication in the
mid 1930s, with the comment that they are of fundamental importance in connection
with the classical Sylow theorems. But little if anything is known about the mathemati-
cian whose name is connected with those theorems.

Recently, scanning through the legacy of Helmut Hasse which is kept at the Univer-
sity Library in Gottingen, I found 50 letters which were exchanged between Hasse and
Griin, from 1932 to 1972. Hasse is known to have had an extended correspondence,
freely exchanging mathematical information with his colleagues. Thus at first sight, I
was not really surprised to find the name of Otto Griin among Hasse’s many correspon-
dence partners.

But while reading these letters there unfolded to me much more than just mathema-
tical information, namely the remarkable and fascinating story of a mathematician,
quite rare in our time, who was completely self-educated, without having attended uni-
versity, and nevertheless succeeded, starting at age 44, to give important contributions
to mathematics, in particular to group theory.

I am writing this article in order to share this discovery with other interested mathe-
maticians. But I would like to make it clear that it is not meant to be a complete biogra-
phy of Otto Griin. This article comprises mainly what we can conclude from the corre-
spondence files of Hasse and some secondary sources, with emphasis on the genesis of
Griin’s main theorems. Perhaps a more detailed search of other sources could bring to
light more facets of Griin’s personality and work.

Acknowledgement: I had sent a former version of this article to a number of people
who had met Griin and still remember him. I would like to thank all colleagues for their
interest and for their various comments on the work and the personality of Griin. In
particular I would like to thank B. Huppert and W. Gaschiitz for their help concerning
the group theoretic part of Griin’s work. It seems to me that a more detailed survey of
Griin’s role in the development of group theory would be interesting and worthwhile.
Last but not least I would like to thank the referee for several well founded comments.

2 The first letters: FLT (1932)
2.1 Griin and Hasse in 1932

Little is known about the early life of Griin. In his vita which he wrote in 1955 we read:

Ich bin am 26. Juni 1888 zu Berlin geboren, besuchte das Friedrich-Werdersche Gymnasium
zu Berlin, das ich 1908 mit dem Reifezeugnis verlieB. Zunachst widmete ich mich dem Bank-
fach, nahm am ersten Weltkriege teil, ohne Schaden davonzutragen, und war weiterhin kauf-
mannisch tatig.

JB 107. Band (2005), Heft 3 119
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I was born on June 26, 1888 in Berlin. I attended the Friedrichs-Werder Gymnasium in Berlin un-
til 1908. Then I worked in the banking business, participated in the first world war without being
injured, and afterwards continued to work in a commercial job."

It is not known what kind of job this had been. There is some rumor that it had to do
with butcher’s business but we could not find any evidence for this. Griin continued:

Da ich stets lebhaftes Interesse flir mathematische Fragen hatte, beschaftigte ich mich neben-
bei wissenschaftlich und kam auf diese Art zu einem Briefwechsel mit dem berlhmten Alge-
braiker Helmut Hasse . . .

All the time I had strong interest in mathematical problems, and in my spare time I occupied my-
self with scientific problems. In the course of this activity there started an exchange of letters with
the famous algebraist Helmut Hasse. . >

The first letter of Otto Griin to Hasse is dated March 29, 1932, from Berlin. At that time
Griin was (almost) 44 years old.

Helmut Hasse, 10 years younger than Griin, at that time was professor of Mathe-
matics at the University of Marburg (since 1930) as the successor of Kurt Hensel. The
years in the late twenties and early thirties are to be regarded as the most fruitful period
in Hasse’s mathematical life. Hasse had completed the last part of his class field theory
report [Has30a], he had proved (with Richard Brauer and Emmy Noether) the Local-
Global Principle for simple algebras [BHN32], he had determined the structure of cyclic
algebras over a number field [Has32], he had discovered local class field theory
[Has30b], given a new foundation of the theory of complex multiplication [Has26b],
[Has31], and more. In Hasse’s bibliography we have counted more than 50 papers in the
period from 1926 to 1934. In March 1932, when he received Griin’s first letter, he had
just completed his seminal paper dedicated to Emmy Noether on her 50th birthday
[Has33a], where he presented a proof of Artin’s Reciprocity Law in the framework of
simple algebras and at the same time determined the structure of the Brauer group over
a number field. Now he was preparing his lecture course on class field theory which he
was to deliver in the summer semester of 1932, the notes of which [Has33b] would be
distributed widely and would influence the further development of class field theory.
One year later, in March 1933, Hasse would prove the Riemann hypothesis for elliptic
function fields.

It seems remarkable that in the midst of all this activity, Hasse found the time to deal
carefully with the letters of Otto Griin, whom he had never heard of before. Hasse had
the strong viewpoint that every letter from an amateur mathematician represents an
unusual interest in mathematics by the sender and, hence, has to be taken seriously.
And so he did with Griin’s letter, thereby discovering that the sender was not one of the

' Here and in the following we use our own free translation of German text into English.

21 have found the vita which starts with the cited sentences, in the archives of the University of
Wiirzburg where Griin had a teaching assignment (Lehrauftrag) during the years from 1954 to
1963 (see section 7.3 below). It is dated August 2, 1955. I do not know the occasion for which
Griin had presented this to the university. Probably it was connected with his teaching assign-
ment. — I am indebted in particular to Hans-Joachim Vollrath for his help to obtain access to the
Wiirzburg archives.
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P. Roquette: From FLT to Finite Groups — The remarkable career of Otto Grlin

usual Fermatists but, despite his lack of formal mathematical education, was unusually
gifted and had a solid mathematical background.

2.2 Vandiver’s conjecture and more

Griin’s first letter begins as follows:

Sehr geehrter Herr Professor! Ich habe aus Ihren Arbeiten die Takagische Klassenkdrpertheorie
kennengelemnt. Ich glaube nun, auf dieser Grundlage zeigen zu kdnnen, da3 auch im irregulé-
ren Korper k(¢) der ¢-ten Einheitswurzeln der 2-te Faktor der Klassenzahl nie durch £ teilbar sein
kann. Darf ich Ihnen vielleicht hier ganz kurz den Beweis skizzieren, zumal da ich als reiner
Amateurmathematiker denselben doch nicht veroffentlichen wirde.

Dear Herr Professor! From your papers I have learned Takagi’s class field theory. I believe that
on this basis I can show that also in the irregular field Q(C) > of the £-th roots of unity the 2nd fac-
tor of the class number can never be divisible by €. May I sketch briefly the proof since anyhow, as
an amateur mathematician, I am not prepared to publish it . . .

By “class number” Griin means the number of ideal classes of the /-th cyclotomic field
@Q(¢) where ¢ denotes a primitive ¢-th root of unity, ¢ being an odd prime. It is well
known since Kummer [Kum50] that the class number / of Q(¢) has a product decompo-
sition
h= hlhz

where the second factor 4, equals the class number of the maximal real subfield
@Q(C + ¢ ). The first factor 4 is a positive integer, called the “relative class number”.*
The prime 4, or the field Q((), is called “regular” if the class number / is not divisible
by £. One of the monumental achievements of Kummer [Kum50] was the discovery that
FLT holds for a regular prime number ¢, which is to say that the diophantine equation

X+yf+2=0

is not solvable in integers x, y, z # 0.

If 7 is regular then, of course, both factors /; and 4, are not divisible by £. If £ is irre-
gular then it was known to Kummer already that /4, is divisible by ¢, but nothing much
was known about /,. Now Griin claimed that /;, even in the irregular case, is not divisi-
ble by /. This statement is today known as “Vandiver’s conjecture”, and it is considered
quite important with respect to the structure of cyclotomic fields.>

3 Griin writes k(¢) (in conformity with the older notation) where we have written Q(¢) (which is to-
day’s notation). In the interest of the reader we shall freely change notations from the original,
whenever it seems appropriate for better understanding.

4 The terminology “first” and “second” factor of the class number is generally used in the litera-
ture. But Hasse in his book [Has52] says that the inverse enumeration would be more natural: /1,
should be called the “first” and 4, the “second” factor. In later letters (1957/58) Griin uses there-
fore this inverse terminology. Hasse himself in [Has52] writes /2 for 4; and Ay for ;. Ribenboim
[Rib79] writes 4™ for hy.

T am indebted to Franz Lemmermeyer for pointing out to me the paper [Van41] in which Vandi-
ver expresses his “hope” that /, is always prime to £. Ribenboim [Rib79] remarks that Vandiver’s
conjecture is already stated in a letter of Kummer to Kronecker, dated December 28, 1849.
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Thus in effect Griin claimed to have proved Vandiver’s conjecture, although he did
not mention Vandiver in his letter. Most probably he was not aware at that time of Van-
diver’s work.

Hasse replied on April 1, 1932 already, three days after Griin had dispatched his let-
ter. We do not know the text of Hasse’s letter® but from Griin’s answer we can deduce
that Hasse had pointed out the proof to be erroneous. Griin wrote on June 27, 1932:

Gegen lhre Bedenken kann ich nattirlich nichts einwenden; der Beweis ist eben in der vorlie-
genden Form miBgllckt

Of course there cannot be any objection against your doubts. Thus my proof has not been success-
ful in this form.

In fact, Vandiver’s conjecture has not been proved or disproved until today, despite
strong efforts by many mathematicians.’

But Hasse had not been content just to point out the error in Griin’s proof. He had
added some comments for further work. Maybe he also recommended to Griin some of
the relevant literature. For, Griin wrote in his second letter to Hasse (June 27, 1932) the
following:

.. .glaube ich aus lhrem Hinweis eine Folgerung fur die Fermatsche Behauptung ziehen zu
konnen, die ich Ihnen gem mitteilen mochte ... Wenn x! + y¢ + zf = 0 in rationalen Zahlen
x,y,z und etwa x durch ¢ teilbar, yz prim zu ¢ ist, so muB der zweite Faktor der Klassenzahl
durch ¢ teilbarsein . . .

...in view of your comments I believe that I can derive the following result towards Fermat’s Last
Theorem which I would like to communicate to you ... If x* + y* 4+ z' = 0 is solvable in nonzero
rational integers x, y, z and x is divisible by £ while yz is not divisible by ¢ then the second factor of
the class number is divisible by {.

In dealing with the Fermat equation one usually distinguishes two cases: In the “first
case” one assumes that none of x, y, z is divisible by £. In the “second case” one of them,
say Xx, is divisible by £ whereas y, z are not. Thus Griin’s claim says in effect:

If the second class number factor hy is not divisible by ¢ then the Fermat equation is not solvable in
the so-called second case.

And he sketched a proof of this result. But again, there was an error which Hasse
pointed out to him in a letter two days later.

We should keep in mind that Griin had not received any formal mathematical edu-
cation; mathematically he was completely self educated and this was the first occasion
where he could discuss his ideas with a competent mathematician. The subject required
a high level of sophistication, and after all he had no training in presenting mathemati-
cal ideas. Thus the failure of his first attempts to produce a consistent proof is under-

© Quite generally, the letters from Griin to Hasse are preserved in the Hasse legacy, whereas many
of the letters from Hasse to Griin have to be considered as lost. Only in later years, in case the let-
ters were written by typewriter, Hasse used to make a carbon copy for himself and so his letters
are preserved too. But this was not the case for his early letters to Griin which were handwritten.
In most cases however, by interpolating from Griin’s replies we can deduce approximately what
Hasse had written.

7 By now the conjecture has been verified for all odd primes ¢ < 12 - 105 (communication by Franz
Lemmermeyer).
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standable. He was lucky to have found Hasse as his correspondence partner who, it
seems, had recognized the mathematical capacity of the author of those letters.

After some more months, on September 28, 1932 Griin wrote again. He said that he
had indeed observed the difficulty which Hasse had pointed out to him but had erro-
neously assumed that this could be handled by the methods of Kummer. Nevertheless,
he now presented a correction of his result, namely with an additional hypothesis con-
cerning certain divisibility properties of Bernoulli numbers.

The sequence of Bernoulli numbers B, can be defined as the coefficients appearing
in the power series expansion:

X X"
-1 ZB"E'

n>0

These B, are certain rational numbers which are well known to be connected with the
structure of the cyclotomic field Q(¢). Kummer had used the B, to formulate a neces-
sary and sufficient criterion for ¢ to be regular. Namely, the numbers B;, By, ... By 3
should not be divisible by £. % Kummer had also discussed the irregular case to some ex-
tent, and there too he had given sufficient criteria for the validity of FLT.

Now Griin’s additional hypothesis reads as follows:

Es mdgen zwar beliebig viele Bernoullische Zahlen B; mit i < ¢ — 1 durch ¢ in erster Potenz
teilbar sein, jedoch gelte fir keine von ihnen By; = 0 mod ¢3 bei geradem i.

Arbitrary many Bernoulli numbers B; with i < ¢ — 1 may be divisible by ¢, but for none of them
we have By.; = 0 mod 03 with i even.

It was well known, already to Kummer, that this hypothesis implies certain structural
properties of the group of units of Q(¢). Griin showed that it is sufficient (in addition to
the hypothesis that the second class number factor /; is not divisible by ¢) to deduce that
the Fermat equation for exponent £ has no solution in the second case.”

This time Hasse did not find an error in Griin’s proof. But he wanted to be sure that
Griin’s result was new. Perhaps Hasse remembered a paper by Vandiver [Van29] which
in fact contained Griin’s above cited result. But Griin’s computations yielded at the
same time a somewhat more general result than we have cited above, showing the im-
possibility not only for the Fermat equation in the second case, but also for certain
other diophantine equations within the cyclotomic field Q(¢), going beyond Vandiver’s
results. Hence, even if Griin’s result for the Fermat equation was known, perhaps his
more general result was new?

Thus Hasse proposed that Griin should write to Vandiver at the University of Texas
who was considered to be a specialist on those problems. Griin replied that he is afraid
not to know the proper mathematical terminology in English language, and anyhow he
does not know the address of Vandiver. Upon this Hasse himself wrote to Vandiver on
behalf of Griin. Since several years Hasse had exchanged reprints with Vandiver and, as

8 If the index n > 1 is odd then B, = 0. Because of this, the enumeration of the Bernoulli numbers
is sometimes changed, i.e., writing B, instead of B, for n > 1. But we will keep the notation as gi-
ven by the definition above.

? Ribenboim [Rib79] (p.188) says erroneously that Griin’s result refers to the first case.
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can be seen from the correspondence between the two, the latter had visited Hasse at
least twice, once in Halle and another time in Marburg.'°
Vandiver replied in a letter of November 14, 1932:

The two theorems you mention appear to be quite new. The first one seems to be a modification
and extension of the Theorem I of my paper of the year 1929 in the Transactions A. M. S.

Here Vandiver cites his paper [Van29].

This must have been sufficient for Hasse. Perhaps he was aware of the fact that one
year earlier, in 1931, Vandiver had been awarded from the American Mathematical So-
ciety the highly prestigious Cole Prize in number theory for his work on FLT, in parti-
cular for his paper in the Transactions which Vandiver was citing in his letter. If Griin’s
result was an extension of Vandiver’s then certainly, it should be published. Thus Hasse
decided to accept Griin’s manuscript for Crelle’s Journal.

However, in the form as presented so far Griin’s manuscript seemed not publishable.
Hence Hasse would first do what he always used to do as an editor of Crelle’s Journal:
He would study the paper carefully and on that basis give advice to the author to pro-
duce a text which, in his opinion, meets the standards of scientific publication.!' But he
needed some time for this. Griin replied in a letter of December 19, 1932:

Vielen Dank fir Ihr freundliches Schreiben von 12. Ich bin Ihnen sehr verpflichtet, wenn Sie sich
dem Beweis zum Fermatproblem weiter widmen wollen und es ist selbstverstandlich, daB Sie
jede Frist dazu haben.

Thank you very much for your kind letter of 12. I would be very obliged to you if you would con-
tinue to attend to my proof on Fermat’s problem, and it is clear that there will be no time limit for
this.

We should note that just in this period, the last months 1932 and the first months of
1933, Hasse was busy with his attempts to prove the Riemann hypothesis for curves.
We have reported in [Roq04] that in November 1932, when Hasse gave a colloquium
lecture in Hamburg, he had a conversation with Artin who pointed out to him that his
(Hasse’s) research project on diophantine congruences was in fact equivalent to the
proof of the Riemann hypothesis for the curves in question. This comment by Artin had
decidedly changed the viewpoint of Hasse. He went to work intensively on this idea with
the result that already in March, 1933 he arrived at his first proof for elliptic curves. In
view of this we can understand that Hasse in this period tended to postpone, if possible
at all, other obligations including the reading and correcting of Griin’s manuscript. It
was May 1933 until he turned to Griin’s manuscript again.

19 Vandiver too, like Griin, did not have a formal mathematics education. In the biography of Van-
diver (1882-1973) in [Leh74] we read: “This remarkable man ... was self-taught in his youth and
must have had little patience with secondary education since he never graduated from high school.”
However, already with 22 years Vandiver wrote his first mathematical paper whereas Griin was
47 when his first paper appeared.

" Rohrbach [Roh98] reports: “With his [Hasse’s] characteristic conscientiousness, he meticulously
read and checked the manuscripts ... word by word and formula by formula. Thus he very often was
able to give all kinds of suggestions for improvements to the authors, concerning contents as well as
form.” The correspondence Hasse-Griin gives ample witness of this.
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Griin’s paper [Grii34b] appeared in 1934. The date of submission is recorded as
May 17, 1933. His result in the final form reads as follows. As above, ¢ denotes an irre-
gular prime number and ¢ a primitive £-th root of unity. Let kg = Q(¢ + ¢71).

If the second class number factor hy is prime to { and if none of the Bernoulli numbers
By, =0mod £3 (forn=2,4,...,0—3) then the equation

e—-¢NYh +ob+af=0

is not solvable in algebraic integers o, ca, a3 € ko which are prime to ¢, provided m > 3¢ — 1 and
€ is a unit in ky.

This was Griin’s first publication. Compared with the other existing literature on
FLT it cannot be rated as exceptional. Griin followed the known footsteps in the direc-
tion which had been pointed out by Kummer in the mid 19th century and his result was
close to that of Vandiver [Van29]. But we should keep in mind that FLT had not yet
been proved generally at that time. Hence any partial result which points towards the
validity of FLT was welcomed, even if the progress compared with former results
seemed to be small.

However, if we consider that Griin had originally not been aware of Vandiver’s pa-
per and that his result contained Vandiver’s, then we have to rate Griin’s achievement
as extraordinary — in particular if we remember that he had no formal mathematical
training and had reached his high status of expertise through self-education.

3 From FLT to finite groups (1933)

In a letter of December 6, 1932 Griin started to discuss other problems; these belong to
general class field theory and are only indirectly connected with FLT. Here we will not
go into all details but restrict our discussion to the following two topics.

3.1 Divisibility of class numbers:; Part 1

Griin wrote:

... Ilch méchte noch einen Satz beweisen, der vielleicht gelegentlich gebraucht werden kann:
Wenn K den Korper k enthalt und kein Zwischenkorper existiert, der Uber k Abelsch mit der Re-
lativdiskriminante 1 ist, so ist die absolute Klassenzahl von K durch die absolute Klassenzahl
von k teilbar.

... I'would like to prove yet another theorem which may be useful occasionally: If K contains the
field k and there is no proper intermediate field which is abelian over k and of relative discriminant
1 then the class number of K is divisible by the class number of k.

This is quite interesting. We know that five years earlier Artin had observed the same
fact, and he had found it worthwhile to communicate it to Hasse. Let us cite from Ar-
tin’s letter of July 26, 1927:

Nun etwas anderes, das mir groBen Spal bereitet hat und das ich gestern im Heckeseminar
erzahlte. Das Resultat scheint, so trivial der Beweis ist, neu zu sein. Eine ganz kindische Vermu-
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tung jedes Anfangers ist doch diese: Ist k Unterkdrper von K, so ist die Klassenzahl von k ein
Teiler der Klassenzahl von K. Ich méchte zeigen, daB dies “fast” immer richtig ist, mehr noch:
Satz: Enthélt K/k ... keinen in bezug auf & Abelschen und gleichzeitig unverzweigten
Zwischenkorper, so besitzt die Gruppe der absoluten Idealklassen von K eine Faktorgruppe
isomorph mit der Gruppe der absoluten Idealklassen in .

Now something else which I had talked about yesterday in Hecke’s seminar with great fun. The re-
sult seems to be new in spite of the simplicity of proof. A very childish expectation of every begin-
ner is the following: If k is a subfield of K then the class number of k divides the class number of
K. Now I show that this is true “almost always”, and even more:

Theorem: If K |k . .. does not contain any intermediate field which is abelian and at the same time
unramified then the class group of K admits a factor group isomorphic to the class group of k.

Artin proceeds in his letter to describe a proof which, as he had said, is quite simple.
After checking we found that Griin’s proof was the same as Artin’s. The essential fact
to be used in the proof is that, under the hypothesis of the theorem, the absolute class
field of k is linearly disjoint to K. It seems that Hasse in his reply to Griin had men-
tioned Artin, for Griin wrote in his next letter (December 19, 1932) that he did not wish
to claim priority.'?

Thus again, on his way teaching himself algebraic number theory, Griin had found
for himself a theorem which was familiar to the specialists, this time Artin. Note that
Artin had never published his proof.

But there had been a recent publication by Chevalley [Che31] containing the same
theorem. Certainly Hasse, who at that time was in close contact with Chevalley, knew
about Chevalley’s paper, and perhaps he had pointed out that paper to Griin after re-
ceiving Griin’s letter. At first sight Chevalley’s proof looks somewhat different than that
of Artin-Griin but at closer inspection we find that it is essentially the same'®. Chevalley
mentions that the same result would be contained in a forthcoming paper by Herbrand
which we have found to be Théoréme 2 in [Her32]; there Herbrand used it for a new
foundation of Kummer’s theory of ideal classes in cyclotomic fields. After checking we
found that again, Herbrand’s proof'is the same as Artin’s and Griin’s.

From all we know about Griin we have no doubt that he had found his proof inde-
pendently, i.e., independent not only of Artin but also of Chevalley and of Herbrand.
Griin in his letter cites Hilbert who in his Zahlbericht [Hil97] § 117, page 378 '* mentions
that Kummer had stated the above theorem for the subfields K of @(¢) but that Kum-
mer’s proof was incorrect.'> Of course, Kummer’s theorem is an immediate conse-
quence of the general theorem of Artin-Griin since Q(() is purely ramified.

12 “lch wollte den Satz nicht als mein geistiges Eigentum angesehen wissen.”

13 The difference between Chevalley’s and Artin’s arguments can be described as follows: Let k' be
the absolute class field of k. Artin uses only the fact that &’ is abelian and unramified over k, and
that these properties are preserved after extending the base field from k to K — which directly im-
plies the result. Chevalley uses the Verschiebungssatz (shift theorem) of class field theory in order
to describe Kk’ explicitly as class field over K. Thus he uses more machinery from class field the-
ory than Artin-Griin. However, if one comes to think of it, the proof of the Verschiebungssatz in
this special case reduces to the argument of Artin-Griin and so, in this sense, we may regard both
proofs as essentially the same.

'* The page number refers to the original Zahlbericht whereas its copy in the “Collected Papers” of
Hilbert has different pagination.
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But in Kummer’s case, i.e., for subfields of @(¢) where ( is a prime power root of
unity, the theorem had been proved much earlier by Furtwingler [Fur08]. Although in
1908 class field theory was not yet completed by the theorems of Takagi and Artin, en-
ough was known to prove the divisibility of class numbers which Kummer had conjec-
tured. It seems that neither Artin nor Griin had been aware of Furtwingler’s proof. But
Hasse did know it, for in Hasse’s diary we have found an entry dated October 10, 1925
with the title: The ideal class groups of relatively abelian fields. ( Generalization of a theo-
rem of Furtwiingler.)'® There, Hasse proved the Artin-Griin theorem in the special case
when K|k is abelian. Thereby he regards K as class field over &, thus he used still more
machinery from class field theory. As it turned out in the proof of Artin-Griin, this is
not necessary. Here again, as it is the case so often in Mathematics, the generalization
(omitting the assumption that K |k is abelian) leads to a simplified proof.'’

3.2 Divisibility of class numbers: Part 2

In his next letter of December 19, 1932 Griin mentions another problem concerning
class numbers. While his above mentioned result yields a lower bound of the class num-
ber /1 of K (it is divisible by the class number of a subfield under certain conditions), he
now claimed to have an upper bound for / (under certain conditions it divides the class
number of a subfield times a certain factor dependent on the structure of the Galois
group). This time, however, he is not sure that his arguments are correct, and so he
writes:

Aber ich gestehe lhnen, verehrter Herr Professor: Ich traue meinen eigenen Ergebnissen nicht;
die Satze sind mir zu Uberraschend. Ich kann aber, soviel ich mich auch bemiihe, den Fehler
nicht finden. Und deshalb bitte ich Sie, mir zu sagen, ob und wo in meiner Rechnung ein Fehler
steckt.

But I admit, dear Herr Professor, that I do not trust my own results: the theorems are very sur-
prising to me. However I cannot find the error although I have tried to. Therefore I am asking you
to tell me whether and where there is an error in my computations.

The situation is the following: K|k is a Galois extension of number fields'®. Let K’
be the maximal subextension which is abelian over k. Griin proved:

Suppose that the class group of K is cyclic. Then the class number h of K divides the product of
the class number I of K' with the relative degree [K : K'].

Actually Griin wrote that he assumed the cyclicity of the class group of K “for simpli-
city only”, and claimed that his proof could be extended to cover the case of an arbi-

15 The same reference to Hilbert’s Zahlbericht we have found in Artin’s letter to Hasse, cited
above.

16 At the end of this entry Hasse later had added a reference to Artin’s letter of July 26, 1927 which
we have cited above.

'7 By the way, the Artin-Griin theorem with the same proof appears in [ACH65]. There, Hasse cites
the letter of Artin and also his own diary entry of October 10, 1925.

'® Griin considered only the case k = @.
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trary class group. However that is not the case. Hasse pointed out this fact to Griin, and
we shall see below that this led to remarkable consequences.

In the case of a cyclic class group of K, Griin’s proof turned out to be correct. But it
seems that Hasse was not sure whether this result was known already, since he proposed
to put this theorem as a problem in the Jahresbericht of the DMV. ' At that time, the
Jahresbericht provided a section where any member could state a problem, and the in-
coming solutions were published in the next issue. Quite often such problems were
posed even if the author had already obtained a solution, but he wished to find out
whether a solution, possibly simpler, was known already.

Griin consented and Hasse submitted the theorem (for cyclic class group of K) un-
der the name of Griin as a problem, which appeared as no. 153 in vol. 43 (1934) of the
Jahresbericht. Promptly there were two solutions received, published in volume 44, one
of L.Holzer and the other of A.Scholz, both being renowned number theorists. It
turned out that both solutions were essentially the same as Griin’s original proof in the
letter to Hasse, and were independent of class field theory.

The proof is short and straightforward: One has to use the fact that the automorph-
ism group of a cyclic group is abelian and, hence, the commutator group G’ of the Ga-
lois group G of K|k acts trivially on the ideal class group of K. Consequently, if ¢ is any
divisor class of K then the norm N,z (c) equals KKl and therefore, since N xir(c)isa
divisor class of K’, we have that /&K' is the principal class. Hence the exponent of the
class group of K divides [K : K']/'. Since the class group of K is assumed to be cyclic the
contention follows.?°

But the result seems to be quite special because of the assumption that the class
group of K is cyclic. Therefore Hasse proposed to Griin to investigate the general case,
with class group of arbitrary structure. Clearly, whenever a subgroup G, of G can be
found which acts trivially on the class group of K then a similar argument can be ap-
plied to obtain an upper bound for the exponent of the class group of K (not necessarily
for the class number # itself), with K’ being replaced by the fixed field K of Gj.

3.3 Representations over finite fields

On April 19, 1933 Griin answered that his attempts to deal with non-cyclic class groups
had not been successful. However after some time, on December 5, 1933 he wrote:

Nach langer Zeit kann ich lhnen heute wieder etwas berichten. Ich habe mich mit grup-
pentheoretischen Untersuchungen beschaéftigt . . . Ich knldpfe an an meine Aufgabe No.153 im
Jahresbericht. Als ich lhnen damals das Resultat mitteilte, stellten Sie die Frage: “Wie lautet
das genaue Analogon fur allgemeine Abelsche Klassengruppen?” Um dieses Problem han-
delt es sich hauptsachlich.

After along time I am able again to report something to you. I have been busy with group theoreti-
cal questions . .. I refer to my problem no. 153 in the Jahresbericht. When I had reported to you

Y DMV = Deutsche Mathematiker Vereinigung = German Mathematical Society.

20T am indebted to Franz Lemmermeyer for the information that Yamamura had rediscovered
and used this theorem of Griin. See [Yam97], p.421. Lemmermeyer himself has used (and
proved) this theorem in [Lem97], Prop.6, citing Griin.
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on that result, you asked: “What is the exact analogue for arbitrary abelian class groups?” The
following is mainly concerned with this question.

And Griin continues with a description of his results. Let G be a finite group which
acts on an abelian group A4 of exponent p, a prime number. (We observe that Griin dis-
cussed, as a first step, not arbitrary abelian class groups but only p-groups of exponent
p.,i.e., vector spaces over IF,.) Let m be the rank of 4. For any prime £ # p let m, denote
the order of p mod ¢. Griin wrote that indeed he has found general statements about
subgroups of G which act trivially on 4. He proved:

Ife> % then the commutator group of an (-Sylow group of G acts trivially on A. In other words:

If¢ > % then the ¢-Sylow groups of the automorphism group of 4 are abelian.

Hasse had Griin’s manuscript refereed by Magnus who at that time was already con-
sidered to belong to the leading German mathematicians in the field of group theory.”!
Hasse asked him whether Griin’s result has appeared already in the literature. Magnus
replied that he knew only one source, an American paper by Brahana [Bra34], which
dealt with similar problems. Brahana’s result appears as a special case of Griin’s. And
he added (letter of December 16, 1933):

... Ich finde die Sache wirklich sehr hiibsch, auch der von ihm angegebene Beweis des schon
von Brahana gefundenen Spezialfalls . . . scheint mir etwas durchsichtiger zu sein als bei B,
und wenn sich die Ergebnisse auf Klassenkorperprobleme anwenden lassen, ware das ja be-
sonders erfreulich.

... I regard the matter as quite nice. Also, Griin’s proof in the special case which had already been
found by Brahana . . . seems to me to be somewhat more transparent than B.s proof. And if Griin's
results can be used in class field theory then this would be particularly nice.

Obviously Hasse had written to him that he expects Griin’s results to be applicable in
class field theory. In fact, as we have seen, Griin’s group theoretical problem arose from
a question about class numbers.

Griin in his letter also mentions that in addition to the above result, he has deter-
mined the structure of a// Sylow groups, not only those for large ¢, of the automorphism
group of an abelian p-group A of exponent p. Moreover, all those results are valid for
the automorphism group of any vector space of finite dimension over an arbitrary finite
field of characteristic p .

In fact, this is the content of the paper which Hasse finally accepted for Crelle’s
Journal, already in the same year [Grii34a].

We see that Griin’s main interest had by now shifted to group theory — in conse-
quence of Hasse’s question. The application to class field theory, he writes, will be given
later. But he never did so. It seems that from now on group theory absorbed all his inter-
est.

2! Wilhelm Magnus in Frankfurt had received his doctorate 1931 with Max Dehn as his supervisor.
The correspondence between Hasse and Magnus is preserved; it had started in 1930 when Mag-
nus submitted his dissertation [Mag30] for publication to Hasse as an editor of Crelle’s Journal.
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4 The two classic theorems of Griin (1935)

More than one year later, on March 30, 1935, Griin submitted to Crelle’s Journal an-
other manuscript on group theory. This has turned out to become a classic and made
his name widely known [Grii35].

There are two main parts of the paper. In the first part he gives a direct generaliza-
tion of what we have discussed in the foregoing section (and what had already appeared
in Crelle’s Journal). Namely, he dropped the condition on the G-module A:

Let G be a finite group which acts on an abelian p-group A4 of arbitrary structure,
not necessarily of exponent p . Let m denote the rank of 4. Let £ be a prime # p. Then:

If k is the smallest exponent with £¥ > 2L then the k-th commutator group of an ¢-Sylow group of
p Iﬁ[ y
G acts trivially on A.

The paper contains an even further generalization, namely for an arbitrary p-group 4,
not necessarily abelian, on which G acts. Then one has to consider the ascending central
series of 4, and in the condition for # the number m has to be defined as the maximal
rank of the factor groups of that series.

4.1 The second theorem of Griin

But the main results of this paper are to be found in the second part where we find the
two famous “Theorems of Griin”.

Given a finite group G and a prime number p, the problem is to describe the struc-
ture of its maximal abelian p-factor group G/G(?). Here, G(?) denotes the p-commuta-
tor group of G. This description turns out to be particularly simple for groups which
have a property which is called “p-normal”.?*> This property is defined as follows: rhe
center C of a p-Sylow group P of G coincides with the center of any other p-Sylow group
in which C is contained. Grin proves:

If G is p-normal then the maximal abelian p-factor group G/G'P) is isomorphic to the maximal

abelian p-factor group N¢/ N(Cp ), where N¢ denotes the normalizer of the center C of a p-Sylow

group P of G.
The idea behind this is that a p-Sylow group P, its center C and the normalizer N¢ are
in general much smaller and easier to handle than the whole group G. Hence this theo-
rem yields a criterion for a group G to have a non-trivial p-factor group, namely: this is
the case if and only if N has this property. Note that N¢ contains C as an abelian nor-
mal subgroup, thus we have the situation which Griin considered in the first section of
this paper, and that result is applicable to N¢ acting on C'.

If in particular the p-Sylow group P of G is abelian and is contained in the center of
its normalizer then G is p-normal and it follows the isomorphism G/G'?) ~ P which is a
classical theorem of Burnside, and was well known also to Grin. In this sense Griin’s

22 This terminology had been proposed by Hasse (letter to Griin of May 28, 1935).
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theorem can be regarded as a generalization of Burnside’s theorem — and a far reaching
generalization at that.

The above theorem is usually called the “second theorem of Griin” although in
Grin’s paper it is proved first, whereas the “first theorem of Griin” is what Griin proves
afterwards. The switch in the enumeration is probably due to Zassenhaus>* who in his
group theory text book [Zas37] included the two theorems of Griin and introduced the
enumeration used today. This makes sense since Griin’s second theorem (in Zassenhaus'
enumeration) can be regarded as a corollary of his first theorem.

4.2 The first theorem of Griin

The “first theorem” of Griin gives a description of G/G'?) for an arbitrary finite group
G, not necessarily p-normal. This is somewhat more complicated than in the case of a p-
normal group. Namely:

For an arbitrary finite group G, its maximal abelian p-factor group G/G'?) is isomorphic to the
following abelian factor group of its p-Sylow group P:

G/GP) ~ P/P*,
where the normal subgroup P* C P can be described as

P =(PNNp) [[(Pno'Po).
oG
Note that here appears the normalizer Np of the whole p-Sylow group P in G (not only
N¢). As usual, P’ denotes the commutator group of P, and similarly N, is the commuta-
tor group of Np.

Admittedly, this result looks somewhat complicated because of the definition of P*.
Nonetheless it has turned out to be quite important in group theory, in as much as it
shows that the maximal abelian p-factor group of any group G can be found as an expli-
citly given factor group of the (usually much smaller) p-Sylow group P. Its kernel P* de-
pends very much on how the p-Sylow group P is embedded into the group G.

We have already said that Zassenhaus, who at that time was writing a textbook on
group theory, immediately recognized the importance of Griin’s theorems and decided
to include them into his book [Zas37].%*

While reading this paper of Griin one can observe that its style is quite different
from that of his other papers. The paper is well written, careful in the use of notations,
and it contains several diagrams which nowadays are known as “Hasse diagrams”. The
explanation of this is, that the manuscript, in the form as published, had been entirely
written by Hasse himself.

23 Hans Zassenhaus got his doctorate 1934 under the supervision of Artin. From 1934 to 1936 he
worked at the University of Rostock, and there he wrote his famous text book on group theory.

24 Zassenhaus, in his paper [Zas35b] on finite near-fields, had already discussed certain results cen-
tered around the classical Burnside theorem as mentioned above. This may explain Zassenhaus’
great interest in results of the kind of Griin’s theorems.
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4.3 Hasse and the transfer

We have already said that Hasse, being an editor of Crelle’s Journal, used to check every
manuscript carefully before sending it to print. So he did also with Griin’s manuscripts,
and in particular with the manuscript under discussion. After all, Griin as an amateur
had no experience with writing a paper. The letters of the Hasse-Griin correspondence
show that Hasse worked quite hard to put this paper into shape. After an extended ex-
change of letters there were so many corrections, additions and deletions that the origi-
nal manuscript was hardly readable any more. Finally Hasse, seemingly somewhat ex-
asperated, proposed that he himself will now compose a new manuscript. To which
Griin replied (letter of May 18, 1935):

Ihre Mitteilung, daB Sie ein neues Ms. herstellen wollen, hat mich zwar einerseits hoch erfreut,
aber — darfich denn das annehmen? . . . Ich weiB wirklich nicht, ob ich das zugeben darf. Wir
muBten natlrlich auch Ihre tatige Mitarbeit ausdricklich vermerken. In jedem Falle .. .: Wenn
Sie von lhrer eigenen Zeit etwas opfern wollen, missen Sie die betr. Sache schon flir sehr wich-
tig halten. Das ist das beste Lob, das ich mir denken kann.

On the one hand, I am very glad about your proposition that you will compose a new manuscript
but — could I accept this? . .. Really, I do not know whether I am allowed to give my consent. Of
course, we would have to state explicitly your extensive cooperation. In any case .. .: If you will
spend your own time on this then you must consider it very important. This is the best praise from
you which I can imagine.

Hasse replied on May 21, 1935:

Ich halte es wirklich fur das Beste, wenn ich hier ein neues Manuskript herstelle. Die Arbeit dar-
an wlrde mir Freude machen und Sie brauchen sich darlber keine Gedanken zu machen.
Dies in der Arbeit selbst zu erwéhnen, wiirde mir nicht zusagen. Sie modgen das so auffassen,
daB es zu meinen Aufgaben als Herausgeber gehort, wenn man diese im weiteren Sinne aus-
legt.

Indeed, I believe it is the best solution if I will write a new manuscript here. It will be a pleasure to
me and you do not have to worry about it. But I would not like that this be mentioned in the paper.
You might regard it as belonging to my tasks as an editor, if one interprets them in a wider sense.

Certainly, Hasse regarded Griin’s results as important and this was one of his moti-
vations to help Griin to put it into a form which would be appreciated by the mathema-
tical public. But another reason which required a complete rewriting of the manuscript,
was Hasse’s proposition that the transfer map (Verlagerung) should be used as an ade-
quate tool which provides the isomorphisms of Griin’s theorems. For, in his original
version Griin had not used the transfer and not obtained those isomorphisms, but he
was content with saying that if one of the two factor groups (which we now know to be
isomorphic) is non-trivial then the other is non-trivial too.

The transfer V;_y from G to a subgroup H is a group homomorphism from G into
the factor commutator group H/H'. It can be defined as the determinant of the canoni-
cal monomial representation of G modulo A with coefficients in H/H'. It had first been
constructed and used by Schur in 1902, as a variant of Burnside’s method who used the
monomial representation with coefficients being roots of unity (i.e., a one-dimensional
representation of H). Later in 1927 the transfer was re-discovered by Artin and Schreier
during their attempts to prove the conjectured principal ideal theorem of class field the-
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ory. We know this from Artin’s letter to Hasse of August 2, 1927. See also Artin’s paper
[Art29]. It seems that neither Artin nor Hasse were aware of the old paper by Schur be-
cause they never mentioned it in their letters nor in their publications. Artin was able,
by means of his general reciprocity law, to reformulate the principal ideal theorem as a
purely group theoretical statement concerning the transfer.”> Hasse in his class field re-
port II [Has30a], p. 170 introduced the name “Verlagerung” for this group theoretical
map, which then was translated into English as “transfer”.

By 1935 the transfer map was a well established tool but apparently it was used
mainly in number theory in connection with the principal ideal theorem and related
questions. It seems that in abstract group theory it had not yet found many applications
(except in Schur’s paper mentioned above). But this changed after Griin’s paper.

In Griin’s letter of May 18, 1935 we read:

Haben Sie vielen Dank fur Ihre Briefe und die darin enthaltenen wertvollen Anregungen. Der
Gedanke, die Theorie der Verlagerung heranzuziehen, ist auBerordentlich glicklich. Ich hatte ja
auch bei meinem Beweis von Satz 5 ahnliche Wege eingeschlagen, ohne aber diese Theorie
wirklich zu benutzen. Die Verlagerungstheorie gestattet, in einfacher Weise die Satze 4 und 5
voll zu beweisen. Fur Satz 4 haben Sie dies ja schon liebenswirdiger Weise so weit durchge-
fahr, . ..

Many thanks for your letters and the valuable suggestions therein. The idea to use the transfer
theory is extraordinarily fortunate. In my proof of theorem 5 I had used similar methods but with-
out really using that theory. Transfer theory leads to simple complete proofs of theorems 4 and 5.
In case of theorem 4 you have already kindly done it so far, . ..

Griin proceeds to expound in detail the proofs which Hasse had indicated using transfer
theory. And later in this letter he writes:

Nattirlich muB aber [in der Arbeit] in jedem Falle darauf hingewiesen werden, daB die Anwen-
dung der Theorie der Verlagerung auf Ihre Anregung hin erfolgt ist und ich somit diese elegan-
ten Beweise Ihnen verdanke.

Of course, it should be mentioned [in the paper] that the application of transfer theory is due to
your suggestion and that, hence, I owe these elegant proofs to you.

But Hasse replied:

... scheint es mir aus sachlichen Griinden notwendig, in einer FuBnote zu erwahnen, dal3 der
Gedanke, die Verlagerung bei den Beweisen von Satzen Bumnside'scher Art zu benutzen, von
Herrn Ermst Witt, Gottingen, stamsmmt.

... Ifind it necessary to mention in a footnote that the idea to use the transfer in the proofs of theo-
rems like Burnside’s is due to Mr. Ernst Witt, Gottingen.

Whereupon Griin, in a footnote to his paper [Grii35], inserted the following text:

Den Gedanken, bei diesem Beweis die urspriinglich von mir verwendeten monomialen Dar-
stellungen durch die Verlagerung zu ersetzen, verdanke ich einer Mitteilung von H. Hasse. Die-
ser wurde seinerseits geleitet durch eine mundliche Mitteilung von E.Witt, wonach sich der

3 One year later, in 1928, Furtwingler [Fur29] succeeded to prove this group theoretical state-
ment. Later there were simplifications of Furtwéngler’s proof, one also by Magnus [Mag34], but
the most significant one by Iyanaga [Iya34]. (By the way, Iyanaga says in the introduction that
the greater part of his paper is due to Artin.)
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klassische Beweis des Burnsideschen Satzes in ganz entsprechender Weise einfacher und
durchsichtiger gestalten 1aBt.

The idea to replace the monomial representations (which I originally used) by the transfer map,
arose from a suggestion of H. Hasse. He had been led by an oral communication of E. Witt who
pointed out that the classical proof of Burnside’s theorem can similarly be simplified.*®

There is another footnote, after the statement of the “first theorem of Griin”, reading as
follows:

Diesem Satz und seinem Beweis hat Herr Hasse die vorliegende Form gegeben. Ich habe
mich urspriinglich darauf beschrénkt, bei den gemachten Voraussetzungen eine zyklische p-
Faktorgruppe nachzuweisen.

This theorem and its proof has been put into the present form by Mr. Hasse. Originally I had been
content with showing, under the assumptions as stated, the existence of a cyclic p-factor group.

By this Griin means a non-trivial cyclic factor group of P/P* as a necessary and suffi-
cient condition that G/G'?) is non-trivial. Certainly, the idea to establish group iso-
morphisms (when possible) instead of only considering the group orders, is part of the
“Modern Algebra” which had been propagated by Emmy Noether and had found its
expression in van der Waerden’s text book [vdW31]. Hasse explained this to Griin in his
letter May 28, 1935 as follows:

Entgegen Ihren brieflichen Andeutungen sehe ich allerdings doch das Hauptgewicht Ihrer
Sétze in der Herleitung von notwendigen und hinreichenden Bedingungen fiir die isomorphe
Ubertragung von Untergruppen oder Faktorgruppen innerhalb P auf Faktorgruppen von G,
und nicht so sehr in der bloBen Folgerung auf die Ordnungen dabei. Daher habe ich in den
Formulierungen immer nur die Isomorphiebehauptungen angefiihrt und meine, man kann es
ruhig dem Leser Uberlassen, die daraus ohne weiteres ablesbaren Folgerungen fiir die Ord-
nungen zu ziehen.

Contrary to your hints in your letters I regard the main point of your theorems to be the iso-
morphic transport of subgroups and factor groups within P to factor groups of G, and not so much
in the mere consequence for the group orders. Therefore, I have formulated all the theorems as re-
Jferring to isomorphisms. In my opinion it can be left to the reader to draw from this the conse-
quences concerning the group orders . . .

Finally on June 7, 1935, when the manuscript seemed to have acquired a form satis-
factory to both, Griin wrote:

Lieber Herr Professor Hasse ! Vielen Dank fur die Ubersendung des Manuskriptes und Durch-
schlages. Jetzt ist doch wirklich etwas aus meiner urspriinglichen Arbeit geworden. Ich ge-
stehe Ihnen, daB ich erst nun wirkliche Freude an ‘meinem’ Manuskript habe.

26 Burnside’s theorem (as explained in section 4.1) can be found in his book [Burll], §243. The
computations performed there are indeed the same as computing the kernel and the image of the
transfer map in the special situation at hand. However, Burnside does not mention (nor does he
care) that this is a general procedure, referring to a generally defined map. Therefore, if it is said
that the definition of the transfer map goes back to Burnside, such statement has to be inter-
preted with appropriate caution. It takes some insight to realize that Burnside’s arguments in-
deed can be looked at as evaluating a homomorphic map. We do not know whether Witt had
known Schur’s paper [Sch02] or whether he had observed this himself.
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Dear Professor Hasse! Many thanks for the manuscript and carbon copy. Really, now there has
developed something out of my original paper. I have to admit that only now I have real pleasure
with ‘my’ manuscript . . .

But the correspondence about this continued and several points had still to be cleared.
It took until August 13, 1935, after more than 18 letters >’ had been exchanged between
Hasse and Griin concerning this manuscript, that finally Griin could send the corrected
proof sheets to Hasse. The paper appeared in the same year 1935 in Crelles Journal
[Gri35].

We have reported about this part of the Hasse-Griin correspondence in a somewhat
greater detail, since it does not seem to be widely known to what extent Hasse had a
share in Griin’s classic paper. The title of the paper is:

“Contributions to group theory I.” (Beitrdge zur Gruppentheorie I.)

In one of his letters Griin had announced that there will be a second and perhaps more
parts of such “contributions”. But the next he submitted in 1943 only (due to the pro-
blems in war time it appeared in 1945; see [Gri45]). Later in the course of time Griin
produced 10 such “contributions”, the last appearing 1964 again in Crelle’s Journal,
when Griin was 74.2

4.4 Griin, Wielandt, Thompson

Let us jump 4 years ahead to the Gottingen group theory conference in 1939.%° There
on June 27, 1939, Wielandt®® delivered a talk with the title: “p-Sylow groups and p-fac-
tor groups”. This is precisely the topic of Griin’s classic paper [Grii35] which we just
have discussed. In fact, Wielandt presented (among other results) a far reaching general-
ization of Griin’s result. The main theorem of Wielandt ist somewhat involved and we
do not reproduce it here. One of its many consequences concerns the case when a p-Sy-
low group P of G is p-regular in the sense of Ph. Hall. This means that

¥y? = (xy) mod (x,y)'”

holds for every x, y € P. (In other words: The operation “p-th power” can be performed
termwise, modulo a product of p-th powers of commutators from the group generated
by x and y.) Under this assumption it follows from Wielandt’s main results that zhe
maximal p-factor group of G is isomorphic to the maximal p-factor group of the normali-
zer Np. Note that here the p-factor groups in question may be non-abelian whereas

27 This means that 18 letters have been preserved, 6 of them by Hasse and 12 by Griin. Those letters
of Hasse which are preserved are written with typewriter, and Hasse had made carbon copies.
Probably another six letters by Hasse were handwritten and, hence, not preserved.

% In Griin’s enumeration there were “Contributions” no. I-I1X and XI published, but not no. X.
We do not know his plans for no. X.

2 For more on this conference see section 6.2.

3% Helmut Wielandt had studied in Berlin with 1. Schur and was awarded his doctorate in 1935. In
1939, the year of the Géttingen group conference, he held a position of assistant at the Univer-
sity of Tiibingen.
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Griin’s results refer to abelian p-factor groups only. Wielandt achieves this by manipu-
lating the monomial representation directly in a suitable way, not only the transfer map
which is the deterninant of the monomial representation.

Wielandt’s talk was published 1940 in [Wie40] . It is evident that Wielandt’s paper is
directly influenced by Griin’s [Grii35].

The following text is contained in a letter of B. Huppert to the author:

Eines der Ziele von Wielandt wird in dieser Arbeit mit keinem Wort erwahnt, namlich die Nilpo-
tenz des Frobenius-Kems einer Frobenius-Gruppe. Diese wurde zuerst von J. Thompson be-
wiesen. Im Sommer 1958 gab es in Tubingen eine lange Unterhaltung zwischen Wielandt und
Thompson. Unmittelbar danach sagte Wielandt zu mir: “Das ist ein sehr scharfsinniger
Bursche, von dem kann man etwas leren.” Einige Monate spéter reichte Thompson seine Ar-
beit bei der Mathematischen Zeitschrift zur Publikation ein. Demnach gibt es eine ganz deut-
liche mathematische Verbindungslinie von Grin Uber Wielandt bis zu Thompson.

One of Wielandt's motivations is not mentioned at all in this paper [ Wie40 ], namely to prove the
nilpotency of the Frobenius kernel of a Frobenius group. This was proved later only by J. Thomp-
son [Tho59]. In the summer of 1958 there was a long discussion in Tiibingen between Wielandt
and Thompson. Immediately thereafter Wielandt said to me: “This is a very sharp-witted guy,
from him one could learn a lot.” Several months later Thompson submitted his paper [ Tho59] to
Wielandt for publication in the Mathematische Zeitschrift. Thus we can observe very clearly a line
of mathematical influence from Griin over Wielandt to Thompson®".

5 Griin meets Hasse (1935)
5.1 Hasse’s questions

Griin, in his first letter to Hasse, had introduced himself as an amateur mathematician.
But it seems that Hasse, impressed by Griin’s achievements, had some doubts by now.
Although there had been an exchange of letters since three years, he did not know any-
thing definite about Griin’s mathematical background. So Hasse at last asked in his let-
ter of May 8, 1935:

... Sind Sie eigentlich Mathematiker von Hauptberuf, oder treiben Sie die Mathematik nur ne-
benbei als Liebhaberei ?

... By the way, are you a mathematician by profession, or are you doing Mathematics as a hobby?
To which Griin replied (letter of May 9):

Ich wollte, verehrter Herr Professor, ich ware Mathematiker von Hauptberuf. Leider ist das nicht
der Fall, ich muB mich ohne besondere Begeisterung kaufmannisch betétigen, um zu leben.

31 Added in Proof: R.W.van der Waall has pointed out to me that the line of mathematical devel-
opment which started with Griin’s paper can be traced much further. There are quite a number
of subsequent papers continuing the ideas of Griin and supplementing his results. Of particular
interest is the following result contained in a paper by T. Yoshida published in the Journal of Al-
gebra 52 (1978), pp.1-38. It says that the transfer isomorphism G/G?) ~ Np/N ¥ holds quite
generally, with exceptions possible only if P admits a factor group isomorphic to the wreath pro-
duct of the cyclic group of order p with itself. Indeed this is a very strong generalization of the
first theorem of Griin. The transfer map and its dual have become standard tools in the theory
of finite groups.
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... I would wish, dear Herr Professor, that I could be a professional mathematician. Unfortu-
nately this is not the case; I have to work for a living in a commercial job, though without particu-
lar enthusiasm.

But Hasse continued to inquire (letter of May 13):

Wo haben Sie sich denn lhre mathematischen Kenntnisse erworben? Haben Sie einen be-
stimmten Mathematiker zum “Lehrer’ gehabt?

... But where did you pick up your mathematical knowledge? Have you had a “teacher” who was
a mathematician?

Griin’s reply (letter of May 15):

Ob ich einen bestimmten “Lehrer’ gehabt habe ? Ich habe meine Kenntnisse nur aus Biichemn
geschopft und da sind Sie selbst zu einem groBen Teil mein Lehrer gewesen. Ich bekam zufél-
lig lhre beiden Berichte in die Hand und damit begann mein intensives Interesse fiir Klassen-
kdrpertheorie. NatUrlich war ich mathematisch so weit vorgebildet, daB ich fahig war, die Be-
richte durchzuarbeiten. Die auBerordentliche Klarheit und Durchsichtigkeit Ihrer Darstellung
nimmt ja dem Leser jede Arbeit ab. Bis dahin hatte ich mich eigentlich mehr fur Funktionenthe-
orie interessiert, allerdings hatte ich wenigstens Hilberts “Zahlbericht”, Dirichlet, Dedekind und
die einzelnen Kummerschen Arbeiten gelesen. Nun wurden lhre Berichte flir mich Veranlas-
sung, mich intensiv mit Gruppentheorie zu befassen.

... Whether I have been taught by a particular teacher? I have acquired my knowledge from books
only, and there to a large degree my teacher has been you. Your two reports>* came by chance into
my hands, and this started my intensive interest in class field theory. Of course I had already ac-
quired enough of the mathematical prerequisites which enabled me to read your reports. After all,
the wonderful clarity and transparency of your presentation spares the reader much of the work.
Until then I tended to have more interest in the theory of complex functions, but I had already read
Hilbert's “Zahlbericht”, Dirichlet, Dedekind and various papers by Kummer.>> Now your reports
had induced me to look intensively into group theory.

When Griin states that his interest in group theory had been induced by Hasse’s
class field report, then we see that by now he had well grasped the main trend in the then
“modern” class field theory, as expressed in the foreword to Part II of that report:>*

Artin’s Reciprocity Law constitutes an advance of the utmost importance. Its importance lies not
so much in the direction which might be suggested by the name “reciprocity law” and its classical
Sformulation, but in the general class field theory. The ultimate aim of it is the coding of all arith-
metical properties of a relative abelian number field in its Galois group, similarly as the aim of Ga-
lois theory is the coding of field theoretic properties in the Galois group.

However, Griin’s mathematical interests had now shifted from FLT and class field
theory almost entirely to group theory. The application to class field theory does not ap-
pear in his further publications. In group theory Griin had found his main subject where
he would be active in the future. A majority of 21 of his total of 26 papers from 1934 to
1964 belong to group theory.

32 Griin refers to Hasse’s class field reports, the first on Takagi’s class field theory [Has26a], and
the second on Artin’s reciprocity law [Has30a].

3 At that time, the “Collected Papers” of Dirichlet and Dedekind were available, but not yet Kum-
mer’s. The latter would be published in 1975 only, edited by André Weil.

3 The following is a free translation of essential features of Hasse’s foreword of [Has30a]. — The
reader may compare this with Hasse’s foreword in his book on abelian fields [Has52] .
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5.2 Griin’s visit

In view of this correspondence, Hasse now wished to meet Griin personally, in particu-
lar since Griin had announced to have many more results in his files. For, in his letter of
May 9, 1935 Griin had written:

Nach der Veréffentlichung meiner beiden Noten Uber den Fermat und Gruppen im Galoisfeld
hat mir das Kultusministerium eine gewisse Unterstitzung zuteil werden lassen, die mich in
Stand setzte, mich einige Zeit fast ausschlieBlich mathematischen Untersuchungen zu wid-
men. Die Folge ist, daB ich geradezu eine Unmenge von Notizen habe, in denen die wesent-
liche Vorarbeit flr eine Veroffentlichung schon geleistet ist; alle diese Arbeiten sind grup-
pentheoretischer Natur, natiirlich mit kdrpertheoretischen Anwendungen.

After publication of my two notes on Fermat and on groups in a Galois field the ministry of educa-
tion had granted me a certain stipend which enabled me to devote almost all my time to mathema-
tical work. As a consequence I have a huge pile of notes which already contain the essential ingre-
dients of future publications. All of this work is of group theoretical nature, of course with applica-
tions to field theory.>®

So Hasse wrote on May 13, 1935:

Wir haben hier in diesem Semester gerade eine kleine Arbeitsgemeinschatft Uber Gruppenthe-
orie, in der wir mit Ihren Untersuchungen sehr verwandte Dinge betreiben, insbesondere die
beiden neuen gruppentheoretischen Arbeiten von Zassenhaus studieren, die im letzten Heft
der Abhandlungen des Hamburger Mathematischen Seminars erschienen sind.

In this semester we have here a small workshop on group theory, on topics which are closely re-
lated to your investigations. In particular we are studying the two new group theoretic papers of
Zassenhaus which have appeared in the last issue of the Hamburger Abhandlungen’®. . .

And Hasse continued:

Sehr gerne wirde ich Sie auffordern, doch im Monat Juni einmal hierher zu kommen und bei
uns in der Arbeitsgemeinschaft Uber Ihre gruppentheoretischen Studien vorzutragen, ganz
zwanglos, d.h. so daB man dazwischenfragen darf, wenn man etwas nicht versteht, und das
ganze mehr den Charakter einer gemeinsamen Erarbeitung hat.

I would like very much to invite you to visit us some time in June, and to inform us about your
group theoretic work. This should be completely informal, so that it will be possible to put ques-
tions, the whole thing should have the character of a common discussion.

On June 13, 1935 Griin arrived in Géttingen37; his talk in the workshop was sched-
uled for the next day, a Friday. Hasse had offered him to lodge in the Mathematical In-
stitute where there was a visitor’s room available, and to stay over the weekend in order

35 To this Griin added: “I have to acknowledge with thanks the support which I have found with the
minister of education, for neither was I a member of the party nor have I become such.” Of course,
the “party” which he alludes to, was the NSDAP, the Nazi party which had come to power in
Germany in January 1933. Indeed it seems remarkable that Griin was supported in his work by
the government of that time although he did not conform to the official party line. Later in 1946
he wrote that he had to suffer severe personal repression because he repeatedly had been urged
to join the party but always refused.

36 These were the papers [Zas35a] and [Zas35b], the first one on the characterization of linear
groups as permutation groups, and the second on finite near-fields.

37 Note that in the summer of 1934 Hasse had left Marburg and accepted a position at the Univer-
sity of Gottingen. Thus Hasse’s invitation to Griin was meant for Gottingen, not Marburg. For
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to have opportunity for discussions with the people of, in Hasse’s words, “the small but
lively group of algebraists” in Gottingen. We know from other sources the names of the
members of that group, the most outstanding members besides Hasse being Witt, Teich-
miiller and also H. L. Schmid.*® The latter was to play, ten years later, an important role
in Griin’s life.

In a former letter Griin had asked whether his talk in the workshop could be about
p-groups, and Hasse had replied that the choice was entirely up to the speaker. And,
knowing from his correspondence that Griin may have some problems to explain math-
ematical arguments in a correct form, Hasse had added the advice that Griin in his talk
should be very explicit in all details.

Perhaps it is not without interest to cite Hasse’s words where he tried to inform
Griin about what had been discussed in the workshop so far, i.e., what he could assume
to be known:

Uber p—Gruppen haben wir auch schon gesprochen. Wir haben die klassische Theorie (Spei-
ser durchgenommen, ferner noch einige weitere Satze tiber die Anzahlen der Untergruppen
oder Normalteiler gegebener Ordnung in einer p-Gruppe. Weiter die Theorie der Hamil-
tonschen Gruppen (alle Untergruppen Normalteiler) und der p—Gruppen, in denen es nur eine
Untergruppe der Ordnung p gibt (nur fur p = 2 gibt es nicht zyklische solche Gruppen). Ich
werde morgen Uber Satz 5 und Satz 9 |hrer Arbeit vortragen.

We have already discussed p-groups. We worked through the classical theory (Speiser)*® and in
addition some theorems about the number of subgroups and normal subgroups of given order in a
p-group. Furthermore the theory of Hamiltonian groups (all subgroups are normal), and the p-
groups with only one subgroup of order p (only for p=2 there are non-cyclic groups with this prop-
erty). Tomorrow I shall talk about theorems 5 and 9 of your paper.

Theorems 5 and 9 were the second and the first theorem of Griin as discussed above.

The above lines show that in the circle around Hasse there was lively interest to learn
more about the newest results of finite groups, in particular p-groups. This may have its
explanation by the fact that during those years the theory of p-groups had been used
heavily in algebraic number theory. We only mention the work of Arnold Scholz (who
has had an extensive exchange of letters with Hasse) and who just recently had proved
the existence of number fields with a given p-group of class two as Galois group [Sch35].
(And one year later Scholz would prove the same for an arbitrary finite p-group
[Sch37].) This gives us perhaps another clue why Hasse was so much interested in
Griin’s results on p-groups.

Unfortunately we have not found any record about what Griin had actually talked
about, nor how his talk was received by his young audience. Did Griin indeed talk
about p-groups and what were his results which he presented? We can imagine that
Griin, not being used to lectures and colloquium talks, had some difficulties to address

details of Hasse’s change to Gottingen in the midst of the political upheavals of the time, we refer
to [Fre85] and [Sch8&7].

38 This was the same Arbeitsgemeinschaft in which one year later the Witt vectors were discovered,
together with their application to cyclic extensions in characterististic p and class field theory, as
well as to the structure theory of p-adic fields. Those results are all published in one volume of
Crelle’s Journal (vol. 176), together with the seminal paper of Hasse who used Witt vectors for
the explicit p-power reciprocity law of class field theory.

3 Hasse means Speiser’s monograph on group theory [Spe27].
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such a group of brilliant young mathematicians who were used to high standards not
only with respect to the mathematical topics under discussion but also as to the way of
presenting new material. Doubtless Griin met high respect among these people, in view
of his outstanding results so far. But did they appreciate his talk? From other sources
(in later years) we infer that Griin’s talks used to be somewhat clumsy and difficult to
follow.

One week after Griin’s talk, Zassenhaus visited the workshop in Gottingen, on June
21, 1935. Hasse had offered Griin to stay longer in order to meet Zassenhaus, and Griin
did so. Note that Griin’s paper [Grii35] had not yet appeared, and that Zassenhaus was
just working on the text of his group theory book [Zas37]. It seems probable that Zas-
senhaus, when he met Griin in Gottingen, learned about Griin’s theorems and realized
their importance. In the foreword to his book (which appeared in 1937) Zassenhaus
says that he wished to include the new and far-reaching results in group theory of the
last 15 years; certainly Griin’s theorems were among those and thus found their way
into Zassenhaus' book.*’

Two months after Griin’s visit to Gottingen he wrote to Hasse (letter of August 13,
1935):

Lassen Sie mich Ihnen nochmals danken fur die Gastfreundschatft, die ich in Géttingen gefun-
den habe. Es war geradezu eine Wohltat fir mich, einmal nur mit wissenschaftlichen Proble-
men beschéaftigt zu sein. Wenn nicht meine wirtschaftliche Lage etwas anderes forderte, wiirde
ich mich in Goéttingen niederlassen und mich vollig meinen mathematischen Untersuchungen
widmen.

Thank you again for the hospitality which I have found in Gottingen. It was really a great pleasure
to me to be occupied exclusively by scientific problems. If my economic situation would have been
different then I would settle in Gottingen and would occupy myself completely with mathematical
research.

This sounds as if Griin had hoped to be offered a position at the University of Gottin-
gen which would enable him to exclusively follow his research work. But this was not
the case.

With the same letter Griin returned the proof sheets of his paper [Grii35]. Recall that
the title of that paper carried the label “Part I’ which implied that there would be more
parts, at least a second part. Accordingly, Griin mentioned in his letter his plans for
“Part II”, and that this would include investigations on p-groups. From this we may
perhaps conclude that indeed, his talk in Go6ttingen was about p-groups, and that he
had been asked to send a manuscript about his talk to Crelle’s Journal, to be published
as Part I of his “investigations™.

But this Part IT did not materialize in the form as planned. Several months later, in a
letter of February 7, 1936, Griin apologized to Hasse that the envisaged paper on p-
groups is not yet finished. He announced the manuscript to be finished in about two

40 Zassenhaus’ book on group theory has been said to have been “for decades the bible of the group
theorists” (Reinhold Baer). — Nowadays both Griin’s theorems do appear in many textbooks on
group theory, for instance in Huppert [Hup67]. Perhaps it is not without interest to note that
Griin’s theorems have been included and generalized in the setting of homological algebra. See,
e.g., the book of Cartan-Eilenberg [CE56] chap.XII theorem 10.1.
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Griin with B. Huppert
and H. Wielandt

Griin with R. Baer and Mrs. Baer

Fotos: W. Gaschiitz.
Mit freundlicher Genehmigung des Mathematischen Forschungsinstituts Oberwolfach.
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weeks, but finally it took several years for this. And the real Part II, which we have said
appeared in 1945 only, did not deal particularly with p-groups [Grii45].

6 The Burnside problem (1939)
6.1 Dimension groups

After the appearance of Griin’s paper [Grii35], his exchange of letters with Hasse slo-
wed down in frequency and intensity. Griin had found his main interest to be group the-
ory. He knew that Hasse’s main interest was number theory, and so he may have felt
that 4r}ow he could pursue his work without having to rely every time on Hasse’s ad-
vice.

In the year 1936 there appeared the paper [Grii36] on the descending central series
of free groups. This paper is never mentioned in the Hasse-Griin correspondence. Griin
proves, with an unusual and somewhat peculiar argument using group representations,
that the “dimension groups” as defined by Magnus [Mag35] do coincide with the mem-
bers of the descending central series of the given free group. This was considered an im-
portant result.

Since Griin’s paper directly refers to a paper by Magnus it is not unreasonable to as-
sume that Griin had discussed it with Magnus before publication. Maybe it was Mag-
nus himself who had posed the problem to Griin. We know from several sources that
there was mathematical contact between Griin and Magnus in those years since 1935.
But the correspondence Griin-Magnus seems to be lost and so we do not know the de-
tails of how strong Magnus' influence had been for this paper.

In any case, one year later Magnus himself provided a simplified proof, published in
Crelle’s Journal [Mag37]. But Griin’s proof was duly registered as the first, and was ap-
preciated by the specialists.

6.2 The group theory conference in Gottingen

In June 1939 Hasse had organized a 5-day group theory conference in Gottingen.
About the preparations for this conference we read in a letter which Hasse had sent
jointly to Magnus and Zassenhaus, dated February 18, 1939:

Die Gottinger Mathematische Gesellschaft plant in der letzten Woche des Sommersemesters
1939 eine groBere Vortragsveranstaltung Uber das Thema Gruppentheorie. Wir haben dazu
Herm P. Hall von King's College, Cambridge eingeladen, uns drei groBere Vortrage aus seinem
Arbeitsgebiet zu halten. Zu meiner groBen Freude hat Herr Hall sich dazu bereit erklart . . .

The Mathematical Society of Géttingen is planning a conference on “Group Theory”. We have in-
vited Mr. Ph. Hall from King’s college Cambrzdge for three lectures from his field of research. I
am very glad that he has consented . .

! In [JL98] it is said that, according to Griin himself, it was Hasse who had advised him to switch
from number theory to group theory.
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Hasse then explained that the lectures of Philip Hall should form the core of the confer-
ence, but in addition he wished that a number of German mathematicians who were
working in group theory, should be given the opportunity to participate as invited
speakers. And Hasse asked Magnus and Zassenhaus to help him with their expertise
and advice to prepare this conference.

In the ensuing correspondence between Hasse, Magnus and Zassenhaus it was
decided that not too many talks should be scheduled, which meant that only those Ger-
man mathematicians should be invited as speakers whose field of research had some
connection to Hall’s, which is to say mainly p-groups and solvable groups and related
topics. This then would include Griin, as Hasse observed:

Wenn Griin gewonnen werden kdnnte, so ware das natlrlich sehr schon. Er hat doch bei allem
Ungeschick seiner Darstellung die Gruppentheorie um einige wichtige Erkenntnisse berei-
chert, die in engstem Zusammenhang mit den Hallschen Arbeiten stehen. Ich bitte Herr Mag-
nus, sich mitihm in Verbindung zu setzen.

If Griin could be won over then this would be very nice indeed. Notwithstanding his awkwardness
in the presentation of material, he has enriched group theory with some important discoveries
which are very closely connected with Hall’s papers. I am asking Mr. Magnus to get in touch with
him.
When Hasse mentioned the “awkwardness in the presentation” then he may have re-
called his experiences four years ago with Griin’s paper which he (Hasse) had to rewrite
completely. Maybe Griin’s talk in the Gottingen Arbeitsgemeinschaft had also added to
this impression. Nevertheless, in view of Griin’s achievements Hasse did not hesitate to
name him as invited speaker of the conference.

And when Hasse asked Magnus to get in touch with Griin, then this reflects the fact
that, as said above, by now the mathematical contact of Griin with Magnus had become
closer than his contact with Hasse.

The Géttingen group theory conference took place from June 26 to June 30, 1939.
The program is published in 1940 in volume 182 of Crelle’s Journal, together with the
papers presented at the conference.** Hence it will not be necessary to go into all details
here. The paper of Griin [Grii40] has the title:

Zusammenhang zwischen Potenzbildung und Kommutatorbildung.

The connection between forming powers and commutators.
The paper is motivated by and closely connected to the old

Burnside problem: Is every finitely generated group of finite exponent necessarily finite ?

See [Bur(2]. For m = 2 the problem has a positive answer, already given by Burnside.
This is so because every group of exponent 2 is commutative, as a consequence of the
formula

7 s = 2 (a7 ) (0s)?

2 In the end, Hall delivered four lectures. — Hall was criticised for going to Germany at this diffi-
cult time but he defended his actions saying: “... the German mathematicians ... [are] as little re-
sponsible for the present situation (and probably enjoy it as little) as you or I do.” (Cited from
“The MacTutor History of Mathematics archive™.)

43 Among them the paper by Wielandt which we have mentioned in section 4.4.
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which expresses commutators as products of squares. This led Griin in his paper to
study similar formulas connecting commutators and powers.

Burnside’s problem has also a

Restricted version: Are there only finitely many finite groups with a given number r of generators
and a given exponent m?

Griin’s paper [Gri40] was the first in which this “restricted” Burnside problem was spe-
cifically addressed, but not under that name. The term “restricted Burnside problem”
was coined later by Magnus [Mag50].

Let F, denote the free group with r generators, and F" the subgroup generated by
the m-th powers. The Burnside problem asks whether the factor group F,/F" is finite.
In his paper Griin considers the case when m is a prime power p¥; this implies that the
group of F,/F" and its factor groups are p-groups.

Griin observes that the restricted Burnside problem has an affirmative answer for
the pair r, m if and only if the descending central series of F,/F" terminates after finitely
many steps. Note that the descending central series is defined by commutators, and so
the above condition requires certain relations between powers and commutators. In his
proof Griin used his results of his former paper [Grii36], as well as results of Magnus
[Mag35], of Witt [Wit37] and Zassenhaus [Zas39].

Griin’s paper was refereed in Zentralblatt by Zassenhaus, in Fortschritte der Mathe-
matik by Speiser, and in the newly founded Mathematical Reviews by Baer. In the re-
view by Zassenhaus we find the statement that Griin solved the restricted Burnside pro-
blem in the positive sense for r =2, m = 5. Baer in his review says “the author may
prove that ... ” without saying that he really had proved it. The computations are quite
involved and it seems that nobody had checked it. Later Kostrikin [Kos55] claimed that
he had proved the restricted Burnside problem for r = 2,m = 5 but again, this seemed
to be doubtful until Higman [Hig56] independently had settled the question positively,
for aritrary r and m = 5.*

Although Griin’s paper carries the date of receipt as of August 21, 1939, Hasse
would accept it only after it had been checked carefully by Magnus. With Magnus' help
the paper underwent a thorough clean up. On January 21, 1940 Magnus wrote from
Berlin® that he had worked the last two weekends with Griin, and that the latter had
promised to complete his manuscript until the next weekend. The final version ready
for printing arrived at Hasse’s office on January 31, 1940.

4 For arbitrary parameters r, m the restricted Burnside problem has been finally solved in the posi-
tive sense by E. Zelmanov who had been awarded the Fields Medal in 1998.

45 Magnus had accepted a job in industry in Berlin in August 1939. From the correspondence
Hasse-Magnus we know that one year earlier, at the annual DM V-meeting in Baden-Baden, he
had approached Hasse and asked whether Hasse could help him to find a new job since his posi-
tion of Privatdozent at the University of Frankfurt had become unsustainable for political rea-
sons. Hasse was able, with the help of Wilhelm Siiss who had acquired some influence in the min-
istry of education, to find for Magnus a position of Privatdozent at the University of Konigs-
berg. Magnus went there for the summer semester 1939 but then decided to accept a job in
industry with the electronic company Telefunken in Berlin.
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The attentive reader will have observed that between the dates involved, June 1939
(date of the Gottingen conference) and January 1940 (receipt of Griin’s paper in final
version) there was September 1, 1939, the outbreak of world war II. The publication of
the conference papers in Crelle’s Journal was somewhat delayed because one of the
authors, Philip Hall, was a citizen of a country which now was in state of war with Ger-
many. Hence it was necessary for Hasse to obtain the permission of the proper German
governmental offices to publish Hall’s papers in Crelle’s Journal. When that permission
was finally granted it turned out that only two of the four anticipated papers by Philip
Hall had arrived. Since postal service between Germany and Great Britain had ceased
there was no hope that the two missing articles would arrive by ordinary mail, and
Hasse had to find other ways to obtain those articles. This was finally possible with the
good services of Carleman at Djursholm who resided in Sweden, a neutral country.

6.3 A letter of 1952

Although Griin’s power-commutator formulae in [Grii40] turned out to be useful in
several respects, they did not lead Griin to the general solution of Burnside’s problem,
restricted or not, as he had hoped.

But Griin did not give up. Twelve years later, on June 30, 1952, after Hasse had sent
him gratulations for his 64-th birthday he thanked Hasse for it and then wrote:

...ich habe ein Ergebnis erhalten, das ich sehr hoch einschétze: Die absteigende Zentralreihe
hat gesiegt! Die Vermutung von Bumnside “Setzt man in einer aus endlich vielen Elementen er-
zeugten freien Gruppe F alle m—ten Potenzen gleich 1, m eine beliebige natlrliche Zahl, so ent-

steht eine endliche Gruppe” ist irrig. Es giltim Gegenteil: . . . F, /F", kann nur dann endlich sein,
wenn entweder F, zyklisch (r = 1) oder m = 2/3% ist. In allen anderen Fllen ist F,/F”" gewiB
unendlich.

I have obtained a result which I estimate quite highly: The descending central series has won! The
conjecture of Burnside, “If in a finitely generated free group F all m-th powers are put to 1 then
there appears a finite group”, is not true. On the contrary: ... F,/F™ can be finite only if either
Fyiscyclic (r = 1) orm = 213 In all other cases F,/F"™ is infinite.

Hasse replied on July 15, 1952:

Was Ihr neues Resultat betrifft, so ist das ja in der Tat ganz aufregend. Herr Witt, dem ich sofort
davon Mitteilung machte, meinte, Sie hatten wohl das Resultat nicht ganz prazis mitgeteilt,
denn bei zwei Erzeugenden sei doch im Falle m = 5 bekannt, daB die Gruppe endlich sei . . .

Concerning your new result, this is indeed very exciting. I have immediately informed Mr. Witt*,
and he thinks that you had not stated the result in sufficiently precise form, for with two genera-
tors and m = 5 it is known that the group is finite.

And Hasse asked Griin to send him the precise formulation of the result.

46 In 1952 Hasse and Witt were colleagues at the university of Hamburg.

471 am somewhat puzzled by Witt’s statement. As far as I know the Burnside problem in the un-
restricted sense is still open in the case r = 2 and m = 5. Did Witt have a proof which he never
published? Or did Witt refer to the restricted Burnside problem? But the text of Griin’s letter in-
dicates that he is concerned with the unrestricted problem.
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We do not know Griin’s proof but since he did not reply to Hasse and did not pub-
lish this result there was probably an error in it. Maybe Griin had shown his proof to
Magnus who pointed out the error. Note that Magnus had published two years earlier
another paper connected with Burnside’s problem [Mag50], hence he was still interested
and informed about the problem.

At the DMV-meeting 1953 in Mainz Griin had announced a talk mentioning the
Burnside problem and the Baker-Hausdorff formula in the title. In the same year Griin
published a paper [Grii53] on p-groups in the Osaka Mathematical Journal in which
some connections to the Burnside problem were given. The paper was rated as an “in-
teresting paper” by Suzuki in his Zentralblatt review. But apparently nothing decisive
concerning the Burnside problem came out of these activities.

So this is another case where Griin had attempted to solve a famous great problem
but failed in the end, although he was able to contribute interesting methods, formulas
and lemmas.

7 Later years (after 1945)

Griin had expressed in one of his first letters to Hasse that he did not particularly like
his commercial job, and that he wished to be free to do mathematical research exclu-
sively. In the year 1938 he finally had the opportunity to leave his unbeloved commer-
cial job (whatever it was). As he reports in his vita*®:

Auf Bemihungen einfluBreicher Mathematiker wurde ich 1938 Chefmathematiker am Geo-
physikalischen Institut in Potsdam.

Due to the help of influential mathematicians I was appointed chief mathematician at the Geophy-
sics Institute in Potsdam.*

But we are somewhat doubtful whether this new job did leave him much more time for
group theory research as did his former job. (Although, as we have seen in section 5.2,
he could participate in the Gottingen group theory conference in 1939.) In any case,
during the war years until 1945, Griin was drafted to work as an “expert” at the Navy
Headquarters in Berlin®’; from this work there resulted a paper on theoretical physics
(which was published later in 1948 [Grii48b]). Again it does not seem likely that in this
period Griin had much time to spare for group theory.

After the war Griin found himself in the devastated city of Berlin without a job,
hence free to tend exclusively to his mathematical research, but also without any in-
come. In this situation he was picked up by Hermann Ludwig Schmid.

48 We are referring to the same vita from which we have cited in section 2.1.

49T do not know the identity of the “influential mathematicians” mentioned by Griin. It seems un-
likely that it was Hasse; the topic of Griin’s job in Potsdam was never mentioned in their corre-
spondence.

“Sachverstindiger beim Oberkommando der Marine”, according to his own words in his vita. —
We do not know whether it was the same military department where Hasse and a group of other
mathematicians (including Magnus) were working during the war years.

50
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7.1 H.L.Schmid and Griin

The mathematical scene in Berlin of the immediate post-war years has been vividly pic-
tured by Jehne and Lamprecht [JL98].>' H. L. Schmid was the main figure who took the
necessary initiative and started to rebuild Mathematics at Berlin University and at the
Berlin Academy from level zero. He was successful to attract mathematicians of high
standing to Berlin, like Hasse and Erhard Schmidt (and others). He built and managed
the new editorial office of the Zentralblatt der Mathematik in Berlin. Against many ob-
stacles he founded a new mathematical journal, the Mathematische Nachrichten, and
served as its managing editor. Using his diplomatic skills he succeeded to create a quiet
atmosphere where mathematical life could prosper, protected from an evironment full
of all kinds of basic day-to-day problems. He “led mathematics in Berlin to a first revi-
val”.>* For a time it looked like Berlin could become a leading center in Germany for
Mathematical Sciences.

H. L. Schmid took Griin under his wing and was able to get him some financial sup-
port, first in the University of Berlin® and since 1947 in the newly founded Mathe-
matics Research Institute of the Berlin Academy of Science.>*

H. L. Schmid had been assistant to Hasse in 1935, and he had met Griin when the
latter visited Gottingen (see section 5.2). Since 1940 H. L. Schmid worked in Berlin as
an assistant to Geppert in the editorial office of the refereeing journals Zentralblatt fiir
Mathematik and Fortschritte der Mathematik. At the same time he was Privatdozent at
Berlin University. From then on H. L. Schmid lived in the same city as Griin and it is
quite probable that they had met there occasionally. In any case, H. L. Schmid knew
about the mathematical background and the achievements of Griin, and he knew what
Griin needed: namely a quiet place to pursue his research on group theory. This was
what he could offer now, with remarkable consequences for Griin’s output of mathema-
tical papers in the years to follow (see section 7.2).

Griin’s salary at the Berlin Academy was not high, in fact it was quite small and just
enough to live on. But since Griin was single, this was acceptable to him.>

31 Klaus Krickeberg has pointed out to me that the article [JL98] describes only part of the “mathe-
matical scene” in Berlin of those years. Another part was dominated by Erhard Schmidt in the
direction of analysis.

52 Cited from [JL9S].

53 In a letter to Hasse dated July 1, 1946 Griin wrote: “I am relatively well off considering the cir-
cumstances. I am working at the university but as a researcher only, which after all is what I wish to
do.”. — After the war in 1945, the “Friedrichs-Wilhelm Universitit” of Berlin was short named
“Universitdt Berlin”, and later in 1949 it was renamed “Humboldt Universitit zu Berlin”. It was
situated in the Eastern (Soviet) sector of Berlin and is to be distinguished from the “Free Univer-
sity” which had been founded in the Western sector.

3% The documents of Griin’s employment at the Berlin Academy are preserved and available in the
Academy’s archive.

35 H. L. Schmid was able to support also a number of other young (and not so young) math-emati-
cians who needed help. One of them was Kurt Heegner, the man who later would be the first to
solve the class number 1 problem for imaginary quadratic fields [Hee52]. (Heegner’s paper was
formulated in too fragmentary style and hence it was not understood properly until Deuring
[Deu68] cleared up the situation.)
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In October 1946 Griin had received an offer for a teaching position from the Univer-
sity of Greifswald, as he narrates in his vita written August 2, 1955. However, they re-
quired there that he publicly committed himself to a political party in the Sowjet occu-
pation zone, and this he refused. Griin was a non-conformist: in the 1930s he had re-
fused to join the Nazi party, and now he did the same thing with the communist
dominated parties.>®

Perhaps we are not wrong to assume that there was another reason for Griin, con-
scious or unconscious, to reject this offer to Greifswald. For, he did not like to teach. In
fact, by all indications we know he was not a good lecturer. And so he preferred to live
on the small but sufficient income he got from the Berlin Academy, free to pursue his
studies on group theory without worrying about teaching and administrative or politi-
cal problems.

Already in 1942 Hasse had written to Griin explaining what possibilities there were
for him to obtain his doctorate. But at that time nothing came out of this. Now in 1946
H. L. Schmid proposed to Griin to apply to the university for admission to promotion
for doctorate . It is reported (by hearsay) that Griin was quite hesitating because he did
not like formalities of any kind. For, there had to be an extra permission because Griin
had not been a student of Berlin University, in fact he had never attended any univer-
sity. But H. L. Schmid finally succeeded to persuade Griin.>’

Thus on April 2, 1946 Griin submitted the necessary application form to the dean of
the science faculty of Berlin University. The fields in which he asked to be examined
were “Pure Mathematics, Applied Mathematics and Theoretical Physics”. He sub-
mitted the thesis Contributions to group theory III which two years later was published
in the first volume of the new journal Mathematische Nachrichten (See [Grii48a]). Offi-
cially H. L. Schmid signed as the first referee for the thesis but he mentioned in his re-
port that Magnus, as an expert in this field, had checked it thoroughly.

The promotion documents for Otto Griin are preserved at the archives of the Hum-
boldt University. The examination took place on June 20, 1947 and the final doctor’s di-
ploma is signed on September 20, 1948. At this date Griin was 60 years of age.

7.2 16 more papers

In section 5.2 we have cited a letter of Griin (dated May 9, 1935) in which he claimed to
have “a huge pile of notes which already contain the essential ingredients of future publica-
tions.” Some of those publications, until 1945, we have already mentioned. But it seems
there was more in Griin’s pile of notes. For, from 1948 to 1964 Griin published 16 more
papers, 13 of them on p-groups and related topics. (The first of those papers he used as
his doctoral thesis as mentioned above already.) About every year he completed a new

56 Quite generally, people who knew him tell me that Griin’s opinions and beliefs were remarkably
independent of the Zeitgeist.

571t is not unlikely that H. L. Schmid used the argument that if Griin had the title of “doctor” then
this would imply some increase of his (small) salary.
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paper. This activity seems quite remarkable, considering that Griin in 1948 was of age
60, and he was 76 at the time when his last paper appeared.

The first few of these papers were still checked by Magnus before publication, but la-
ter, Magnus had emigrated to USA, Griin was at last able to work on his own. He had
learned to avoid erroneous conclusions in his publications and had become a respected
colleague among group theorists. He wisely stayed away from great and famous pro-
blems, in view of his experiences he had gone through in earlier years with Vandiver’s
conjecture, Burnside’s problem and the conjecture of Schur.’® His papers constituted
valuable and useful contributions for the specialists; they appeared in good journals in
Germany and elsewhere. Griin became a known expert in p-groups and related struc-
tures, and he was consulted as a referee for doctorate theses etc.

Two of Griin’s papers from this time were on number theory: perfect numbers, and
Bernoulli numbers. But these were only small notes.

In 1958 there was an increase in exchange of letters between Hasse and Griin, and
this concerned class groups of cyclotomic fields. Thus Griin had not completely forgot-
ten this topic with which he had started in the 1930s. As a result of this correspondence
Griin obtained a theorem which, however, turned out to be a special case of Leopoldt’s
Spiegelungssatz [Leo58]. Leopoldt’s paper was in press but not yet published. Hasse of-
fered to publish Griin’s manuscript since, after all, it had been obtained independently,
but Griin withdrew his manuscript. Nonetheless his letters show that Griin’s number
theoretical interest was still alive, and his standard was high.

7.3 Wiirzburg (1954 -63)

The hope that Berlin would be able to establish itself as a center of Mathematics in Ger-
many dwindled soon. Around 1950 the “Gleichschaltung”, in the communist sense, of
academic (and other) institutions in the Soviet occupied part of Germany was intensi-
fied. As a consequence many people tried to go to West Germany. Hasse accepted a po-
sition in Hamburg in 1950, and a number of younger people of his circle went with him.
In 1953 H. L. Schmid changed from Berlin to the University of Wiirzburg and again, a
number of people went with him there.

Otto Griin too was among those who followed H. L. Schmid to Wiirzburg. The lat-
ter had been able to find means there for the financial support of Griin. At first Griin
became a member of the research center for applied mathematics in Wiirzburg which
H. L. Schmid had newly founded together with Bilharz.*’

% In 1938 Griin had published a paper [Grii38] in which he claimed (among other results) that
every representation of a finite group of exponent m can be realized in the field of m-th roots of
unity. Schur had conjectured this in 1912 with the group order instead of exponent. However,
Griin’s proof turned out to be erroneous.

59 Herbert Bilharz had been, like H. L. Schmid, a graduate student of Hasse. In his Géttingen the-
sis [Bil37] he had solved Artin’s conjecture for primitive roots in the function field case — assum-
ing the Riemann hypothesis for function fields (which was finally verified by A. Weil). Later he
went to applied mathematics and worked for a time in the aircraft industry. In Wiirzburg he held
a chair for applied mathematics.
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Later, after the early death of H.L.Schmid in 1956, Griin could be supported
through a teaching job (Lehrauftrag) for group theory at the University of Wiirzburg,
which he received almost regularly for several years. There are still people living who
have attended Griin’s lecture courses, or at least have tried to do so. The story is that
each semester Griin announced a lecture on group theory, and after 2-3 hours every stu-
dent had dropped out because of Griin’s “awkwardness in the presentation of material”
(which Hasse had already observed in 1939). After that, Griin was happy to be able to
turn to his research without having to worry about lectures.

Between 1954 and 1961 Griin attended every group theory meeting in Oberwolfach;
these meetings were directed by Reinhold Baer, one of them by Jean Dieudonné. Since
participation in Oberwolfach meetings is possible by personal invitation only, this
shows that his results were appreciated by the international group theory community.
Four times Griin presented talks at those meetings (1955, 59, 60, 61). The abstracts of
those talks are still available in the Oberwolfach abstract books (Vortragsbiicher), they
show that Griin talked about the results which he had obtained in his papers. But as
some participants of those meetings remember, his style of lecturing had not improved.

8 Epilogue

In 1955 Griin was 67 years. It became clear that something had to be done to secure for
him some retirement pension.®® This was difficult since he never had held a regular posi-
tion in a university. In the archives of Wiirzburg University I have found a number of
documents, between 1955 and 1962, written by the Mathematics Department Head,
with the intention to obtain some kind of retirement pay for Griin.

In order to back those efforts, some leading group theorists were asked to write their
opinion on Griin. Let us cite excerpts of those opinions, all dated in 1955, in order to
put into evidence that Griin was respected as a group theorist throughout the world:

F. W.LEVL Berlin (Freie Universitit): Es ist Herrn Griin gelungen, neue Methoden fiir die Er-
forschung der endlichen Gruppen zu entwickeln und dadurch dieses Gebiet neu zu erschlie-
Ben. Schon seine ersten Ergebnisse haben Aufsehen unter den Algebraikern erregt und sind
schnell in die Literatur, sogar in Lehrblcher Ubergegangen. Seit dieser Zeit hat er unermtdlich
weiter gearbeitet, wichtige Ergebnisse erzielt und dadurch anderen Mitarbeitern den Weg zu
neuer Forschung geebnet. ... Herr Grin ist Autodidakt, hat nie ein Lehramt bekleidet, aber er
ist ein echter Gelehrter, und zwar ein Gelehrter von groBer wissenschatftlicher Bedeutung.

Griin succeeded to develop new methods for the investigation of finite groups and thus to open this
field from a new viewpoint. Already his first results have atiracted great attention among algebra-
ists and were quickly included into the literature, even into textbooks. Since then he has ever con-
tinued to work, he has obtained important results and thus opened the way for the research of
other mathematicians. . .. Griin is self-educated, has never had a teaching position, but he is a true
scholar with great scientific standing . ..

R. BAER, University of Illinois, Urbana: O.Grin ist unzweifelhaft einer der fiihrenden Grup-
pentheoretiker unserer Zeit. . .. In der fundamentalen Arbeit Gber die endlichen p-Gruppen ist
es ihm gelungen, die Ph.Hallsche Theorie der regularen p-Gruppen auf beliebige p-Gruppen

% In a letter of Griin to Hasse of August 29, 1955, Griin writes that he gets only 160 DM monthly.
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auszudehnen, den dabei entstehenden neuen Phanomenen Rechnung zu tragen und da-
durch neues Licht auf die Fulle der Erscheinungen in diesem reichen Gebiet zu werfen.

Without doubt Griin is one of the leading group theorists of our time. . .. In the fundamental paper
on finite p-groups he succeeded to extend Ph. Hall’s theory of regular p-groups to p-groups of ar-
bitrary structure. He was able to deal with the new phenomena which showed up in this process,
and thus to throw new light upon the many aspects of this rich mathematical discipline.

B. H. NEUMANN, Hull: Otto Griin muss heutzutage als einer der bekanntesten und beriihmtesten
Gruppentheoretiker gelten, und zwar keineswegs nur in Deutschland, sondern Uberall, wo
Mathematik getrieben wird . . . In drei so verschiedenartigen Monographien wie “Lehrbuch der
Gruppentheorie” von Zassenhaus, “Gruppi astratti” von Scorza und “Teoriya Grupp” von Ku-
rosch werden die Resultate von Griin mehrfach herangezogen.

Nowadays Otto Griin has to be counted as one of the most prominent group theorists, by no means
in Germany only but wherever mathematics is present ... In three quite different monographys
like “Lehrbuch der Gruppentheorie” by Zassenhaus, “Gruppi astratti” by Scorza and “Teoriya
Grupp” by Kurosh his results are repeatedly used.

J. DIEUDONNE, Evanston, Ill.: . .. confirmer tout I'estime et 'admiration que j'ai pour les travaux de
M. le Prof. O. Griin. Ses idées sur la théorie des groupes se distinguent par une remarquable ori-
ginalité et une profondeur peu commune . ..

... the estimation and admiration which I harbor for the works of Prof. O. Griin. His ideas about
group theory are distinguished by a remarkable originality and a rarely found depth . . .

W. MAGNUS, New York University: Grin ist ein Mathematiker von wohlbegriindetem intematio-
nalen Ansehen. Seine Arbeiten zur Gruppentheorie werden von mathematischen Autoren aller
Lander zitiert, und einige der von Herrm Griin gefundenen Resultate gehdren zum bleibenden
Bestand der Gruppentheorie, was darin zum Ausdruck kommt, dass sie in allen modernen
Lehrblchemn dargestellt werden (z. B. Zassenhaus, Kurosch) . . .

Griin is a mathematician of well founded international standing. His papers are cited by mathema-
tical authors of all countries, and some of his results belong to the perpetual stock of group theory,
which is evidenced by the fact, that they are treated in all modern textbooks (e.g., Zassenhaus,
Kurosh) . ..

H. ZASSENHAUS, McGill Univ., Montreal: Im Bereiche der mathematischen Forschung dieses
Jahrunderts ist mir kein anderes Beispiel der Entdeckung eines hervorragenden Mathemati-
kers im vorgerlckten Alter bekannt geworden. Im neunzehnten Jahrhundert hat es die Falle
von Sophus Lie und Weierstrass gegeben ... Durch seine Arbeiten hat sich Otto Griin einen
Namen als ausgezeichneter tiefforschender deutscher Mathematiker gemacht, den ich in Eng-
land und in den Vereinigten Staaten immer wieder mit Achtung und Bewunderung habe nen-
nen horen.

In the realm of mathematical research I do not know any other example of an excellent mathema-
tician who was discovered in his midlife years only. In the 19th century there were the cases of So-
phus Lie and Weierstrass ... Through his work Otto Griin has become a well known name as a
German mathematician, doing deep research. I have heard mention his name again and again in
England and in the United States with respect and admiration . . .

It is not clear from the Wiirzburg documents whether the initiative on behalf of
Griin was successful. [ am afraid it was not.

In any case, Griin returned to (West-)Berlin, his home town, in the year 1963 when
he was 75. After that date there were still some letters exchanged between Griin and
Hasse but they were restricted mainly to birthday greetings and the like. All the time
Griin continued to respect Hasse as his teacher, the one who opened mathematics for
him, and he expressed his thanks and admiration for Hasse in his letters.
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Starting from 1971 we find in Griin’s letterhead the title of “Professor”. Perhaps we
can conclude from this that he had obtained from the government this official title and,
we hope, finally some adequate retirement pension in view of his achievements.

In October 1974 Griin died at the age of 86. Among Hasse’s papers I found a brief
obituary, about half a page, dated October 10, 1974. But I do not know where it had
been published; perhaps it was a newspaper clip. There was no obituary in the Jahres-
bericht of the DMV of which Griin was a member since 1939.
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1 Introduction

Groups play a central role in algebra and mathematics. They formalize the concept of
symmetry and have applications ranging from the insolubility of the quintic equation to
crystallography and cryptography.

Computational group theory is a modern branch of group theory. It includes the de-
velopment of algorithms for the computational investigation, construction and classifi-
cation of groups, their implementation and their complexity analysis. An important
aim in computational group theory is the application of algorithms to solve open pro-
blems with the help of computers.

There are two major computer algebra systems available which can serve as a basis
for implementations and as a source of available algorithms: the GAP system [62] and
the MaGma system [9]. Both systems contain a broad variety of group theoretic algo-
rithms and various data libraries. Both systems are widely used by the mathematical re-
search community and they are distributed to over 600 campuses world wide.

Computational group theory is divided into various subareas. Some of them corre-
spond to the main representations of groups: permutation groups, finitely presented
groups and matrix groups. Also, there are specialized algorithms available for certain
classes of groups such as nilpotent or polycyclic groups. Further, algorithms to classify
certain types of groups play a role in computational group theory.

This article can only give an overview on some of the many topics in computational
group theory. For further details and background see the handbook of computational
group theory by Holt et. al. [30] as well as to the conference proceedings [4, 11, 12, 23,
24, 36, 5] and the survey articles [55, 42]. Sections 2—6 of this article describe some of
the main subareas of computational group theory and Sections 7—9 contain some appli-
cations.

2 Permutation Groups

Suppose that a subgroup G of a symmetric group S, is given by a set of generators
{g1,...,&}. The central problem in computational permutation group theory is to de-
termine the structure of G. This includes, for example, the computation of the order of
G, the investigation of all or of specific parts of the subgroup structure of G, or the com-
putation of the automorphism group of G.

The algorithmic theory of permutation groups is well-developed and a large variety
of methods is available. Many of the recently developed permutation group algorithms
are at the same time the most practical algorithms for implementations and also have
the best known complexity. The book by Seress [56] gives a state of the art description
of permutation group methods.

A particular strength of permutation groups is that groups of quite large order can
be defined by a small generating set. Hence only a small amount of data is needed to
store a large object. It is a central aim to be able to investigate very large groups and
thus listing the elements of a group or similarly large amounts of data should be
avoided.
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2.1 Base and strong generating set

The fundamental ideas for computations with permutation groups are due to Sims [58].
They are based on the following definition.

1 Definition: Let G < S, and B = (f31,...,3.) a sequence of points in {1, ...,n}.
Let G; = Stabg(By, - . ., Bi—1) the pointwise stabilizer of 3y, ..., 5i—; for 1 <i < m.

a) Biscalled a base for G if G,,,; = {1} holds.
b) S C Gis called a strong generating set for G with respect to B if G; = (S N G;) holds
forl <i<m.

If a base and a strong generating set for G are given, then the orbits BiG " can be com-
puted readily. It follows that the order |G| can be read off as

m m

161 = T]1G: : Gea] = [T 187

i=1 i=1
The determination of the orbits ,BI.G " also yields a transversal T; of G;,| in G;. Thus every
element g of G can be written uniquely as g = ¢, - - - f; with ¢; € T;. This decomposition
can be determined algorithmically: first, determine ¢; € 77 with (3% = ,8’11 . Then
h = gt7! € G,. Now apply the method recursively to 4 and obtain & = 1,, - - - 1. It fol-
lows that g = ht; = t,,-- - t - 11 as desired. This process is called sifting.

The sifting algorithm can also be used for membership testing: given g € S,,, we try
to sift g as outlined above. If at any step in this method 3/ ¢ ﬁiG', then g ¢ G follows. If
at the end of the sifting process /1 # 1, then g ¢ G follows also. Otherwise g € G holds.

A base and strong generating set can be computed effectively in a permutation
group given by generators. This is the most fundamental among all methods for permu-
tation groups; see [56] for a detailed account.

Further applications of bases and strong generating sets include, for example, the
computation of the derived and the lower central series and finding the pointwise stabi-
lizer of subsets of {1,...,n}.

2.2 Further algorithms for permutation groups

Many other effective algorithms for permutation groups are based on the determination
and use of a system of imprimitivity for the considered group. These methods use a di-
vide and conquer approach to reduce the considered problem to computations with pri-
mitive permutation groups. These algorithms include those for the determination of a
composition series and the computation of Sylow subgroups.

However, there are also algorithmic problems for permutation groups where no effi-
cient algorithm for their solution is known. These problems include, for example, the
computation of the centralizer of an element and the intersection of two subgroups.
Backtrack methods are used to solve these problems.
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2.3 Examples and applications

Methods for permutation groups have initially been invented and designed for the expli-
cit construction and investigation of finite simple groups. For example, Leon and Sims
[38] used them to construct the Baby monster B and thus obtained a first (computer de-
pendent) proof for the existence of this sporadic simple group. The Baby monster Bis a
group of order

24 .313.56.72.11.13-17-19-23-31-47
and it was constructed as a permutation group on 13 571 955 000 points.

There are also applications of permutation groups outside group theory. An exam-
ple is the investigation of games. For example, one can readily determine that the sym-
metry group of Rubik’s cube has order 2?7 -3'%.5%.72.11. This computation only
takes a few milliseconds on an average computer nowadays, see for example [53]. Note
that the order translates to the number of different states that Rubik’s cube has.

It is also possible to investigate whether certain permutations of the cube’s faces are
possible. For example, one can readily prove that it is impossible to flip just one edge of
the cube, while one can flip two edges simultaneously. The original idea of the cube was
to find a sequence of turns of the faces that will transform the cube back into its original
state. It is worth noting that the currently available permutation group methods are not
able to solve all instances of this problem in a reasonable amount of time.

3 Finitely Presented Groups

A finite presentation for a group G consists of a set of abstract generators
G=1{gi,...,q} and a set of relators R = {ry,...,r,}; every relator r; is a word in the
generators and their inverses. The group G is then defined as F /K where F is the free
group on G and K is the normal subgroup of F generated by R. One can think of G as
the largest group which has a set of generators satisfying the relations » = 1 forr € R.

Again, the central problem in this area is: given a group G defined by a finite presen-
tation, determine the structure of G. However, one should be far less ambitious in the fi-
nitely presented group case than, for example, in the permutation group case.

In 1911 Dehn [13] asked the question whether the following problems can be solved
in a finitely presented group:

Word problem: Given a word w in G, decide whether w = 1 holds in G.
Conjugacy problem: Given two words w and v in G, decide whether w® = v holds in G
forsome g € G.

= [somorphism problem: Given two finitely presented groups, decide whether they are
isomorphic.

It was proved 1955 by Novikov [47] that the word problem is not decidable in a finitely
presented group. Consequently, the other two problems and many other related algo-
rithmic problems are also undecidable in finitely presented groups. Thus computations
with finitely presented groups are generally difficult.
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Nonetheless, there are various algorithmic approaches available for such groups.
The book by Sims [60] provides a detailed account on these methods. In the following
we give a basic introduction to some of the fundamental ideas of these methods.

3.1 Quotient methods

Suppose that G = (G | R) is given. The aim of the quotient methods is to analyze certain
quotients of G. The simplest instance of these methods is the abelian quotient method.
Its aim is to determine the isomorphism type of the largest abelian quotient G/G’. We
include a brief outline of this method in the following. Recall that every relator r € R is
a word in the generators and their inverses: r = gfll --- g7 for certain ¢; € Z. First, de-
termine for r its corresponding collected word 7 = g1
of all ¢; with i; = k. Then, define the following matrix

: ~g7’<r) where a;(r) is the sum

ai(r) - a(n)
A= ap (rm) o al(rm) = Z/Xmax{hn}_

A Smith normal form computation on A4 can now be used to exhibit the isomorphism
type of G/G" as the following theorem shows; see [60], Chapter 8, for a proof.

2 Theorem: Let by, ..., b; be the diagonal entries of the Smith normal form for A.
Then G/G' 2 Z/b\ZL % --- x I/b/L.

Hence the isomorphism type of G/G’ can be determined by linear algebra methods.
More sophisticated methods can be used to determine other types of quotients of G.
For example, in [45] the computation of nilpotent quotients is described and in [40]
Groebner basis methods over group rings are employed to determine polycyclic quo-
tients. Various finite quotient methods can be found in [50, 46, 43].

3.2 The order of a finitely presented group

Suppose that G = (G | R) is given. An approach for computing the order of G, provided
it is finite, has been invented 1936 by Todd and Coxeter [64]. The basic idea is to deter-
mine successively a faithful permutation representation for G using the action of G by
multiplication on its elements or on cosets of a subgroup. If G is finite, then this process
terminates and yields |G|. If G is infinite, then this process does not terminate. Most re-
cent investigations and implementations of this method are due to Havas [27].

An alternative to the Todd-Coxeter approach is the Knuth-Bendix term-rewriting
process; see [59]. This process tries to determine a confluent rewriting system for the
group G and thus the order of G. The process terminates if G is finite, but if G is infinite,
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then the process may or may not terminate. Usually, the Todd-Coxeter approach is
more effective than the Knuth-Bendix process.

3.3 Some further algorithms for finitely presented groups

The low-index subgroup algorithm lists all subgroups of a given index in a finitely pre-
sented group. This method is based on similar ideas as the Todd-Coxeter approach, see
[60]. Approaches towards testing isomorphism or non-isomorphism have been de-
scribed by Holt and Rees [32].

There are various special classes of finitely presented groups which allow signifi-
cantly better algorithms to compute with them. For example, free groups [8], automatic
groups [22, 21] and polycyclicly presented groups, see Section 4, are of this type.

3.4 Examples and applications

A major motivation for computations with finitely presented groups comes from topol-
ogy; in particular, from the study of fundamental groups. An explicit example of a col-
lection of groups arising from topology has been given by Cavicchioli and investigated
by Hulpke [33]: The computation shows also that even though there is no algorithm to
decide whether or not a finitely presented group is infinite, an interplay between various
methods for finitely presented groups can often be used to determine that a given fi-
nitely presented group is infinite.

An impressive application of the finite quotient methods lies in the determination of
restricted Burnside groups. The Burnside group B(/, ¢) is the largest group on / genera-
tors with exponent e. Zelmanov’s famous theorem [65] asserts that B(/, ¢) has a maximal
finite quotient: the restricted Burnside group R(/, e).

For exponents 2 and 3, it is known that B(/,e) = R(/,¢) and the groups can be con-
structed by theoretical investigations. For e > 3, the explicit construction of R(Z, e) for
specific values of / and e is an interesting computational problem. The solvable quotient
and p-quotient methods are the main tools that have been employed for this purpose.
We refer to [43] for an overview and to [48] for the latest achievements. A table with the
orders of the known restricted Burnside groups for e > 3 is included below.

I 12 3. 4 s
|R(l, 4), 212 269 2422 22728
|R(l, 5)! 534 52282
IR(1,6)| | 228 .3
|R(l, 7)| 720416
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4 Polycyclic Groups

For polycyclic groups there exists a special collection of effective algorithms which are
based on the internal structure of the groups, and not on any specific representation.

3 Definition: A group G is polycyclic if there exists a series G = G| >...> Gy
= {1} such that every factor G;/G;y is cyclic.

Again, the central problem in this field is: given a polycyclic group G, determine the
structure of G. A large number of algorithms is available for this purpose. For example,
the order of G can be determined readily, all kinds of specific subgroups can be calcu-
lated and, if G is finite, then the automorphism group of G can be computed effectively.

The class of polycyclic groups includes the finite solvable groups, the finitely gener-
ated nilpotent groups and in particular the groups of prime-power order. Basic intro-
ductions to computations with polycyclic groups are described in [60] and [30]. A more
complete account is given in [18].

Despite the fact that there are various effective algorithms available for polycyclic
groups, there are also some interesting open problems in this field, mostly for the case
of infinite polycyclic groups. For example, it is not known whether there exists an algo-
rithm for computing a minimal generating set of an infinite polycyclic group. Also, in
[54] it is proved that automorphism groups of polycyclic groups can be determined al-
gorithmically, but an effective algorithm with implementation is only available for finite
polycyclic groups [61].

4.1 Polycyclic sequences and presentations

Algorithms for polycyclic groups are based on their internal structure and hence this
structure needs to be exhibited in an algorithmically useful way.

4 Definition: Let G= G, > ...> G,y = {1} be a polycyclic series. Let g; € G
with G;/Giy1 = (giGiv1). Then G = (g1, ..., gx) 18 a polycyclic sequence for G.

Polycyclic sequences are the fundamental tool on which all algorithms for polycyclic
groups are based. They yield that G; = (g;, ..., g,) and thus G generates G. The follow-
ing lemma yields an important property of polycyclic sequences.

5 Lemma: Let G = (g1,...,8,) be a polycyclic sequence for G and ri = [G; : Giy1].
Then every element g € G can be written uniquely as g = g(l1 g with e; € I and
0<e <riifri < oo.

Hence polycyclic sequences induce a map ¢ : G — Z" : g — (ey,...,e,). Many al-
gorithms with subgroups and factor groups in polycyclic groups are obtained by trans-
lating algorithms for Z" via ¢ into a non-commutative version for G.

Polycyclic groups admit very compact finite presentations to define them: the poly-
cyclic presentations. These presentations have a polycyclic sequence G as set of abstract
generators and their relators have the form:
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ri i i+l Cin
g' |/ i+1 " 8n
=] /1 /+l Ij n
g &g / gﬁj‘ . fori>j
/
-1 i,j,j+1 11 n
gigig; | g fori>j

These presentations allow effective computations with the groups they define. In parti-
cular, the word problem is effectively solvable in such presentations.

4.2 Further algorithms for polycyclic groups

Polycyclic groups allow us to compute effectively with factor groups. This is used for
many methods in combination with the following theorem.

6 Theorem: Every polycyclic group G has a normal series G = Ni> ... >Ny
= {1} such that every factor N;/N;., is either free abelian or elementary abelian.

Many algorithms for polycyclic groups proceed by induction on such a normal ser-
ies. They assume that the desired object is computed in G/N; and they seek to extend
this solution to G.

In the induction step we exploit that the conjugation action of G/N; on N; induces a
homomorphism ¢ : G/N; — Aut(N;) = GL(d, R) where N; = R? for R=Z or R = IF,,.
The homomorphism 1 together with the cocycle class o € H*(G/N;, N;) describing G as
an extension of G/N; by N; determine G completely. Thus the induction step reduces to
computations with matrix representations and cohomology groups of G.

This type of approach is used, for example, for computing conjugacy classes of ele-
ments and subgroups and for computing the automorphism group if G is finite.

4.3 Examples and applications

Polycyclic presentations are a very compact description for polycyclic groups. This is es-
sential for the computation of restricted Burnside groups as in Section 3.4. These are de-
termined as polycyclicly presented groups and this is currently the only representation
which allows us to determine such large groups.

Algebraic number fields can be used to produce interesting examples of infinite poly-
cyclic groups. Let K be an algebraic number field with maximal order O and unit group
U. Then U acts by multiplication from the right on the additive group O and thus one
can define the semidirect product G = OX U. As O = Z" for some n € N and U is a fi-
nitely generated abelian group by Dirichlet’s theorem, it follows that G is polycyclic.
Computations with this type of polycyclic group translate to computations with alge-
braic number fields.
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5 Matrix Groups

The development of algorithms for matrix groups is a currently very active field of re-
search. The central aim is similar to the permutation group topic: given G =
(g1,...,81) < GL(d, R) for some commutative ring R, determine the structure of G.

The available methods for this purpose depend heavily on the considered ring R.
Thus this area of algorithmic group theory is divided up further in various subtopics.
At current, mainly the finite fields R = IF, and R € {Z, @} or algebraic extensions of @
are investigated.

5.1 Finite fields

If R = IF, is a finite field, then GL(d, IF,) is finite. In this case G has a faithful permuta-
tion representation of degree ¢¢ — 1 by acting on the elements of lFif \ {0}. However,
the degree of this representation is often too large to allow a practical application of this
permutation representation and hence algorithms for matrix groups of large degree or
field try to avoid the use of this representation.

Most effort in this field is currently concentrated on the matrix group recognition
project. The aim of this project is to develop practical and efficient algorithms to deter-
mine a composition series for G and to recognize the simple factors of this series. The
classification of finite simple groups and properties of the finite simple groups play a
central role in this project.

As a fundamental basis for the recognition of a matrix group the following theorem
by Aschbacher [2] is used. See also [31].

7 Theorem: (Aschbacher) Let G < GL(n,q) for q=p' and let V = IE, and
Z = Z(GL(n,q)). Then one of the following holds:

(1) G acts reducibly on V.

(2) G acts imprimitively on V.

(3) G preserves a tensor decomposition of V.

(4) G preserves a symmetric tensor power decomposition of V.

(5) A4 conjugate of G embeds into I'L(n/m, q"), the group of semilinear maps.
(6) A conjugate of G embeds into GL(n, p°)Z where e | [.

(7) G normalizes an irreducible extraspecial or symplectic type group.

(8) H' < G < HZ for a classical group H on V.

9) G/(G N Z) is almost non-abelian simple.

The first aim in the matrix group recognition project is now to determine the Asch-
bacher class of G. Randomized methods are a fundamental tool for this purpose. Every
Aschbacher class gives either rise to some reduction of the original problem or it proves
that the considered group is almost simple. A second aim in the matrix group recogni-
tion project is then to identify a simple group in the list of all finite simple groups. Solu-
tions to this problem are based on methods from representation theory. We refer to [37]
for further details.
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5.2 Algebraic number fields

The finitely generated subgroups of GL(d, K) for an algebraic number field X fall into
two classes by the following theorem of Tits [63]. A group is called virtually solvable if it
contains a solvable normal subgroup of finite index.

8 Theorem: (Tits alternative) Let K be a field and let G < GL(d, K) finitely gener-
ated. Then G is virtually solvable or G contains a non-abelian free subgroup.

The ‘Tits class’ of a given finitely generated group G < GL(d, K) for an algebraic
number field K can be computed, see [3, 6].

The case when G contains a non-abelian free subgroup can be considered the “wild”
case. For example, it is known that in such groups the conjugacy problem is in general
undecidable, see [41], page 42. Consequently, computations with such groups are diffi-
cult and at current there is only little machinery available for them.

The case that G is virtually solvable is somewhat “tamer”. The class of virtually sol-
vable groups contains the virtually polycyclic groups as a large subclass. By [3], we can
determine a polycyclic presentation for polycyclic normal subgroup of finite index in
virtually polycyclic matrix groups and this allows computations with these groups.

However, that at current it is not known how to check whether a finitely generated
virtually solvable matrix groups is virtually polycyclic. Neither are there methods for
computations with solvable, non-polycyclic groups available.

5.3 Examples and applications

Almost crystallographic groups are a generalization of crystallographic groups which
arise in topology from the study of certain manifolds, see [14]. These groups are finitely
generated virtually nilpotent and they arise naturally as matrix groups over @. Hence
the approach described in Section 5.2 applies to them. This has been used successfully
[15] to compute with these groups.

Matrix groups over finite fields play a role in the construction and investigation of
finite simple groups. If possible, these groups are investigated by permutation groups
methods. However, there are sporadic groups which are better represented by matrices.
Groups of this type are the Janko group J4 and the Monster group M. The Monster M
has order

246.320.59.76.112.13%.17-19-23-29.31-41-47-59 - 71.

It can be represented by 196 882 dimensional matrices over IF, and its smallest known
faithful permutation representation has degree 97 239 461 142 009 186 000. Computa-
tions with permutation representations of M are currently impossible, while a matrix re-
presentation has been explicitly constructed and it has been used for certain (very lim-
ited) computations, see [29].
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6 Classifications of Groups

The classification and the explicit determination of all groups of a certain type is often a
natural computational problem. It usually requires various highly effective computa-
tional methods for groups of different representations. Hence such classifications are
often high-level applications of computational group theory.

6.1 The groups of “small” order

The central aim in this topic is to determine for a given order » an explicit list of groups
such that every group of order # is isomorphic to exactly one group in the list. This pro-
blem has been initiated in 1854 by Cayley and it has received much attention since; see
[7] for an overview and a history.

Starting around 1990 this topic has become a computational topic. First, Newman
and O’Brien developed an algorithm to compute all groups of a given prime-power or-
der p". This algorithm was successfully used to determine the groups of order 2" for
n < 9 and a variation was used to count the 49 487 365 422 groups of order 2!°. Then,
Besche and Eick developed an effective algorithm to determine all groups of any given
order n. These two algorithms have been employed to construct explicitly all
423 164 062 groups of order at most 2000 except 2'°.

Interestingly, the classification of groups by order is also mentioned in Alan Tur-
ing’s definition of a computer [28]: “There will positively be no internal alterations to be
made even if we wish suddenly to switch from calculating the energy levels of the neon atom
to the enumeration of groups of order 720.”

A more general aim is to classify all groups whose whose order has a certain factori-
zation. For example, Holder classified the groups whose order has at most three prime
factor. More recently, in [44] the groups of order p° for a prime p are determined and
[16] yields the groups of cubefree order.

6.2 Transitive and primitive groups

Here the central aim is to determine for a given degree n an explicit list of transitive or
primitive subgroups of the symmetric group S, such that every transitive or primitive
subgroup of .S, is conjugate to exactly one group in the list. Also this topic has a long
history; see [57] for a history and further references for the primitive group case.

The transitive groups of degree at most 31 have been determined by Hulpke [35].
The underlying idea of this construction is to reduce from transitive groups to primitive
groups by investigating systems of imprimitivity. Thus the construction of transitive
groups is based on the classification of primitive groups.

The primitive groups of degree at most 2500 have been listed by Roney-Dougal [52].
This construction is based on the O’Nan-Scott theorem which divides the primitive per-
mutation groups into two types: those with solvable socle and those with insolvable so-
cle. The primitive groups with solvable socle are affine; that is, they are of the form
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C, X K where K embeds as irreducible subgroup into Aut(C) = GL(n,p). Hence their
determination translates into algorithms for matrix groups and relies on representation
theory. The primitive groups with insolvable socle are split up further by the O’Nan-
Scott theorem; see [39] for details.

The solvable primitive groups are listed up to degree 6560 in [20]. These groups are
all affine and thus their determination relies on representation theory for finite solvable
groups.

7 Galois Theory

Galois’ famous discovery that ‘an irreducible polynomial f (x) € Q|x] is solvable by radi-
cals if and only if its Galois group Gy is solvable’ is one of the mile-stones in algebra. The
discovery leads directly to a computational problem: given an irreducible /' (x) € @Q[x],
check whether it is solvable by radicals and if so, then determine its roots as radicals.

For this purpose we first determine the Galois group Gy of f(x). This Galois group
has a natural representation as a transitive subgroup of the symmetric group S, where
n = deg(f"). There are various methods available for computing Gy, see for example [34,
25]. Most of them reduce the problem of computing the Galois group to the problem of
determining the transitive subgroups of S,. Thus the classification obtained in Section
6.2 plays a fundamental role in this problem.

Once the Galois group Gy is available as a permutation group in S, it is compara-
tively easy to check whether Gy is solvable. The available methods for permutation
groups, see Section 2, facilitate an efficient check for this purpose.

Now it remains to translate the solvability of G, back into computing radicals for
f(x). This can be done by essentially translating the proof of Galois’ theorem into an al-
gorithm. However, to obtain an effective algorithm, various technical details need to be
addressed. For example, an efficient method for factoring polynomials over an alge-
braic extension of @ is necessary as well as various other computational methods for
permutation groups and algebraic number fields.

See [26, 17] for descriptions of algorithms to solve a polynomial by radicals.

8 Groups and Cryptography

Cryptography is one of the currently most active and most prominent areas of compu-
tational algebra. The central problem is that 4 (Alice) wants to send a secret message s
to B (Bob) via an insecure channel. Hence the message has to be encoded such that only
B can read it, but nobody else catching the message s can. For this purpose a one-way
Sunction f is used. Such a function has the property that 1'(s) is easily computable, but
f~1(z) isnot.

There are various one-way functions known which are based on features of number
theory. A well-known one is used to build the RSA cryptosystem: this is based on the
fact that the product of two primes p and ¢ is easy to compute, but factoring a product
of two large primes into its factors is difficult.
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Recently, new one-way-functions have been suggested which are based on non-com-
mutative groups. One is the Arithmetica key exchange protocol, see [1]. Let G be a fi-
nitely generated group with solvable word problem. Let S and 7 be two finitely gener-
ated subgroups of G and let {s,---,s,} and {7y, -, 1,,} be generating sets for S and 7,
respectively. These objects are all publicly available. Then

. - . a a
= Alice chooses a secret element ¢ € S written as word in the generators a = s,l' o -s,-/’

and publishes ¢,..., ;. , ,
m  Bob chooses a secret element b € T written as word in the generators b = till - t,-l”
. (]

and publishes 5%, ..., s?.

Then Alice and Bob can both compute the commutator [a, b] and use this as key:

[a,b) = (b)) 'b= (z;fh)*”h---(z?})*”l b computable for Bob
=ald=a'. (sfl)"l -+ (s7)“  computable for Alice

However, to determine [, b] based on the published data, one needs to find and b.
These can be obtained by solving the conjugacy problem in G and finding an element
which conjugates #; on ¢¢ for 1 <i < m and an element which conjugates s; on sf for
1<j<n

Hence it is now the aim to find groups G with effectively solvable word problem and
hard (or perhaps even unsolvable) conjugacy problem. Currently, various types of
groups G are under investigation in this respect.

9 Algorithms in Crystallography

Crystallographic groups are the symmetry groups of crystals. The interest in these
groups arises from their applications in chemistry and physics. These groups occur
naturally as rational matrix groups. By Bieberbach’s famous theorems, there are only fi-
nitely many isomorphism types of crystallographic groups for any fixed dimension. It is
natural computational problem to list the crystallographic groups in small dimensions.
This problem has been investigated by group theorists and crystallographers very
early on. By 1900 the crystallographic groups of dimension at most 3 had been deter-
mined. The following table shows the numbers of groups for the currently classified di-
mensions, see [10] for the dimension at most 4 and [51] for the dimensions 5 and 6.

dimension  number of groups

1 2
2 17
3 219
4 4783
5 222018
6 28 927922
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Algorithmic methods for investigating crystallographic groups are also of interest. For
example, given a space group G of small dimension, one wants to identify G in the data-
library of all crystallographic groups of that dimension and compute structure details
about G. We refer to [19] and [49] for further methods.
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J. Martinet
Perfect Lattices in
Euclidean Spaces

Berlin u. a., Springer, 2003, 523 S., € 89,95

Das Buch ,,Perfect lattices in Euclidean spa-
ces” ist eine liberarbeitete und erweiterte
Ubersetzung der 1996 erschienenen franzosi-
schen Ausgabe ,Les réseaux parfaits des
espaces euclidiens”. Beide Werke sind aus
Martinets langjahriger Erfahrung in For-
schung und Lehre in der Theorie der eukli-
dischen Gitter gewachsen. Sie sind auch fiir
interessierte Nicht-Fachleute und Studenten
zuginglich, wobei Vorkenntnisse in linearer
Algebra weitestgehend ausreichen.

Eines der Hauptziele der Gittertheorie ist
die Konstruktion dichter Gitter, wobei die
Dichte eines Gitters als die Dichte der zuge-
horigen Kugelpackung definiert ist. Die
Dichtefunktion hat auf dem Raum der Ahn-
lichkeitsklassen n-dimensionaler Gitter nur
endlich viele lokale Maxima, sogenannte ex-
treme Gitter. Eine tiber 100 Jahre alte Theo-
rie charakterisiert extreme Gitter als solche,
die perfekt und eutaktisch sind. Bis auf Ahn-
lichkeit gibt es nur endlich viele perfekte Git-
ter im n-dimensionalen euklidischen Raum.
Ein zentrales Thema von Martinets Buch ist
der Voronoi-Algorithmus zur Bestimmung
aller Ahnlichkeitsklassen perfekter Gitter.
Dieser grundlegende Algorithmus hat nicht
nur gitterspezifische Anwendungen.

Nach einer kurzen Einfithrung in die we-
sentlichen Begriffe der Gitter in euklidischen
Réaumen und der Charakterisierung extre-
mer Gitter gibt Martinet explizite Konstruk-
tionen fiir die in verschiedenen Bereichen der
Mathematik bedeutungsvollen Wurzelgitter

und deren nahe Verwandte an. Diese Bei-
spiele ermoglichen es ihm, mit klassischen
kombinatorischen Methoden und ohne Be-
nutzung des Voronoischen Algorithmus, die
perfekten Gitter bis zur Dimension 5 zu klas-
sifizieren. Der Voronoi-Algorithmus wird
erst im darauffolgenden Kapitel beschrieben
und benutzt um die mit dem Computer er-
zielten Ergebnisse in Dimension 6 und 7 zu
begriinden. Wihrend es in Dimension 7 bis
auf Ahnlichkeit nur 33 perfekte Gitter gibt,
ist es in Dimension § praktisch nicht mehr
moglich, alle perfekten Gitter zu bestimmen:
die fast 11 000 bekannten perfekten Gitter in
Dimension 8 sind durch Variationen des
Voronoischen Algorithmus konstruiert wor-
den, auf die in spéteren Kapiteln des Buches
eingegangen wird. Ungleichungen aus der
Geometrie der Zahlen erlauben es dennoch
zu beweisen, dass das Wurzelgitter Eg das
dichteste 8-dimensionale Gitter ist. Ein
Werkzeug, u.a. fir die Klassifikation dual-
extremer Gitter, d. h. der Gitter, bei denen
das Produkt der Dichte des Gitters und sei-
nes dualen Gitters ein lokales Maximum an-
nimmt, sind die minimalen Klassen, die den
Raum der Gitter in gegebener Dimension
pflastern. Zwei Gitter liegen in der gleichen
minimalen Klasse, wenn sie die gleichen kiir-
zesten Vektoren haben. Jedes perfekte Gitter
bildet eine Klasse fiir sich, und jede minimale
Klasse enthilt hochstens ein eutaktisches
Gitter. Die minimalen Klassen (und somit
auch die eutaktischen Gitter) sind bis zur Di-
mension 5 bekannt, fiir Dimension 1 -4 be-
stimmt Martinet sie in seinem Buch. All diese
Begriffe haben Verallgemeinerungen auf ge-
wisse Teilrdume des Raums aller Gitter, wie
zum Beispiel Gitter mit vorgegebener Sym-
metriegruppe oder mit festem niedrigerdi-
mensionalen Teilgitter. In einem Anhang
wird knapp auf die kiirzlich von B. Venkov
mit Hilfe von sphérischen Designs definier-
ten stark perfekten Gitter eingegangen. Zu
dieser Theorie ist die Monographie 37 in
L’Enseignement Mathématique (2001) er-
schienen, die auch eine Ausarbeitung einer
Vorlesung von B.Venkov enthilt. Diese
Vorlesung ist von Martinets homepage in

JB 107. Band (2005), Heft 3

15



Ubersichtsartikel Historische Beitrage

Berichte aus der Forschung [ - Buchbesprechungen

Bordeaux erhéltlich, wo man auch Gramma-
trizen der bekannten perfekten Gitter und
Errata zu beiden Biichern findet.

Das Werk ist ein exzellentes Lehrbuch und
das einzige moderne Lehrbuch auf seinem
Gebiet: Beginnend mit den grundlegenden
Resultaten aus der Geometrie der Zahlen,
welche in konkreten Situationen angewandt
werden, fiihrt es den Leser bis zu den neues-
ten Ergebnissen der Gruppe um Jacques
Martinet. Dabei achtet Martinet sehr auf
konkrete Beispiele und zieht dort, wo dies
sinnvoll ist, explizite konstruktive Beweise
dem reinen Verweis auf Computerberech-
nungen vor. Zu jedem Kapitel gibt Martinet
zahlreiche Ubungsaufgaben an, gefolgt von
interessanten  historischen Bemerkungen
und Verweisen auf weiterfiihrende Original-
literatur. Auch Nicht-Experten werden
Freude daran finden, dieses Buch beispiels-
weise als Grundlage fiir eine Vorlesung zu
benutzen.

Aachen

G. Nebe

E.P.Hsu

Stochastic Analysis
on Manifolds

Grad. Studies

in Math. 38

Providence, Am. Math. Soc., 2002, 281 S.,
$44,—

Dieses Buch gibt eine Einfithrung in die Sto-
chastische Analysis auf Riemannschen Man-
nigfaltigkeiten und ist dem Zusammenspiel
von Brownscher Bewegung und Differential-
geometrie gewidmet, wie es in der Analysis
von Laplaceoperatoren zutage tritt. Ahnlich
wie auf einer Mannigfaltigkeit M zu einem

Vektorfeld A4y € I'(TM) ein Fluss gehort,
1aBt sich einem Differentialoperator L zwei-
ter Ordnung, etwa von der Form L = 4,
+ 30 A7 mit 4; € I(TM), ein stochasti-
scher Fluss zuordnen, mit dem Unterschied,
dass der Anteil zweiter Ordnung nunmehr
dafiir sorgt, dass die Flusslinien 7 — X,(w)
von einem Zufallsparameter w abhingen,
derart dass sie zwar noch stetig, aber an kei-
ner Stelle mehr differenzierbar sind. Im Mit-
tel sind die Flusslinien jedoch differenzier-
bar, und die Ableitung von z — IE[f(X,)] an
der Stelle # = 0 liefert den Operator Lf fiir
(beschrédnkte) glatte Funktionen f auf M.
Die Pfade der Brownschen Bewegung sind in
diesem Sinn die Flusslinien des Laplace-Bel-
trami-Operators. Dies erklart, warum sich
Losungen analytischer Probleme, die mit
dem Laplaceoperator oder seinen Verall-
gemeinerungen in Verbindung stehen, oft ex-
plizit in Begriffen der Brownschen Bewe-
gung gewinnen lassen. Wihrend sich bei die-
sem Zusammenspiel von Analysis und Sto-
chastik der Analytiker in der Regel dafiir in-
teressiert, was im Mittel passiert, gilt das Au-
genmerk des Stochastikers verstarkt dem
pfadweisen Verhalten.

Elton Hsu’s Buch gliedert sich in 8 Kapi-
tel, wovon die letzten vier unabhingig von-
einander gelesen werden konnen, und be-
ginnt mit der Konstruktion von Diffusionen
zu gegebenem Operator L als Losungen sto-
chastischer Differentialgleichungen. Sto-
chastische Differentialgleichungen auf Man-
nigfaltigkeiten kann man extrinsisch, intrin-
sisch oder lokal in Karten behandeln. Als
Einstieg wird in Kapitel 1 der extrinsische
Zugang mittels Whitney-Einbettung in den
euklidischen Raum gewéhlt, wobei wie lib-
lich mit Hilfe der Itoformel verifiziert wird,
dass bei Start auf der eingebetteten Unter-
mannigfaltigkeit die Lésung bis zur Lebens-
zeit auf ihr verbleibt. Zwar ist diese Methode
geeignet, Brownsche Bewegungen zu kon-
struieren, jedoch sind die sich ergebenden
Gleichungen lediglich fiir parallelisierbare
Mannigfaltigkeiten kanonisch. Die intrinsi-
sche Konstruktion geht iiber das Orthonor-
malbasenbiindel O(M) der Riemannschen
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Mannigfaltigkeit M und benutzt die Tatsa-
che, dass TO(M) — O(M) trivial ist (es wird
durch die standardhorizontalen und stan-
dardvertikalen Vektorfelder auf O(M) tri-
vialisiert). Man konstruiert dabei als Losung
einer stochastischen Differentialgleichung
eine Diffusion zu Bochner’s horizontalem
Laplaceoperator auf O(M), die sich zu einer
Brownschen Bewegung auf M projiziert.
Diese auf Eells-Elworthy-Malliavin zurtick-
gehende Methode der stochastischen Ab-
wicklung euklidischer Brownscher Bewe-
gungen verallgemeinert die klassische
Cartan-Abwicklung differenzierbarer Kur-
ven und liefert M-wertige Brownsche Bewe-
gungen, zusammen mit dem Paralleltrans-
port lings der Pfade. Nach dem gleichen
Schema definiert man fiir Mannigfaltigkei-
ten mit Zusammenhang die stochastische
Abwicklung von stetigen Semimartingalen
und den horizontalen Lift auf das Basenbiin-
del. Martingale auf M sind dabei die sto-
chastischen Abwicklungen von lokalen euk-
lidischen Martingalen. Sie beschreiben drift-
frei fluktuierende stochastische Prozesse und
sind relativ zu einem linearen Zusammen-
hang auf M definiert. Dem entspricht die
Tatsache, dass es fiir einen Differentialope-
rator L zweiter Ordnung auf einer Mannig-
faltigkeit keine kanonische Zerlegung in ei-
nen Anteil erster und zweiter Ordnung gibt:
ein linearer Zusammenhang auf M ist dqui-
valent einer solchen Spaltung, und Martin-
gale sind dann die Diffusionen (Flusslinien)
zu den Operatoren rein zweiter Ordnung.
Das bekannteste Beispiel eines Martingals
ist die Brownsche Bewegung, deren probabi-
listisches Verhalten an die metrische Struk-
tur Riemannscher Mannigfaltigkeiten ge-
koppelt ist. Stochastische Abwicklung, hori-
zontale Lifts und Martingaltheorie, zusam-
men mit der Integration von 1-Formen und
Bilinearformen ldngs Semimartingalen, wer-
den in Kapitel 2 ausfithrlich erortert, wih-
rend Kapitel 3 und 4 die Ergebnisse auf den
Fall der Brownschen Bewegung und den La-
place-Beltrami-Operator spezialisieren. Die
Itoformel fiir den Distanzprozess der
Brownschen Bewegung zu einem fixierten

Punkt wird in der allgemeinen Form mit Lo-
kalzeit auf dem Schnittort abgeleitet; dabei
wird der Einfluss von Kriimmung auf den
Radialprozess eingehend untersucht. Aus
der Tatsache, dass der Warmeleitungskern
die Ubergangsdichte der Brownschen Bewe-
gung beschreibt, ergeben sich als Anwen-
dung elementare Vergleichssitze fir den
Wirmeleitungskern p(z,x,y) einer Rie-
mannschen Mannigfaltigkeit. Kapitel 5 be-
handelt Probleme im Zusammenhang mit
der Kurzzeitasymptotik von p(z, x, y), wobei
neben der klassischen asymptotischen Ent-
wicklung fiir benachbarte Punkte x,y eine
allgemeine Methode fiir entfernte und zuei-
nander konjugierte Punkte entwickelt wird.
Varadhan’s Formel lim,olnp(s,x,y) =
—d(x.,y)z/2 wird fiir beliebige Punkte einer
vollstindigen Mannigfaltigkeit abgeleitet.
SchlieBlich werden Abschdtzungen fiir die
logarithmische Ableitung erster und zweiter
Ordnung des Wirmeleitungskerns gegeben;
als Anwendung erhélt man die Semimartin-
galeigenschaft der Brownschen Briicke.
Kapitel 6 enthilt typische, das Langzeit-
verhalten der Brownschen Bewegung betref-
fende Betrachtungen. Bekanntlich legen
asymptotische Eigenschaften der Brown-
schen Bewegung fiir 7 1 co den Raum der
(beschrinkten) harmonischen Funktionen
auf M fest. Im Gegensatz zum IR" sind
Cartan-Hadamard-Mannigfaltigkeiten M,
deren Schnittkrimmung zwischen zwei ne-
gativen Konstanten liegt, reichhaltig mit be-
schrdankten harmonischen Funktionen aus-
gestattet. Betrachtet man die Eberlein-
O’Neill-Kompaktifizierung M = MUM (c0)
von M, die durch Hinzunahme idealer Punk-
te bei co entsteht, welche Aquivalenzklassen
geoddtischer Kurven représentieren, so kann
man sogar das Dirichletproblem bei oo zu 16-
sen, d. h. Randwerte von M (oo) harmonisch
auf M fortsetzen. Zerlegt man namlich in
globalen Polarkoordinaten auf M Brown-
sche Bewegung in Radialteil und Winkel-
komponente, so strebt der Radialteil gegen
unendlich, wahrend der Winkelprozess auf
der Sphire einen nichttrivialen Limes be-
sitzt. Die EintrittsmaBe der Brownschen Be-
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wegung in den Horizont bei oo definieren ei-
ne harmonische Mafklasse, aus der man wie
beim klassischen Dirichletproblem mittels
Integration die harmonischen Fortsetzungen
erhilt. Obere Kriimmungsschranken sind
dabei notig, damit Brownsche Bewegung mit
einer gewissen Geschwindigkeit schlieBlich
Kompakta verldB3t, wihrend untere Schran-
ken dazu dienen, mittels Winkelvergleichs-
siatzen die Oszillationen der Winkelkom-
ponente zu kontrollieren. Die konstanten
Kriimmungsschranken konnen aber erheb-
lich abgeschwicht werden; die hier gegebe-
nen Bedingungen fiir die Losbarkeit des Di-
richletproblems gehen auf Originalarbeiten
des Autors zurtick.

Martingale und Brownsche Bewegungen
als driftfreie Zufallsbewegungen verkniipfen
globale und lokale Geometrie von Mannig-
faltigkeiten: im Verhalten fiir groe Zeiten
erfassen sie globale Eigenschaften der Man-
nigfaltigkeit, wihrend ihr Kurzzeitverhalten
durch die lokale Geometrie gesteuert wird.
Dabei ergibt sich die Notwendigkeit, nicht
nur Prozesse auf Mannigfaltigkeiten zu un-
tersuchen, sondern die Betrachtung auf da-
riiberliegende Biindel auszudehnen. So liftet
man beim stochastischen Zugang zur Theo-
rie der harmonischen Differentialformen die
Brownsche Bewegung in geeigneter Weise
auf die duBere Algebra des Kotangential-
biindels und untersucht die Asymptotik des
gelifteten Prozesses fiir # T co. Analoges gilt
flr small-time heat equation problems, wie et-
wa dem in Kapitel 7 behandelten stochasti-
schen Zugang zur Indextheorie (Gauf3-Bon-
net-Chern, Atiyah-Singer). Hier wertet man
die Asymptotik fiir 7 | 0 eines gewissen de-
formierten Paralleltransports lings Brown-
scher Schleifen in einem Cliffordbiindel iiber
M aus. Die lokale Indexdichte errechnet sich
dann auf einfache Weise als Erwartungswert
der Superspur dieser ,,random holonomy*
bei Kontraktion der Brownschen Briicke
zum konstanten Loop. Der Vorteil der sto-
chastischen Methode ist, dass man die Su-
perspur unter dem Erwartungswert auf dem
Niveau von Zufallsvariablen auswerten
kann; die entscheidenden Rechnungen redu-

zieren sich dadurch auf elementare lineare
Algebra und die sogenannten ,,fantastic can-
cellations* verlieren viel von ihrer Mystik.

Kapitel 8 schlieBlich gibt eine Einfithrung
in die Stochastische Analysis auf Pfad- und
Schleifenrdumen iiber einer kompakten
Mannigfaltigkeit. Unter anderem wird
Driver’s partielle Integrationsformel fiir den
Gradientenoperator auf dem Pfadraum her-
geleitet. Weitere Themen betreffen Gradien-
tenformeln vom Bismutschen Typ, eine Ver-
sion der Clark-Ocone-Formel fiir die Rie-
mannsche Brownsche Bewegung, logarith-
mische Sobolevungleichungen auf dem Pfad-
raum und Hyperkontraktivitat.

Der Austausch von Ideen zwischen Geo-
metrie und Stochastik hat zweifelsohne beide
Gebiete stimuliert. Aus richtungsweisenden
Arbeiten sind groBe Theorieapparate ge-
wachsen; etwa aus P. Malliavin’s Zugang zu
Hormander’s Hypoelliptizititssatz ist ein
umfassender Differentialkalkiil auf dem
Wienerraum entstanden (heute meist Sto-
chastische Variationsrechnung oder kurz
Malliavin-Kalkiil genannt), aus J.-M. Bis-
mut’s stochastischem Beweis des Atiyah-Sin-
ger Indextheorems hat sich ein grundlegen-
des Instrumentarium von Techniken zur
asymptotischen Entwicklung von Wérmelei-
tungskernen auf Vektorbiindeln entwickelt.
Aus der Sicht der Stochastik kann man
schon heute sagen, dass die geometrische
Methode das Gebiet revolutioniert hat.
Trotzdem gelten Methoden der Stochasti-
schen Differentialgeometrie nach wie vor als
schwer zugédnglich — und zwar in gleicher
Weise fiir Stochastiker wie fiir Differential-
geometer. Nicht zuletzt mangelt es an grund-
legenden Lehrbiichern, die man Vorlesungen
oder Seminaren zugrundelegen konnte.

Das vorliegende Buch beabsichtigt kein
Referenzwerk der Stochastischen Analysis
auf Mannigfaltigkeiten oder auch nur eines
Teilgebiets hiervon zu sein. Es ist konzipiert
als Textbook fiir den graduate Studenten
mit soliden Kenntnissen der euklidischen
Stochastischen Analysis — insofern ist es aus
der Perspektive des Stochastikers geschrie-
ben. Der Zugang wird Nicht-Stochastikern
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aber dadurch erleichtert, dass konsequent
die etablierte moderne Sprache der Differen-
tialgeometrie verwendet und auf Nicht-
Standard-Begriffsbildungen verzichtet wird.
Geometrische Objekte (wie Zusammenhang,
Jacobifeld, Schnittkriimmung) werden in
der Regel ad hoc eingefithrt und fortschrei-
tend entwickelt; trotzdem diirften einschldgi-
ge Vorkenntnisse die Lektiire erheblich er-
leichtern. Geometrische Beweisschritte sind
gelegentlich knapp abgehandelt, wobei sich
an einigen Stellen auch Ungenauigkeiten ein-
geschlichen haben (z. B. am Ende des Bewei-
ses des Laplace-Vergleichssatzes 3.4.2 hin-
sichtlich der unteren Schranke). Insgesamt
ist das Buch aber sehr sorgfiltig geschrieben
und gibt in der Regel vollstindige Beweise,
wenngleich es hohe Anforderungen an den
Leser stellt. Uberschneidungen mit vorhan-
denen Monographien (Elworthy [2], Emery
[3], Ikeda-Watanabe [4] oder Malliavin [5])
sind gering, was nicht zuletzt fiir die Reich-
haltigkeit dieses rasch expandierenden Ge-
biets spricht. Elton Hsu’s Buch bietet zwei-
felsohne einen attraktiven Einstieg. Wer bei
der Lektiire die nunmehr erstmals einem
groBeren Publikum zugidnglichen Vorlesun-
gen [1] von Elie Cartan an der Sorbonne
1926-27 zu Rate zieht, wird staunen, mit
welcher Weitsicht Cartan’s méthode du re-
pere mobile vieles vorwegnimmt, was sich
mehr ein halbes Jahrhundert spéter als ent-
scheidende Weichenstellung beim Aufbau
der Riemannschen Stochastischen Geo-
metrie herauskristallisiert hat.

References

[1] E. Cartan, Riemannian geometry in an ortho-
gonal frame. From lectures delivered by Elie
Cartan at the Sorbonne in 1926-27. Trans-
lated from the 1960 Russian edition with a
foreword by S.S. Chern. World Scientific
Publishing Co., Inc., River Edge, NJ, 2001.

[2] K.D. Elworthy, Stochastic Differential
Equations on Manifolds. London Math. Soc.
Lecture Notes Series 70. Cambridge Univer-
sity Press, Cambridge, 1982.

[3] M. Emery, Stochastic calculus in manifolds,
Springer-Verlag, Berlin, 1989.

[4] N. Ikeda and S. Watanabe, Stochastic Diffe-
rential Equations and Diffusion Processes.
Second Edition. North Holland Publ.
Comp., Amsterdam, 1989.

[5] P. Malliavin, Stochastic analysis, Grundleh-
ren der Mathematischen Wissenschaften,
vol. 313, Springer-Verlag, Berlin, 1997.

Poitiers A. Thalmaier
P.Knabner,

L.Angermann

Numerical methods
for Elliptic P.Knabner,

and Parabolic
Partial Differential L ANgermann

Equations Numerical methods

for Elliptic and Para-
bolic Partial Differen-
tial Equations

Berlin u. a., Springer, 2003, 424 S., € 79,95

Ich verwende dieses Lehrbuch, bzw. die be-
reits 2000 erschienene deutsche Ausgabe, zu-
sammen mit [D] und [M] als Grundlage zur
Vorbereitung von Vorlesungen auf dem Ge-
biet der Numerik partieller Differentialglei-
chungen. Ich mochte daher mit einer kurzen
Abgrenzung des Stoffes des vorliegenden
Lehrbuches zu [D] und [M] beginnen. Jedes
dieser drei Biicher schafft es, den Bogen von
der mathematisch prézisen Einfiihrung der
Methode der Finiten Elemente bis hin zu
Anwendungen in der Stromungs- und Fest-
korpermechanik zu spannen. Auf die zentra-
len Themen wie die Eigenschaften verschie-
dener Finite-Element-Ansétze, adaptive Git-
terverfeinerungstechniken sowie iterative
Verfahren (inklusive Mehrgitterverfahren)
zur Losung der resultierenden Gleichungs-
systeme wird jeweils in gebotener Ausfiihr-
lichkeit eingegangen. Dabei verwenden
Brenner und Scott [M] durchweg eine etwas
abstraktere Darstellung und beschéftigen
sich detaillierter mit Approximationseigen-
schaften beziiglich verschiedener Normen
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inklusive  Sobolev-Normen gebrochener
Ordnung. Bei Braess [D] wird auf die An-
wendung auf Modelle elastischer Verfor-
mungen in der Festkorpermechanik hingear-
beitet, die dann im letzten Kapitel ausfithr-
lich behandelt wird. Auch das vorliegende
Buch orientiert sich an einer Thematik aus
den Anwendungen, wobei es sich hier um
Stromungs-, Transport- und Reaktionspro-
zesse in pordsen Medien handelt, die in ei-
nem einleitenden Kapitel 0 behandelt wer-
den. Das Lehrbuch von Knabner und An-
germann hat aber noch eine Reihe weiterer
Besonderheiten zu bieten, die es zu einer
wertvollen Bereicherung der Literatur auf
diesem Gebiet machen.

Zunichst fallt auf, dass sehr viel Wert auf
die Motivation der bendtigten mathemati-
schen Objekte gelegt wird. Ein Beispiel ist
die Einfiihrung eines geeigneten Funktio-
nenraumes fiir die Variationsformulierung
der Poisson-Gleichung und, damit verbun-
den, der schwachen Ableitung in Kapitel 2.
Hier werden die Liicken anderer Ansitze
sukzessiv ausgeraumt, bis sich am Ende (na-
tiirlich) der Sobolev-Raum H'(Q) ergibt.
Ein anderes Beispiel betrifft die Interpretati-
on von Randbedingungen in Sobolev-Réu-
men und die Formulierung eines Spursatzes
in Kapitel 3. Diese Art der didaktischen
Aufbereitung des Stoffes kommt dem kriti-
schen Leser im Selbststudium ebenso ent-
gegen wie sie sich fiir eine spannende Form
der Vorlesung eignet. In Kapitel 4 wird ne-
ben der Thematik von a posteriori Fehler-
schitzern und adaptiver Verfeinerung auch
ein Uberblick der fiir die Praxis relevanten
Konstruktion von Ausgangstriangulierun-
gen gegeben. Kapitel 5 ist den iterativen
Verfahren zur Losung der aus der Diskreti-
sierung resultierenden linearen Gleichungs-
systeme gewidmet. Da die betrachteten An-
wendungen teilweise auf nichtsymmetrische
Matrizen fithren, werden auch Krylov-Ver-
fahren fiir solche Probleme behandelt.
Ebenso fehlen natiirlich auch Mehrgitter-
verfahren als in der Regel effizienteste Klas-
se von Ldsern nicht.

Neben Finite-Element-Methoden, denen
der groffte Anteil des Buches gewidmet ist,
werden auch Finite-Differenzen-Methoden
(Kapitel 1) und Finite-Volumen-Methoden
(Kapitel 6) eingehend diskutiert. Parabo-
lische Anfangs-Randwertprobleme werden
ausfiihrlich in Kapitel 7 behandelt. Dabei
wird der Zugang tlber die vertikale Linien-
methode genommen, wobei detailliert auf
die Besonderheiten bei der Verwendung fini-
ter Differenzen, finiter Elemente bzw. finiter
Volumen zur Ortsdiskretisierung eingegan-
gen wird. In Kapitel 8 beschiftigen sich die
Autoren mit der iterativen Ldsung nicht-
linearer Gleichungssysteme mittels Newton-
Verfahren. Hierbei steht die Anwendung auf
semilineare elliptische und parabolische Dif-
ferentialgleichungen, wie sie im einfithren-
den Kapitel als Modellgleichungen fiir Stro-
mungs-, Transport- und Reaktionsprozesse
in porésen Medien eingefithrt wurden, im
Mittelpunkt. Ebenfalls iiber diese Modelle
wird die Problematik der konvektionsdomi-
nierten Probleme eingefithrt, zu denen in
Kapitel 9 geeignete Diskretisierungsmetho-
den (Stromlinien-Diffusion, Finite-Volumen
und Lagrange-Galerkin) behandelt werden.
Eine Fiille von Ubungsaufgaben verschiede-
ner Schwierigkeitsstufen zu allen Kapiteln
sind zur Ergénzung des Stoffes eingefiigt.

Mit der Ausrichtung ihres Lehrbuchs an
einer Anwendungsthematik und dem Auf-
bau tliber das Einbeziehen vieler motivieren-
der Grundiiberlegungen ist den Autoren ein
tiberzeugendes Werk gelungen. Zusammen
mit [D] und [M] ist es ein unverzichtbarer
Bestandteil fiir jeden auf diesem Gebiet ar-
beitenden Dozenten und sowohl fiir Studie-
rende als auch fiir aktive Wissenschaftler in
diesem Bereich zum Selbststudium sehr zu
empfehlen.
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In den letzten 40 Jahren hat sich die Theorie
der Evolutionsgleichungen zu einer Ileis-
tungsfihigen Methode zur mathematischen
Behandlung von Problemen mit einer Zeit-
Dynamik entwickelt. Eine grofe Stiarke die-
ser Theorie liegt in ihrer Fexibilitit, die es er-
laubt von der Natur her sehr verschiedene
Problemklassen mit der gleichen Methodik
behandeln zu kénnen. Partielle Differential-
gleichungen wie Reaktions-Diffusionsglei-
chungen, nichtlineare Wellen- und Schrodin-
ger-Gleichungen, Konvektions-Diffusions-
gleichungen, speziell die Navier-Stokes-Glei-
chung, u.a., fallen ebenso in den Rahmen
dieser Theorie, wie auch Funktional-Diffe-
rentialgleichungen oder Integro-Differenti-
algleichungen vom Volterra-Typ.

Ziel der vorliegenden Monographie is 70
prepare an entrée for scholars who are begin-
ning their journey into the world of dynamical
systems, especially in infinite dimensional spa-
ces (Zitat). Der Titel des Buches verspricht
eine allgemeine Darstellung des momenta-
nen Standes der Theorie der Evolutionsglei-
chungen. Allerdings hitte das Adjektiv semi-

linear im Titel erscheinen sollen, da mit Aus-
nahme von Kapitel 2 stets semilineare Glei-
chungen betrachtet werden, also Gleichun-
gen der Form

(1) w+ Au= F(u),

wobei —A4 der Generator einer Cy-Halbgrup-
pe im Banachraum W, also linear, und
F : D(A") — W lokal-lipschitz mit o € [0, 1)
ist. Der nichtlineare Anteil in der Gleichung
ist daher in dieser Monographie stets von
niederer Ordnung.

Zum Inhalt des Buches: Nach einem kurzen
historischen Exkurs beginnt das Buch in Ka-
pitel 2 mit einer Einfithrung in die Theorie
der Halbfliisse auf vollstindigen metrischen
Réiumen. Im Mittelpunkt steht hier der Be-
griff des globalen Attraktors, dessen Eigen-
schaften eingehend studiert werden. Es wer-
den zwei Resultate iiber Existenz globaler
Attraktoren bewiesen. Kapital 3 enthilt eine
Darstellung der Theorie linearer Cy-Halb-
gruppen. Die Sétze von Hille und Yosida so-
wie von Lumer und Phillips werden bewiesen
— letzterer leider nur in Hilbertrdumen — und
es werden differenzierbare und analytische
Halbgruppen diskutiert. Sektorielle Opera-
toren und deren gebrochene Potenzen wer-
den eingefiithrt und die Momenten-Unglei-
chung wird bewiesen — leider nur in Hilber-
traumen. Die Resultate werden zur Illustra-
tion auf lineare Diffusionsgleichungen, die
Stokes-Gleichung und die Wellengleichung
angewandt.

In Kapitel 4 werden lineare inhomogene
Gleichungen mittels des Duhamelschen
Prinzips studiert und verschiedene Losungs-
begriffe diskutiert. Diese Ergebnisse finden
zur Behandlung der semilinearen Gleichung
(1) Verwendung. Anwendung der in den ers-
ten Kapiteln entwickelten Theorie auf kon-
krete partielle Differentialgleichungen wer-
den in den folgenden zwei Kapiteln gegeben.
Diese umfassen Reaktions-Diffusionsglei-
chungen, nichtlineare Wellengleichungen,
Konvektionsgleichungen wie z. B. Burgers
Gleichung, die Kuramoto-Shivashinsky
Gleichung und die Cahn-Hillard Gleichung.

JB 107. Band (2005), Heft 3
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Der Navier-Stokes Gleichung ist ein ganzes
Kapitel gewidmet. In Kapitel 7 werden die
stabile und die instabile Mannigfaltigkeiten
fiir autonome semilineare parabolische Glei-
chungen an einem hyperbolischen Equilibri-
um konstruiert, Existenz von Zentrumsman-
nigfaltigkeiten und das Reduktionsprinzip
in Equilibrien mit Trichotomien bewiesen.
Ein Abschnitt befasst sich mit der Asympto-
tik von Gradientensystemen und Morse-Zer-
legungen, und ein weiterer mit dem Verhal-
ten eines Halbflusses in der Nédhe von nor-
mal-hyperbolischen invarianten Mannigfal-
tigkeiten. SchlieBlich behandelt das letzte
Kapitel die Konstruktion von Intertialman-
nigfaltigkeiten. Jedes Kapitel (mit Ausnah-
me des Ersten) enthilt einen Abschnitt mit
Ubungsaufgaben und einen mit Kommenta-
ren und weiteren Zitaten. Einige funktional-
analytische Grundlagen sind in fiinf Anhéin-
gen zusammengestellt. Das Literaturver-
zeichnis ist zwar umfangreich, muss aber
dennoch als subjektiv angesehen werden, da
verschiedene Autoren, die wichtige Beitrige
zur Theorie der Evolutionsgleichungen gelie-
fert haben, nur sehr selektiv oder gar nicht zi-
tiert werden.

Bei der Durchsicht des Buches sind mir lei-
der auch diverse gravierende mathematische
Fehler aufgefallen, der Leser sei also ge-
warnt. Hier zwei Beispiele: Corollary 38.8 ist
falsch, denn eine Cy-Gruppe ist nur dann dif-
ferenzierbar, wenn ihr Generator beschrinkt
ist. Theorem 38.3 ist ebenso ein wishful think-
ing theorem, da der Rand des Gebiets
Q € IR" nur als Lipschitz vorrausgesetzt
wird. Selbst im Fall » =2 und m = 1 ist fiir
solche Gebiete die Inklusion D(4,) C
W2P(Q) i.a. falsch. Das Resultat ist aber
richtig, wenn man 992 € C*" fordert. Fehler
dieser Art sind sehr drgerlich und sollten in
einem solchen Werk nicht vorkommen. Der
von manchen Kollegen verfolgten Haltung
ja, es gibt Schwichen, aber im Groffen und
Ganzen stimmts ja muss ich hier widerpsre-
chen! Unbeaufsichtigt kann man dieses Buch
keinem Studenten in die Hand geben.

Dem oben zitiertem Anspruch wird diese
Monographie im Hinblick auf semilineare

Probleme zwar einigermalen gerecht, der
Leser wird aber trotzdem nicht umhin kom-
men, weitere Literatur zu Rate zu ziehen.
Um eine kleine Auswahl ergdnzender Biicher
anzugeben, sei fiir die lineare Theorie auf die
Biicher von Arendt et al. (Birkhduser 2001)
und Engel & Nagel (Springer, GTM 194,
2000) verwiesen, und fiir parabolische Glei-
chungen auf die Monographien von Amann
(Birkhauser 1995) und Lunardi (Birkhduser
1995). Die Theorie der wichtigsten Klasse,
namlich die der quasilinearen Gleichungen
kommt leider nur am Rande vor, wie auch
weitere moderne Entwicklungen der Theorie
fehlen, z.B. werden die Theorie maximaler
Regularitidt, und die Lojasiewicz-Simon-
Theorie nicht einmal erwédhnt.

Fazit: Trotz der genannten Schwichen ist
diese Monographie eine wertvolle Ergén-
zung der bestehenden Literatur und wird zu
einer wichtigen Referenz fiir die Theorie se-
milinearer Evolutionsgleichungen werden,
insbesondere hinsichtlich asymptotischem
Verhalten. Allerdings mochte ich davor war-
nen, Resultate aus diesem Werk unkritisch
zu ibernehmen.

Halle J. Prii
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